Two theorems on functions

in two complex variables

By STEFAN BERGMANN in Berlin

The properties of functions in one complex variable, given by their function ele-
ment about the center, have been studied extensively.

Much less effort has been spent on the corresponding questions in the theory of
functions in two complex variables. This second questions is all the more interest-
ing as a direct transfer of the methods of the theory of functions in one complex
variables to the theory of several variables poses considerable difficulties.

In the present work, we shall derive two theorems from this field of problems on
functions in two complex variables by means of the algebra of infinitely many
variables.

At this point, I wish to thank Herr Hammerstein for his valuable suggestions in
composing this work.

§1

In the present work, we shall use the following notation: &, n, {, T denote the real
Cartesian coordinates of four-dimensional space; X = & +in, Z = { + it denote
the complex variables.

B denotes a simply connected domain in four-dimensional space that contains the
coordinate origin in its interior. The boundary of B consists of piecewise regular
three-dimensional manifolds.

& denotes a circular domain about the origin that is completely contained in the
interior of B.

a,,, 1s an abbreviation for the sequence NI |;(v i where dow = dédndtdr

18 the four-dimensional volume element.

DSince in the present work we will study functions in two complex variables, we will frequently



G (X, Z) denotes a function in two complex variablex X, Z that is regular on the
closure of &, whose function element is

i by X" Z". )

v w=1
We have:

Theorem. For every domain 8 we can find a sequence of Hermitian forms in
infinitely many variables

(%) (%)
f(n,m)(avu,av’,u/) = Z Z A,(,nllg/ M/avuav/,u/ (3)

v =10 w)=1

with the following properties: If G(X, Z) is regular on the interior of 8 and the
integra
//// G(X,Z2)G(X, Z)dw,
B

. b b,
im  fom | 22, 2 @)

’
(n m)—>o0 Ay Ay

exists, then the limit

exists. Conversely, if the limit ({@)) exists, then the function G(X, Z) on & given
by the function element can be extended to all of 8, and in B the following
inequality holds

\/5 . bv,u bv’/J/
Joum)

R im ,
ny(X, Z)2 (n m)—o00 Ay Ay

G(X.Z2)| < S

use double indices. For the following, we will fix the order

(0,0),(1,0),(0,1),(2,0),(1,1),(0,2),... 1

By (v u) = k we will mean the double indices v p of the k-th term in the sequence (I). By
(v° 1), we will mean the immediate predecessor of (v ) in the sequence.

A power series in two complex variables whose terms have the order (I)) is called a diagonal
power series.

According to Reinhardt (Uber die Abbildungen durch analytische Funktionen zweier Verdinder-
lichen, Mathematische Annalen 83, §5, p. 211-255), the circular domain is defined as a convex
domain whose boundary is given by the equation /€2 + 72 = g(1/¢2 + t2), where g is a con-
tinuous real function.

The corresponding theorems for the case of one complex variable were stated in §5 of the article
mentioned in footnote|/)} p.

DBy [[[[g [v(X, Z)[*dw we mean limsg,, .5 Jf[ s, Iv(X, Z)|?dw in the usual sense, where
B, is a sequence of subdomains of B in the interior of B.
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where y(X, Z) is the distance of the point (X, Z) to the boundary of 8.

PROOF: As a first step in the proof, we prove the existence of a doubly orthog-
onal system ¢,, (X, Z). By doubly orthogonal we mean that the orthogonality
relations holds with respect to the domain B,

I/ /% oo = ks O )= 6

/] /% Priude = 0 0 ) £ ) (6b)
as well as with respect to the angular domain &,

J][[ vt =1 ) =0 ()

/] /{it Poiyd> = 0 ) £ (Tb)

The existence of the system ¢, is shown inductively, by posing the following
variational problem (once the existence of the preceding solutions oo, ®10, @o1,

..» ®y0,0 has been shown): Among all regular functions on the open domain 8,
find the one that minimizes

I/ [B v(X. Z)o(X, Z)do ®)

when substituted for v, and subject to the conditions

////;B”(X’ Z)¢o0(X. Z)dw = 0,
////5;3 (X, Z)p10(X, Z)dw = 0,

ff [, o8 23t 2300 =0
[[[[ vex. 23057500 = 1.

The full proof for the existence of the solution of this variational problem will

)

only be shown for ¢gg; the proof for arbitrary ¢, is analogous.



The integral (8) has a finite lower bound kgg. (Clearly 1 < koo < %.) There-

fore, by a theorem proved earlieﬂ for sufficiently late v in a minimal sequence
for given ¢,

V2 I v X, 20X, 2)d0 /3 ¥ 0)

my(X,Z)? - y(X.Z)?

v(X,Z) < (10)

is bounded at every inner point of 8.

Choose a sequence of domains B; C B, C ... C B; C ... C B with limit
lim;00 B; = B. In By, choose a sequence of inner points Py, Ps, ... that accu-
mulates at an inner point P. By the well-known diagonal method we can pick a
subsequence of the minimal sequence that converges on the set Py, P,,.... Now
Vitali’s double sequence ansatz yields the uniform convergence of this sequence
in every %8, since it is bounded there by (10). This defines a boundary function
©o0, of which we claim that it has the desired minimal property, that is,

ffff% 900(X. Z)poo(X, Z)dw = koo, (11)
////ﬁ‘ﬂoo(X, Z)poo(X, Z)dw = 1. (11%)

(IT#) is clear; (T1) is seen as follows: For sufficiently large n,

////%"’OO(X’ Z)poo(X. Z)dw

< //// Vu (X, Z)vy(X, Z)dw + ¢ (volume of B;)
8, (12)

< [/f/ Vu(X, Z)vy(X, Z)dw + ¢ (volume of B)
B
<koo+ & +¢& (volume of B)

where ¢’ and ¢ are given small numbers. As the inequality holds for any By,
¢, ¢, it holds for 8. Since on the other hand

f/f/ ©00Poodw > koo,
B

Y Compare the following articles: Uber Hermitesche Formen, die zu einem Bereich gehoren
(preliminary note), Sitzungsberichte der Berliner Mathematischen Gesellschaft 26, 1927, p. 178-
184 and Uber unendliche Hermitesche Formen, die zu einem Bereich gehdren, nebst Anwendungen
auf Fragen der Abbildung durch Funktionen von zwei komplexen Verdnderlichen, Mathematische
Zeitschrift 29, 1929, 641-677, Corollary to Hilfssatz 1.
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the relation (TT]) follows.
As stated before, the proof of existence of the other ¢, is analogous.

Now it remains to show that the system ¢,,, satisfies the relation (6b). To see this,
form the expression

V= a1 + axpyw W' u)> (v u), (13)
where a1, a, satisfy the relation
la1]* + la2]? = 1. (14)

Evidently, ¥ satisfies the first (vV® %) orthogonal relations (see footnote |1)| for
(v 1)

/f/gw%odw =O,///§1ﬁ¢10dw =0,...,///g1/f¢vouoda)=0, (15)
/f/gw%a) = 1. (16)
/// " Yyde > ky,. (17)

f/f/ wwda) = |a1|2kw + |a2|2kv’u/ + 6116_1214 + alﬁzz (18)
K
= kvu + (kv/u/ - kvu)|a2|2 +aja,A + 516122 (19)

Hence

On the other hand

(where A = Ay +i4, = [[/ fss Pou®,,ydw). If we substitute sufficiently small
real values for a,, expand a; according to (14) in a neighborhood of a, = 0 and
substitute the thus obtained power series for a; in (19), then

/// Ydw = kyy + 2a2A41 + a5k — ko) +a3A1+ ... (20)
B

Ay has to be zero, otherwise we obtain a contradiction to inequality (17/). In the
same way, A, has to be zero.

We will now derive some additional properties of the system ¢,,,.

I. The quantities k,,, clearly form a non-decreasing sequence. But it can happen
that several k,,, are identical. We will now show that no infinitely many k,,, can
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(PUM(X,Z

be identical. The functions ) form a normalized orthogonal system on 8.

Vi
In the work cited in footnote [3)] it was shown that the kernel of a normalized

orthogonal system, that is, the sequence

2
Pou(X, Z)

Vkuu

converges uniformly on every closed inner subdomain of 8. In particular, it is

oo

2.

v =1

1)

bounded on the closure of &, and the integral

Z //// oop(X, Z)puu (X, Z)dow = i 1

v w= 1 v w=1 "‘H
exists, which follows from (7a). This implies that there cannot exist infinitely
many k,, that are identical. q.e.d.

(22)

II. The system % is the solution sequence of the following maximum problem:
v

Determine the function w(X, Z) that maximizes the integral

//// w(X, Z)w(X, Z)dw, (23)
K
subject to the conditions

[t 2D, [ 5P ...
JIff e Z)%OMZ(T;OZ) o =0 [[[[ wx. 2wtz = o..

(24)

III. The system ¢,,, is complete on the domain 8, that is, every regular function
h(X, Z) on the open domain % with finite integral [ [ [y (X, Z)h(X, Z)dw can
be expanded into the ¢, (X, Z) on the interior of B.

To prove this, we assume that there exists a function H (X, Z) with the stated
properties that does not satisfy this. Let £\, denote

v w ‘ I HX. Z)gun(X. Z)deo|

(n m)=1

(25)



Then lim, ;)00 Evyy = 0 0r > 0.

1. If now limg, ;)00 Evy, = 0, then for every given ¢ we can find a finite (v @)
such that
E, <e. (26)

But since
2

/f/f% H(X.Z) - (vz”j) Oum [[[ g HX, Z)@um(X, Z)dw

(n m)=1 knm

1 | [y HX. Z)pum (X, Z)deo i

— /// . H(X,Z)H(X,Z)dw — nz - <,

(n m)=1

(27)
it follows from the theorem mentioned in footnote |3)| that
(v w v 7\
H(X,Z X, Z)dw 2
H(X, Z)— Z @nmffffss ( )‘an( ) < 8\/_ (28)

knm ~ry(X,Z2)?

(n m)=1
in contradiction to our assumption.

2. If limg, y)—oo Evy > 0, then E#W is bounded and the function

ww -
1 nm H XaZ nm X,Z d
Ou(X,Z) = H(X,Z)— Onm [[[fog H(X, Z)pum (X, Z)dw
w ,—E k
Vi (n m)=1 nm

(29)
satisfies the first (v @) orthogonality relations

/f/f Oupu (X, Z)%O(X %) 4o /fff B (X, Z)"’“’(X 2w =0,
//// Fon (X Z)%OMO(LOZ) ® =0, //// (X, Z)0,, (X, Z)dw = 1.

(30)
[ o

Since lim, ;)—oo Ovp (X, Z) = 0, it follows from the theorem used above that
lim@, y)—o0 O (X, Z) = 0, in contradiction to the original assumption.

By II we have

€19
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I'V. We will show that the function element of of ¢, has the form

o0
> OvunmnmX"Z™, (32)

(v w)=1
where
1 Ovpnml (33)
is an orthogonal matrix. For the definition of a,,, see p.[l]

By Hartog’s Theorerrﬂ ¢y, can be expanded on K into a diagonal series. Since
both the system ¢,,, as well as the system a,, X"Z* is orthogonal on &, the
matrix (33)) is orthogonal.

V. Similarly, we conclude that, if 8 can be mapped bijectively to a circilar domain
in V, W-space via a pair of functions V (X, Z) and W(X, Z), and |V | and |W| are
less than 1 on &, then ¢,,, can also be represented in the form

AV, W)

Pou = Z Qv,u,annWma(X Z)’

(n m)=1

(34)

where
120 .nml (35)

is also an orthogonal matrix.

For proceed with the proof of the first statement. By III, every regular function
G(X, Z) on an open domain with finite [/ /[y G(X, Z)G(X, Z)dw can be ex-
panded into the complete orthogonal system ¢, . Hence on 8
- 1
GX.2)= ) ¢uX.2) W / / / /% Gp,,do (36)

v w)=1

and moreover on &

G(X,Z)= i (X, Z) /‘///ﬁ Gy, do. (37)

v =1

As the expansion into orthogonal functions is unique, it follows that

J[[[, 670 =t [, 6unc 38)

YF. Hartog, Zur Theorie der analytischen Funktionen mehrerer unabhdngiger Verdinderlichen,
insbesondere iiber die Darstellung derselben durch Reihen, welche nach Potenzen einer Verdnder-
lichen fortschreiten, Mathematische Annalen 62, 1906, p. 1-88.
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As moreover G and ¢, ,, can both be represented by a diagonal power series on
the closure of &, it follows that (38)) equals the expression

oo

V,u //// nm anm Z Ov,u,nmananZm dw
(n m)=1

= (39)
bpm—
= kv,u, Z Ovu,nm-

(n m)=1 nm

From the existence of

G(X,Z2)G(X, Z)dw = [ Goupdel (40)
i >

(n m)=1 Koy

follows the existence of

(41)

(N M) — 2
G d
lim Z | [ s ¢ do] .

If we substitute the value obtained in (39) for each [y G@,, dw in @I), then
#@T1) becomes

b
lim k )
v p)= 0 0)=
42
00 00 b b— (N M) )
. oo Yo'a’ 2y
@ o)=1(' o)=1 %7 77 \ (v w=1
If we write
(N M)
(N M) _ )
Agag ol = Z kvu Ov,u,ga Ovu,g’a’
v w)=1
and _
bga bg/o’ = = (N M) bQG bQ’G/
f(NM)(a R Z Z AQ"Q"/a Agror
e “oo (@ 0)=1(¢' 0")=1 0o Te'e
then (1)) becomes
b o b ‘o’
lim @7 27, 43
(N M)—o0 ﬁN M) ( 00 aQ o’ ( )
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which proves the first claim of the theorem.

We now turn to the proof of the second claim. If G(X, Z) is regular on &, then
by it can be represented in the form

—F— /Ky ¢,,do. (44)
(v%:=1 \ Koy ' & ;

#4)) is regular on B, as by the Schwarz inequality, we have for all X, Z in B8

(N M)
oo (X, Z
> 2D e [[[] 69,00
v w=1 Koy
(45)
(N M) (N M)
=<

|§0v (Xa Z)|2
Z Mkm Z ko

v w=1

I ov.]

Now the first factor of the square root expression is bounded in the interior of
B by a theorem from the article cited in footnote [3)| and for every (N M) the
inequality

(N M)

owX. 2P _ V2
Z ~ay(X,Z)?

(46)

W =1 kuu

holds. By (39) and (@2), the second factor Zg}vlg[:)l ko | [ [« Gamda)}z has

b,

the value f(y ) (Ziz , ai,g/ ) and by assumption we may take the limit (N M) —

oo. This implies the uniform convergence of (44) in each closed inner subdomain
of B, which proves the second claim.

§ 2

Let V(X,Z), W(X,Z) be a normalize(fj] pair of functions that is regular on a
domain B. Assume the pair of functions V, W maps the domain B bijectively to

3By a normalized pair of functions we mean a pair with the properties

V0.0) 0. (BV(X,Z)) L (aV(X,Z)) o
X,Z=0 X,Z=0

X 0Z
X, Z X, Z

W(O, 0) =0, (M) =0, (M) =1.
0X X,Z=0 0Z X,Z=0
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a circular domain in V, W-space. By Hartog’s Theorem, V (X, Z) and W(X, Z)
can be expanded on the circular domain & (from §1) into a diagonal power series

VX.Z) =X+ > cuX'Z"

(v u);(Z 0) (47)
WX.Z)=Z+ Y  euX'Z"
v w)=2 0
The functional determinant ag/( Z; has the following form on KI
AV, W) >
— =1 dy, X' Z". 48
3wz =" > duw (48)
(v w=(10)
Then the following theorem holds:
Theorem. The coefficients d.,, in [48) satisfy the inequality
1
|dy,| < const. @y, Ayy = ) (49)

VI 1X0 20 2de

PROOF: To prove (d9), consider the Hermitian form belonging to the domain %,

o0

> Z Ay T /f/f X ZHXV ZWdo. (50)
v w=10" w)=1

Without loss of generality, we may assume that %8 is completely contained in the

interior of the unit hypersphere. Hence (50) is a fully continuous, positive definite

Hermitian form. By the well-known theorem of Hilbert, (50)) can be written in the

form

Z Kvu Z Oviu,nm%nm Z Ovpunm%nm |- (5D

v w=1 (n m)=1 v =1
To find an estimate necessary for the proof, we begin again with a variational
problem (different from the one in §1). Namely, determine the minimum of the
form (50) under the condition
ayy, =1 (52)

®Here, we make the assumption that the function % can be uniformly approximated by

polynomials in every interior subdomain of 8.
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for abritrary but fixed (v u). If we introduce the vectors v,,,, (in Hilbert space)
with components

000,nm 010,nm O01,nm
Unm = . ’ . ) . 9 e .. (53)
( \/KOO \/Klo \/Kﬂl )

and denote by * the inner product, then we can show: The system of quantities

,(,‘;n” ) that solves the above variational problem can be written in the form

Dy, * D
) = = (54)
Dy, % Dy
The minimum A, of (50) under the condition (52) becomes
1
Avpv U —— (55)
Dy % Dy

For the derivation of the formulas (54) and (53), see the article Uber die Entwick-
lung der harmonischen Funktionen der Ebene und des Raumes nach Orthogonal-

funktionen), §2.

Now we give a lower bound for A,,. By Lemma 2 of the article in footnote

1
Ao = /f/@ XY Z*2dw = — (56)
Vi

By Satz 3 and 4 in the second article cited in footnote [?], the functional determi-
AV.W)
3X,2)

has the following property: If we substitute the functional determinant

nant of a pair of functions that maps the domain 8 to a circular domain

AV W)
AX.Z)

/] /% v(X, Z)2do, (57)

then this integral is minimized among all regular functions on B subject to the

for
v in the integral

condition
v(0,0) = 1. (58)

iV, w)
I(X,Z)

domain in the interior of B, the coefficients of the function element of
D(X, Z) are nothing other than the ﬂ,ﬁ?n‘”, that is,

Since by assumption can be approximated by polynomials on every sub-

VW) _
X, Z) —

o0 o0
DX.Z)=1+ Y  duwX"Z"=1+ Y BOOX"Z". (59)
(n m)=(10) (n m)=(1 0)

'Mathematische Annalen 86, 1922, p. 238-271.
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From (54) it further follows that

0 0) Voo * Upm \/(BOO * UOO)(Unm * Bnm)
|dnm| = Bum | = —| =< =
Voo * Voo Voo * Voo
_ Unm * Bnm
Do * Voo
Now, by (53),
a
|dnm| < Anm < Anm _ nm

VD00 * oo _ vol(circular domain in V, W-space)  const.’

which was to be shown.

13
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Original: Zwei Sdtze iiber Funktionen von zwei komplexen Verdinderlichen, Mathematische An-
nalen 100, 1928, 399-410.

Translation by Wolfgang Globke, Version of October 5, 2020.
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