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By STEFAN BERGMANN in Berlin (1933), Tomsk (1935)

Part I

§ 1

The Cartesian (rectangular) coordinates of a point P of the four-dimensional Eu-
clidean space R1) are denoted by x1; y1; x2; y2 and we put

zk D xk C iyk; zk D xk � iyk .k D 1; 2/:
For a point P.x1; y1; x2; y2/ we also write P.z1; z2; z1; z2/. In the same manner
we replace the real components �1; �1; �2; �2 of a vector by the complex ones
�1; �2; �1; �2, where �k D �kC i�k , �k D �k � i�k (k D 1; 2), and by a unit vector
.�1; �2; �1; �2/ we mean one that satifies

j�1j D 1; j�2j D 1:
The angle � between two unit vectors ˛1; ˛2; ˛1; ˛2 and ˇ1; ˇ2; ˇ1; ˇ2 is given by

cos.�/ D 1

2
.˛1ˇ1 C ˛1ˇ1 C ˛2ˇ2 C ˛2ˇ2/:

For a real or complex function ' in the four real variables x1; y1; x2; y2 we write
'.z1; z2; z1; z2/, or '.z; z/ for short. By

d' D
2X
kD1

�
@'

@xk
dxk C @'

@yk
dyk

�
D

2X
kD1

.Akdzk C Bkdzk/ (1.1)

1)In the following, we will use boldface upper case German letters for four-dimensional
manifolds, boldface lower case German letters for three-dimensional manifolds, ordinary up-
per case German letters for two-dimensional manifolds, and ordinary lower-case letters for one-
dimensional manifolds.

Regarding the notation used in the following, note that BŒf .z1; z2/ D 
� denotes the intersec-
tion of the domain B with the surface f .z1; z2/ D 
 .
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we define the derivatives

@'

@xk
D Ak; @'

@zk
D Bk;

and thus obtain2)

@'

@zk
D 1

2

�
@'

@xk
� i

@'

@yk

�
;

@'

@zk
D 1

2

�
@'

@xk
C i

@'

@yk

�
:

The function ' is called an analytic function of the two complex variables z1; z2
on a connected domain B if it is continously differentiable there and moreover
satisfies

@'

@zk
D 0 .k D 1; 2/; (1.2)

the Cauchy-Riemann differential equations. In this case we write

'.z1; z2; z1; z2/ D '.z1; z2/:

In the same way we call a continuously differentiable function on a connected
domain B analytic in z1; z2 if

@'

@zk
D 0 .k D 1; 2/;

and write accordingly

'.z1; z2; z1; z2/ D '.z1; z2/:

If '.z1; z2/ is an analytic function of z1; z2, then '.z1; z2/ is an analytic function
of z1; z2, and we write

'.z1; z2/ D '.z1; z2/:
Now let B be an open, simple domain of R of which we shall assume that it can
be mapped to a bounded domain by an analytic map. By FB we denote the totality
of all regular analytic functions f .z1; z2/ on B for which the integral

.f; f /B D
Z

B

jf .z1; z2/j2d! (1.3)

2)Regarding this notation, cf. Wirtinger, Zur formalen Theorie der Funktionen von mehr
komplexen Veränderlichen, Mathematische Annalen 97 (1927), p. 357, and Kneser, Die sin-
gulären Kanten bei analytischen Funktionen mehrerer Veränderlichen, Mathematische Annalen
106 (1932), p. 656.
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is finite, where d! D dx1dy1dx2dy2 is the four-dimensional volume element. If
the distance between two functions f and g in FB is defined by expression

d.f; g/ D
p
.f � g; f � g/B (1.4)

then FB forms a metric linear space. As inner product .f; g/ of two functions f
and g in FB we define3)

.f; g/B D
Z

B

f .z1; z2/g.z1; z2/d!: (1.5)

The function f; g are orthogonal if

.f; g/B D 0: (1.6)

For every domain B there exists a complete orthonormal system.4) If

'1.z1; z2/; '2.z1; z2/; '3.z1; z2/; : : :

denotes a complete, normalized orthonormal system, such that

.'�; '�/ D ı�� D
�
1; � D �
0; � ¤ � ;

then every function of FB can be expaned into a series

f .z1; z2/ D
1X
�D1

c�'�.z1; z2/ (1.7)

where c� D .f; '�/B, and the series converges uniformly in the interior of B.5)

The latters follows from the fact that the series

KB.z1; z2I z1; z2/ D
1X
�D1
j'�.z1; z2/j2 (1.8)

3)Compare also (1.3) for this definition.
4)The completeness of the system '� means that for every f in FB, the relation .f; f /B DP1
�D1 j.f; '�/Bj2 holds, compare Bergmann, Zwei Sätze über Funktionen von zwei komplexen

Veränderlichen, Mathematische Annalen 100 (1928), p. 399, as well as Bochner, Über ortho-
gonale Systeme analytischer Funktionen, Mathematische Zeitschrift 14 (1922), p. 180. More
recently, Herr Hammerstein proved, using the theory of complex orthogonal functions, that for
a very general class of simply connected domains the orthonormal system is already complete.
For these domains, an effective computation of the kernel function is possible. His work ap-
pears in Sitzungsberichte Berlin der preußischen Akademie der Wissenschaften, mathematisch-
physikalische Klasse, 1933.

5)Bergmann, Über unendliche Hermitesche Formen, die zu einem Bereiche gehören, nebst An-
wendungen auf Fragen der Abbildung durch Funktionen von zwei komplexen Veränderlichen.,
Mathematische Zeitschrift 29 (1929), p. 640.
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converges to a finite value for every inner point z1; z2 of B. KB.z1; z2I z1; z2/, the
kernel function of the domain B, depends on the choice of orthonormal system.
More generally we introduce the function KB.z1; z2I t1; t2/ via

KB.zI t / D KB.z1; z2I t1; t2/ D
1X
�D1

'�.z1; z2/'�.t1; t2/; (1.9)

where z1; z2 and t1; t2 are taken from the domain B. Then

MB.z1; z2I z01; z02/ D
KB.z1; z2I z01; z02/
KB.z

0
1 ; z

0
2 I z01; z02/

(1.10)

is the minimal function of the domain B with respect to the point z01 ; z
0
2 , that is,

the function in FB that assumes the value 1 in z01 ; z
0
2 and minimizes .f; f /B.6)

This minimum is then given by

.MB;MB/B D 1

KB.z
0
1 ; z

0
2 I z01; z02/

; (1.11)

which leads to a new definition of the kernel function: The kernel function can
also be defined as the upper bound jh.z01 ; z02/j2, where h.z1; z2/ runs through all
functions that satisfy

.h; h/B � 1:
This readily implies the following fundamental relation

KB.zI z/ � KB�.zI z/; (1.12)

where
B� � B:

6)The kernel function and the minimal function were introduced to the theory of functions in one
complex variable in Bergmann, Über die Entwicklung der harmonischen Funktionen der Ebene
und des Raumes nach Orthogonalfunktionen, Mathematische Annalen 86 (1922), p. 237. They are
related to the circle map of the domain B in a simple manner: If B is simply connected and a
an inner point of B, then the circle map w.z/ normalized in the point a ( dw.z/

dz jzDa D 1) of B is
w.z/ D R z

a
MB.zI a/dz, whereas KB.aI a/ D 1

�P2
B
.a/

, where PB.a/ denotes the mapping radius

of B with respect to a.
For multiply connected domains one obtains different kernel and minimal functions, depending

on whether one chooses FB to be the class of one-valued analytic functions f .z/, or whether one
further restricts the class by requiring that the integrals

R z
a
f .z/dz of the functions in the class

should be one-valued as well. Compare the work of Zarankiewicz, Über ein numerisches Ver-
fahren zur konformen Abbildung einfach zusammenhängender Gebiete, Zeitschrift für angewandte
Mathematik und Mechanik 14 (1934), p. 97.
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Another property of the kernel function follows from the last definition. Consider
the intersection B.z2 D 
/.7) Then the kernel function assumes its maximum on
the boundary of B.z2 D 
/. Namely, for every inner point z01 of B.z2 D 
/ there
is a function f .z1; 
/ such that

jf .z01 ; 
/j2 > KB.z
0
1 ; 
 I z01; 
/ � "; " > 0: (1.13)

This function f .z1; 
/ is a function in one complex variable z1. Its absolute value
on the boundary thus assumes a value

jf .�; 
/j2 � jf .z01 ; 
/2j � KB.z
0
1 ; 
 I z01; 
/;

which implies the claim.

An analytic transformation of the domain is realized by

z�k D gk.z1; z2/ .k D 1; 2/ (1.14)

where the gk are regular analytic in B and the transformation (1.14) maps the
domain B bijectively to a simple domain B�. The map (1.14) has an inverse

zk D hk.z�1 ; z�2 / .k D 1; 2/

where the hk are regular analytic functions in B�. The functional determinants

D.z1; z2/ D @.z�1 ; z�2 /
@.z1; z2/

; E.z�1 ; z
�
2 / D

@.z1; z2/

@.z�1 ; z�2 /

are different from 0 and1 on B and B�, as D.z1; z2/E.z�1 ; z�2 / D 1. If (1.14)
maps the domain A � B to the domain A� � B�, then

Z
A

d! D
Z

A�
jE.z�1 ; z�2 /j2d!�;

where d!� D dx�1dy�1dx�2dy�2 is the volume element of B�. Hence

.f; g/B D .f .h1; h2/E; g.h1; h2/E/B� :

Via the map

f .z1; z2/ 7! f �.z�1 ; z
�
2 / D f .h1; h2/E.z�1 ; z�2 /

7)B.z2 D 
/ denotes the intersection of the domain B with the plane z2 D 
 .
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the class FB of functions is mapped to FB� , and the inner product is preserved un-
der this map. In particular, the complete orthonormal system '�.z1; z2/ is mapped
to the complete orthonormal system for the domain B�

'�� .z
�
1 ; x

�
2 / D '�.z1; z2/E.z�1 ; z�2 /;

and the expansion (1.7) becomes

f �.z�1 ; x
�
2 / D

1X
�D1

c�'
�
� .z
�
1 ; z
�
2 /:

This further implies that for the kernel function of B�,

KB�.z
�
1 ; z
�
2 I z�1; z�2/ D

1X
�D1
j'�� .z�1 ; z�2 /j2

D KB.h1.z
�
1 ; z
�
2 /; h2.z

�
1 ; z
�
2 /I h1.z�1 ; z�2 /; h2.z�1 ; z�2 // � jE.z�1 ; z�2 /j2:

(1.15)

The kernel function is thus a relative invariant for analytic maps.

If we set

T D ln.KB.z1; z2I z1; z2// and Tzkzm D
@2T

@zk@zm

then the Hermitian differential form

ds2 D
2X

k;mD1
Tzkzmdzkdzm (1.16)

is positive definite and invariant under analytic transformations z�1 D gk.z1; z2/

(k D 1; 2). Considering that by (1.2) and (1.15)

@2 ln.KB.z
�
1 ; z
�
2 I z�1; z�2//

@z�
k
@z�m

D @2 ln.KB.h1; h2I h1; h2//
@z�
k
@z�m

C @2 ln.E.z�1 ; z�2 //
@z�
k
@z�m

C @2 ln.E.z�1; z
�
2//

@z�
k
@z�m

D @2 ln.KB.h1; h2I h1; h2//
@z�
k
@z�m

(with hk D hk.z�1 ; z�2 /), this is easy to see by a formal computation. Thus ds2 we
have an arc element that yields a metric that is invariant under analytic transfor-

mations. That the determinant N D
ˇ̌
ˇ̌Tz1z1 Tz2z1
Tz1z2 Tz2z2

ˇ̌
ˇ̌ does not vanish at any inner
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point z1 D z01 , z2 D z02 of B can be seen as follows: If we put

Tzkzm D
@2 ln.KB.z1; z2I z1; z2//

@zk@zm
D 1

K2B

�
KB

@2KB

@zk@zm
� @KB

@zl

@KB

@zm

�
;

then we can write

N D
ˇ̌
ˇ̌
ˇ̌
KB Kz1 Kz2
Kz1 Kz1z1 Kz2z1
Kz2 Kz1z2 Kz2z2

ˇ̌
ˇ̌
ˇ̌

�
where Kzk D

@KB

@zk
;Kzkzm D

@2KB

@zk@zm

�
:

Since KB D
P1
�D1 '�.z1; z2/'�.z1; z2/, it further follows (by the generalized

Schwarz relation) that

N D 1

6K2B

1X
�D1

1X
�D1

1X
�D1
jD���.z1; z2/j2;

where

D���.z1; z2/ D

ˇ̌
ˇ̌
ˇ̌
ˇ
'�.z1; z2/

@'�.z1;z2/

@z1

@'�.z1;z2/

@z2

'�.z1; z2/
@'�.z1;z2/

@z1

@'�.z1;z2/

@z2

'�.z1; z2/
@'�.z1;z2/

@z1

@'�.z1;z2/

@z2

ˇ̌
ˇ̌
ˇ̌
ˇ
:

In the last expression for N , all summands are positive. Thus it remains to show
that there is one among them that does not vanish. But we can always find an
orthonormal system whose first three functions '1; '2; '3 can be expanded as fol-
lows on a neighborhood of a point z01 ; z

0
2 :

'1.z1; z2/ D ˛0 C ˛1.z1 � z01/C ˛2.z2 � z02/C : : : ˛0 ¤ 0
'1.z1; z2/ D ˇ1.z1 � z01/C ˇ2.z2 � z02/C : : : ˇ1 ¤ 0
'1.z1; z2/ D 
2.z2 � z02/C : : : 
2 ¤ 0

Then
D���.z

0
1 ; z

0
2/ D ˛0ˇ1
2 ¤ 0:

The invariant metric allows us to easily find new invariants. In our unitary geo-
metry there is an important invariant, namely

IB.z1; z2I z1; z2/ D KB.z1; z2I z1; z2/ˇ̌
ˇ̌Tz1z1 Tz2z1
Tz1z2 Tz2z2

ˇ̌
ˇ̌
D KB.z1; z2I z1; z2/4ˇ̌
ˇ̌
ˇ̌
KB Kz1 Kz2
Kz1 Kz1z1 Kz1z2
Kz2 Kz1z2 Kz2z2

ˇ̌
ˇ̌
ˇ̌

(1.17)
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which we investigate in the following.

Let it be remarked that the Hermitian differential form (1.16) does not lead to
the most general case of unitary geometry. For (in Schouten’s notation)8) the
following relations hold:

S ��nmp D 0; �
X
n

R���nmnp D �
X
n

R���nmpn D �
@2IB.z1; z2I z1; z2/

@zm@zp
C Tzmzp

(1.18)
(and similarly for the conjugate quantities).

Instead of (1.16) we can use any differential form conformal to it (arising from it
by multiplication of (1.16) by an invariant).

The kernel function KB.z; z/ of a domain B is a infinitely differentiable function
on the interior of B; in the following we will study the behavior of this function
for a point z1; z2 approaching a boundary pointQ. In general, the kernel function
then becomes infinite. In the following paragraph we will make the mode of
approaching the boundary more precise and define the order of becoming infinite.

Let B.z; z/ be a non-negative function on B. By the class of generalized square-
integrable functions with weight9) B.z; z/ we mean those regular analytic func-
tions f .z1; z2/ on B for which the integral (1.3) is finite, where now the measure
d! denotes the four-dimensional (possibly non-Euclidean) volume element multi-
plied by the weight B.z; z/. (For example, we can choose B.z; z/ D KB.z; z/

�n,
n > 0, or B.z; z/ D e�KB.z;z/.)

8)Compare Schouten’s Über unitäre Geometrie, Proceedings of the Koninklijke Nederlandse
Akademie van Wetenschappen 32 (1929), p. 457, and Schouten and Danzig, Über unitäre Geome-
trie, Mathematische Annalen 103 (1930), p. 319.

If the line element is given by
P
m;n gmndzndzm, then the associated linear connection is char-

acterized by the vanishing of the covariant differential of gmn. Then

� nmp D
X
r

grn
@grm

@zp
; S ��nmp D � nmp D � nmp

and for the components of the curvature tensor

R���kmnp D �R���knmp D �
@� kpn

@zm
; : : :

9)Translator’s note: This is “Belegungsfunktion” in the German original.
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§ 2

Given the boundary point Q of B at which we will study the behavior of the
kernel function, we will assume that in a sufficiently small neighborhood ofQ the
inner points of B are given by

˚.z1; z2; z1; z2/ > 0; (2.1)

whereas the boundary of B is formed by the hypersurface

˚.z1; z2; z1; z2/ D 0: (2.2)

Here, ˚ denotes a continously differentiable function in a neighborhood of the
boundary point Q that we choose as coordinate origin. Now, if not all derivatives

@˚

@zk
;

@˚

@zk
.k D 1; 2/

vanish at Q, then the tangent hyperplane exists at Q.0; 0/,

a1z1 C a1z1 C a2z2 C a2z2 D 0; (2.3)

where

ak D
�
@˚

@zk

�
z1D0
z2D0

; ak D
�
@˚

@zk

�
z1D0
z2D0

.k D 1; 2/:

The normal directions at Q are

˛k D ak

jakj
; ˛k D ak

jakj
.k D 1; 2/:

If we now determine a real � such that

�a1 D ei
1 cos.�/; �a2 D ei
2 sin.�/;

and apply the orthogonal transformation

z�1 D ei
1 cos.�/z1 C ei
2 sin.�/z2
z�2 D eiı1 sin.�/z1 C eiı2 cos.�/z2

; 
1 � ı1 D 
2 � ı2; (2.4)

the the tangent hyperplane (2.3) is written in the new coordinates

z�1 C z�1 D 0: (2.5)
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We choose the sign such that the inner normal corresponds to

x�1 � 0: (2.6)

The coordinatex z�1 and z�2 are called normal for the point Q. If we reintroduce
the variables x1; y1 for normal coordinates10) z1; z1, then by solving for x1 we can
express the boundary hypersurface in the neighborhood of Q by

2x1 D  .y1; z2; z2/; (2.7)

where
�
@ 

@y1

�
y1D0
z2D0

D 0;
�
@ 

@z2

�
y1D0
z2D0

D 0;
�
@ 

@z2

�
y1D0
z2D0

D 0:

The interior points in the neighborhood of Q are then given by the inequality

2x1 >  .y1; z2; z2/: (2.8)

When investigating the behavior of the kernel function at the boundary point
Q.0; 0/, we will distinguish between different modes of approaching the bound-
ary:

1. Approach AI: By this we mean the convergence

z1 ! 0; z2 ! 0; (2.9)

such that the point P.z1; z2/ in B remains within a cone ˝˛ that consists of all
rays passing through Q and have an angle less than ˛ with the inner normal. If
we use normal coordinates at Q, the the cone ˝˛ is given by the inequalities

x1 > 0;

%

x1
D
p
jz1j2 C jz2j2

x1
<

1

cos.˛/
:

(2.10)

2. Approach AII.˛/: Let z1; z2 denote the normal coordinates. In addition to (2.9),
we require

arc.z1/! ˛; j˛j <  

2
; (2.11)

to hold.
10)We omit the � from now on.
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3. Approach AIII.˛/: It further restricts AII.˛/. Instead of (2.11) we require

arc.z1/ D const: D ˛; j˛j <  

2
: (2.12)

4. Approach AIV.a1; a2/: Let P0.a1; a2/ be an inner point of B, and assume the
segment QP0 is contained in the interior of B with the exception of the point Q.
Then AIV.a1; a2/ means the approach along the segment QP0, that is, along the
straight line of points P.ta1; ta2/, where t ! 0.

For the approach AI we let �
I
.QIB/ (or �

I
.Q/ or �

I
for short) denote the upper

order and �I.QIB/ (or �I.Q/ or �I) the lower order of the kernel function be-
coming infinite at Q.0; 0/, which mean the lower and upper bound, respectively,
of those numbers r and s for which

%rnKB.z; z/ �M <1 (2.13)

and
%snKB.z; z/ � m > 0 (2.14)

holds, if z1; z2 converge toQ.0; 0/ in the sense of AI and %n denotes the projection
of % D

p
jz1j2 C jz2j2 to the inner normal.

If r > �
I

and s < �I, then clearly s < r and hence generally

�I � �I
:

If �I D �I D �I, then we simply speak of the order �I.

We say that the order �I is attainable from above or below, respectively, if

%�
I

n KB.z; z/ �M <1 or %�
I

n KB.z; z/ � m > 0; (2.15)

respectively. The relations (2.15) for the attainability of the order can be written
as

L
I�I

.Q/ D lim %�
I

n KB.z; z/ D L <1;
LI�I

.Q/ D lim %�
I

n KB.z; z/ D L > 0:

We call L and L the upper and lower limit at the point Q, respectively. We speak
of a limit of order �I if L D L D L, that is, if

LI�I

B .Q/ D lim %�
I

n KB.z; z/ D L (2.16)

11



exists and is different from zero. If z1; z2 are normal coordinates at the point Q,
then

%n D x1 D z1 C z1
2

: (2.17)

In the case of approaches of type AII.˛/ and AIII.˛/, in the definition of the limit
values we replace %n by the distance %t to the analytic plane that lies in the tangent
hyperplane. If we use normal coordinates again, then we obtain

%t D jz1j: (2.18)

The orders �
II
, �II, �II and �

III
, �III, �III and in particular their limit values now

depend on the angle ˛, and in particular we use the notation

LII�II

B .Q; ˛/ D lim %�
II

t KB.z; z/; arc.z1/! ˛

(we use the respective abbreviations for upper or lower limits or in the case of the
approach AIII.˛/).

In the relations corresponding to (2.13) and (2.14) M and m are functions of ˛
that for any fixed ˛ whose absolute value is less than  

2
are finite and positive,

respectively.

In the case of an approach AIV.a1; a2/, %n and %t are replaced by the distance % of
the point P.z1; z2/ lying on the line QP0 (P0 D P0.a1; a2/) to the point Q:

% D
q
jz1j2j z2j2 D t

p
ja1j2 C ja2j2;

and we introduce the abbreviation

LIV�IV

B .QI a1; a2/ D lim
t!0

�
.t
p
ja1j2 C ja2j2/�IV

KB.ta1; ta2I ta1; ta2/
�
:

In the definition of the order, M and m are now functions of P0 that are finite
and positive, respectively, for every P0 for which the line segment P0Q (with the
exception of finitely many points) lies in the interior of B.

§ 3

THE REPLACEMENT DOMAIN. Let

z�k D gk.z1; z2/ .k D 1; 2/ (3.1)
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be an analytic map of the domain B with the following properties:

(1) In a certain neighborhood U of the boundary point Q.0; 0/, the functions
gk.z1; z2/ (k D 1; 2) are still defined on the boundary of B by their limits, and
are continuously differentiable on the intersection of U and B augmented by the
accumulation points.

(2) For the functional determinant of the map we have

lim
z1;z2!0

D.z1; z2/ D lim
z1;z2!0

@.g1; g2/

@.z1; z2/
D 1: (3.2)

A domain B� that is obtained from B by such a transformation is called a re-
placement domain of B for the boundary pointQ.0; 0/. Near the image pointQ�

of Q the domain B� behaves in the same way as we assumed it for the point Q.
In the following we will assume that Q and Q� coincide.

Assume that the coordinates z1; z2 for B and z�1 ; z�2 for B� are normal. Then the
transformation (3.1) can be written in a neighborhood of Q.0; 0/ as

z�1 D �z1 C g12.z1; z2/; z�2 D ˛z1 C �z2 C g22.z1; z2/; � > 0; (3.3)

where

j�j D 1

�
; lim

z1;z2!0
g12.z1; z2/p
jz1j2 C jz2j2

D 0; lim
z1;z2!0

g22.z1; z2/p
jz1j2 C jz2j2

D 0: (3.4)

We call � the measure factor of the transformation.

If B� is the replacement domain of B for the point Q, then with regard to the
approaches AI or AII.˛/, the following holds for B:

(a) The upper and lower orders in Q for B� coincide with those for B, so that
the existence of a certain order in Q holds simultaneously for B and B�.

(b) If a certain order exists, then it is attainable simultaneously for B and B�

from above or below, respectively.

(c) In case of attainability, the limits LB�.Q/ and LB�.Q/ satisfy the follow-
ing relations,

LB�.Q/ D ��LB.Q/; LB�.Q/ D ��LB.Q/;

so that Q is a simultaneous limit for B and B� of the same order, and then
it holds for the limit that

LB�.Q/ D ��LB.Q/: (3.5)
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All these claims follow immediately from the transformation formula (1.15) for
the kernel function,

KB�.z
�
1 ; z
�
2 I z�1; z�2/ D

KB.z1; z2I z1; z2/ˇ̌
ˇ@.g1;g2/@.z1;z2/

ˇ̌
ˇ2

;

as well as the limit equations

lim
z1;z2!0

%�n
%n
D �; lim

z1;z2!0
%�t
%t
D �;

and (3.2), if in addition we prove that the approaches AI, AII.˛/ in B are trans-
formed via (3.3) into the approaches of the same type in B�, and vice versa.

For this proof we assume normal coordinates to be given for both domains B and
B�, and then we can write the transformations in the form (3.3). First, consider
the case of the approach AI. From (3.3) it follows that

2x�1 D 2�x1 C g12.z1; z2/C g12.z1; z2/; (3.6)

and thus, by (3.4) and

x�1
x1
D � C g12.z1; z2/C g12.z1; z2/p

jz1j2 C jz2j2

p
jz1j2 C jz2j2
2x1

(3.7)

we have
lim

z1;z2!0
x�1
x1
D � D lim

%�n
%n

if the approach happens within a cone
p
jz1j2 C jz2j2

x1
�M: (3.8)

In the same way one proves (3.7) using the inversion formulas

z1 D 1

�
z�1 C h12.z�1 ; z�2 /; z2 D ˛

�
z�1 C

1

�
z�2 C h22.z�1 ; z�2 /; (3.9)

if instead of (3.8) the approach is in a cone
pjz�1 j2 C jz�2 j2

x�1
� N (3.10)
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in B�. On the other hand,
ˇ̌
ˇ̌z�1
x1

ˇ̌
ˇ̌ � �

ˇ̌
ˇ̌ z1
x1

ˇ̌
ˇ̌C g12.z1; z2/p

jz1j2 C jz2j2

p
jz1j2 C jz2j2

x1
;

ˇ̌
ˇ̌z�2
x1

ˇ̌
ˇ̌ � ˛

ˇ̌
ˇ̌ z1
x1

ˇ̌
ˇ̌C 1

�

ˇ̌
ˇ̌ z2
x1

ˇ̌
ˇ̌C g22.z1; z2/p

jz1j2 C jz2j2

p
jz1j2 C jz2j2

x1

�
p
jz1j2 C jz2j2

x1

 r
j˛j2 C 1

�2
C jg22.z1; z2/jp

jz1j2 C jz2j2

!
;

which implies p
jz1j2 C jz2j2

x1
�
p
jz1j2 C jz2j2

x1
const:; (3.11)

and because of pjz�1 j2 C jz�2 j2
x�1

D
pjz�1 j2 C jz�2 j2

x1

x1

x�1
it follows, taking into account (3.7), that condition (3.10) is satisfied whenever
(3.8) is.

In the same manner, by using the inversion formula (3.9), it follows that condi-
tion (3.10) implies condition (3.8), which proves the claimed equivalence of the
admissibility conditions at the points Q and Q�.

The invariance of the approach AII.˛/ follows immediately from

lim
z�1!0

y�1
z�1
D lim

z1!0
y1

x1
.D tan.˛//; (3.12)

as soon as either of the limits exists.

If we assume the existence and continuity of the second derivative of (2.7), then
the equation of the boundary surface can be expressed in normal coordiantes in a
neighborhood of Q.0; 0/:

2x1 D ay21 C 2iy1.bz2 � bz2/C cz22 C cz22 C � jz2j2 C  .y1; z2; z2/; (3.13)

where

lim
y1;z2!0

 .y1; z2; z2/

y21 C jz2j2
D 0; ˛; � real:

We sharpen the definition of a replacement domain by requiring that the functions
g1 and g2 in the transformation (3.1) have continuous second derivatives in a

15



neighborhood of Q in the closure of B. Assuming the coordinates in B and its
replacement domain B� to be normal, the transformation (3.1) can be written as

z�1 D �z1 C c11z21 C c12z22 C 2b1z1z2 C g13.z1; z2/;
z�2 D ˛z1 C �z2 C c21z21 C c22z22 C 2b2z1z2 C g23.z1; z2/;

(3.14)

where

� > 0; j�j D 1

�
; lim

z1;z2!0
g13.z1; z2/

jz1j2 C jz2j2
D 0; lim

z1;z2!0
g23.z1; z2/

jz1j2 C jz2j2
D 0:

Via the transformation (3.1) the domain B is mapped to B� and the coefficients
fa; b; cg are mapped to those fa�; b�; c�g of B�. As we shall see soon, by a
suitable choice of coordinates of the transformation (3.14) we can achieve that
a�; b�; c� vanish, whereas � has an invariant meaning, namely, it transforms ac-
cording to

�� D �3�; (3.15)

or in the case of a general transformation,

�� D �3�

jD0j2
; D0 D

�
@.g1; g2/

@.z1; z2/

�
z1D0
z2D0

: (3.16)

If b D c D 0 at the point Q for the domain B, then B is called canonical at
Q.0; 0/, and a replacement domain B� of B forQ that is canonical atQ is called
a canonical replacement domain for the point Q. For the boundary hypersurface
we have the expansion

2x1 D ay21 C � jz2j2 C : : : (3.17)

Such a canonical replacement domain can be obtained, for example, by applying
a transformation

z�1 D z1 � 2bz1z2 � cz22 ; z�2 D z2; (3.18)

whose inversion is

z1 D z�1 C 2bz�1z�2 C cz�22 C : : : ; z2 D z�2 : (3.19)

For if we consider that

2iy1.bz2�bz2/ D .z1�z1/.bz2�bz2/ D 2bz1z2C2bz1z2�.z1Cz1/.bz2Cbz2/;
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then it follows for the transformed domain that

.z1 C z1/.1C bz2 C bz2/ D ay21 C � jz2j2 C : : :
(where we omitted the stars), and hence the expansion (3.17) follows. By (3.15),
the sign of � is invariant under the considered transformations since � > 0. It is
identical to minus the Levi expression

L.˚/ D �

ˇ̌
ˇ̌
ˇ̌
ˇ
0 @˚

@z1

@˚
@z2

@˚
@z1

@2˚
@z1@z1

@2˚
@z2@z1

@˚
@z2

@2˚
@z1@z2

@2˚
@z2@z2

ˇ̌
ˇ̌
ˇ̌
ˇ
:

For if we write the equation of the boundary surface (compare (2.7)) as

˚ D z1 C z1 �  
�
z1 � z1
2i

; z2; z2

�
D 0;

then
� D �ŒL.˚/� z1D0

z2D0
and the sign of � is invariant under any analytic transformation. Its meaning is
elucidated by the following: Consider any canonical replacement domain for B

(or only such for which a D 0), then for the plane z1 D 0, the following holds:

(1) For � > 0, in a certain neigborhood of z2 D 0 and the plane z1 D 0:

2x1 �  .y1; z2; z2/ D �� jz2j2 � : : : < 0;
that is, in a certain neighborhood of the origin, the analytic plane z1 D 0 lies
outside the canonical replacement domain.

We will study the case � > 0, which in a way is the regular case, in §5 and
determine � from the kernel function for very general cases.

(2) � < 0. Then

2x1 �  .y1; z2; z2/ D 2x1 � ay21 � � jz2j2 � : : : > 0;
and thus a certain neigborhood of the point z2 D 0 of the analytic plane z1 D 0

lies in the interior of the canonical replacement domain.

Here we can easily show that the kernel function remains bounded under the ap-
proaches AI and AII.˛/ to the pointQ. We may assume that a � 0 in the expansion
(3.17), for otherwise we can use the transformation

z01 D
z1

1C �z1 ; z02 D z2 (3.20)
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to pass to a replacement domain for which this holds, and since the approaches
AI and AII.˛/ behave invariantly under this transformation. If a � 0, then the
domain given by

jx1j � 0; jz1j � ı1; jz2j � ı2 (3.21)

for sufficiently small ı1; ı2 satisfies

2x1 � � jz2j2 �  .y1; z2; z2/ � 0:

The points
z1 D 0; jz2j D ı2

are all contained in the interior of B by the above, that is, they have a positive
distance � to the boundary of B. So, if we consider the points

jz1j � ı01; jz2j D ı2

(where ı01 D min.�
2
; ı1/), then these points have a distance to the boundary of

B that is greater than �
2
. At the points whose coordinates satisfy the inequalities

(3.21), the following estimate holds for the kernel function

KB.z1; z2I z1; z2/ � 32

 2�4
(3.22)

(compare equation (14) on p. 651 in the work cited in footnote 5) on p. 3). On the
other hand, by the maximum property of the kernel function (compare p. 5), the
inequality (3.22) also holds for poiints z2j � ı2 (that also belong to B). Therefore,
on the whole domain we have

x1 > 0; jz1j � ı01; jz2j � ı2; (3.23)

which proves the claim.

(3) In the case � D 0 we cannot make such a positive statement on the position
of the analytic plane z1 D 0. We will consider two special cases for � D 0 in §§6
and 8.

INNER AND OUTER COMPARISON DOMAIN. Domains B and B are called in-
ner and outer comparison domains of the domain B for the boundary point Q,
respectively, if there exists a replacement domain B� of B such that

B � B�; B � B�; (3.24)
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and B and B contain the point Q� (image of Q) and have the same tangent
hyperplane at this point as B�.

Now, if B is an inner comparison domain of B and B� is the corresponding
replacement domain, then by (1.12), the points of B satisfy

%rnKB.zI z/ � %rnKB�.zI z/: (3.25)

So if �.QIB/ is the upper order for any innter comparison domain, then the order
is �.QIB�/ � �.QIB/, and, since �.QIB/ D �.QIB�/,

�.QIB/ � �.QIB/: (3.26)

In the same way it follows for the outer comparison domain that

�.QIB/ � �.QIB/: (3.27)

Therefore, if it is possible to choose the outer and inner comparison domains for
the point Q such that

�.QIB/ D �.qIB/;
then from �.QIB/ � �.QIB/ � �.QIB/ � �.QIB/ follows the existence of
the order

�.QIB/ D �.QIB/ D �.QIB/: (3.28)

In the case of existence of a certain order �.QIB/ for becoming infinity of the
kernel function in neighborhood ofQ it follows from (3.25), (3.24) (compare also
p. 13) for the limits LI�

B.Q/, L
I�
.Q/:11)

L
I�
B.Q/ � LI�

B�1
.Q/ D ��1LI�

B.Q/ (3.29)

and
LI�

B
.Q/ � LI�

B�2
.Q/ D ��2LI�

B.Q/ (3.30)

If it is possible to construct the inner and outer comparison domains for the point
Q such that the measure factors of the two transformations coincide, that is, such
that

�1 D �2 D �; (3.31)
11)Now let B�1 , B�2 be two replacment domains of B that do not necessarily coincide.
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and such that
LI�

B
.Q/ D LI�

B.Q/; (3.32)

then (3.29) and (3.30) imply that

��LI�
B.Q/ D LI�

B
.Q/ D LI�

B.Q/ (3.33)

exists, that is, the point Q is a limit point of order �.

For the approaches AII.˛/ and AIII.˛/ we can draw the analogous conclusions in
a similar manner.

§ 4

For the unit bicylinder E,

jz1j � 1; jz2j � 1 (4.1)

the functions

1

 

p
.m1 C 1/.m2 C 1/zm11 z

m2
2 .mk D 0; 1; 2; : : : I k D 1; 2/

form a complete orthonormal system. We obtain for the kernel function:

KE.z1; z2I z1; z2/ D 1

 2

1X
m1;m2

.m1 C 1/.m2 C 1/jz1j2m1jz2j2m2

D 1

 2

1X
m

.mC 1/jz1j2m
1X
m

.mC 1/jz2j2m

D 1

 

1

.1 � jz1j2/2
1

 

1

.1 � jz2j2/2
D KE1.z1I z1/KE2.z2I z2/:

(4.2)

We consider the boundary point Q.�1; 
/,

z1 D �1; z2 D 
 .j
 j < 1/: (4.3)

If we set
z1 D z01 � 1; z2 D z02; (4.4)
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then after applying the transformation (4.4) we obtain (omitting the primes)

KE1.z1I z1/ D
1

 

1

..z1 C z1/ � jz1j2/2
; (4.5)

and in the new coordinates,

%n D z1 C z1
2

: (4.6)

Therefore, �
z1 C z1
2

�2
KE1.z1I z1/ D

1

4 

1

.1 � jz1j2
z1Cz1 /

2
; (4.7)

and since

jz1j2
z1 C z1 D

ˇ̌
ˇ̌..z1 C z1/C .z1 � z1//2

4.z1 C z1/

ˇ̌
ˇ̌ D z1 C z1

4

ˇ̌
ˇ̌1C 2.z1 � z1/

z1 C z1 C
.z1 � z1/2
.z1 C z1/2

ˇ̌
ˇ̌

�
�
1CM
2

�2
.z1 C z1/;

where we assume ˇ̌
ˇ̌ z1 � z1
z1 C z1

ˇ̌
ˇ̌ < M;

it follows that

lim
z1!0

�
z1 C z1
2

�2
KE1.z1I z1/ D

1

4 
; (4.8)

and hence under approach12) AI

LI2
E.Q/ D lim

z1!0;z2!

%2nKE.z1; z2I z1; z2/ D 1

4 2
1

.1 � j
 j2/2 : (4.9)

If P.
/ denotes the mapping radius13) of E with respect to 
 ,

P.
/ D .1 � j
 j2/ D 1p
 KE1.
 I 
/

;

then
LI2

E.Q/ D lim
z1!0;z2!


%2nKE.z1; z2I z1; z2/ D 1

4 2P.
/2
: (4.10)

12)Here, the conditions for the approach can be sharpened.
13)For this definition, compare Bieberbach, Lehrbuch der Funktionentheorie, volume II, Springer

Verlag (Berlin 1927), p. 322.
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The equation (4.10) remains valid if instead of the bicylinder we consider any
product domain P,

P D A1 �A2;

where A1 and A2 are simply connected domains in the z1- and z2-plane, respec-
tively, that are bounded by closed rectifiable Jordan curves. If

�1 D g1.z1/; �2 D g2.z2/

maps P to the unit bicylinder j�1j � 1, j�2j � 1, the by (1.15) the kernel function
of P is

KP.z1; z2I z1; z2/ D jg01.z1/j2
 .1 � jg1.z1/j2/2

jg02.z2/j2
 .1 � jg2.z2/j2/2

D KA1.z1I z1/KA2.z2I z2/:
(4.11)

Now let Q.
1; 
2/ be a boundary point of P, such that 
1 lies on the boundary
of A1 and 
2 lies in the interior of A2. For the assumption on the existence of
the tangent hyperplane to be satisfied, we assume: if the boundary of A1 (pa-
rameterized by arclength s) is represented in the form z1 D w.s/, then in some
neighborhood of 
1 the derivative w0.s/ exists. Moreover, on this neighborhood
w0.s/ shall satisfy the Hölder condition jw0.s C h/ � w0.s/j � kjhj˛ for some
0 < ˛ < 1, k < 1. By a theorem on conformal mappings on the boundary14)

g1.z1/ has a continuous derivative in 
1. But now

KA1.z1I z1/ D KE1.�1I �1/jg01.z1/j2;

and hence, of �n denotes the distance in E1,

lim
z1!0

%2nKA1.z1I z1/ D lim
�1!0

KE1.�1I �1/%2n jg01.z1/j2 D lim
�1!0

�2n KE2.�1I �1/ D
1

4 
;

that is,

LII2
P .Q.0; 
// D lim

z1!0;z2!

%2nKP.z1; z2I z1; z2/ D 1

4 
KA2.z2I z2/

D 1

4 2
1

PA2.
/
2
;

(4.12)

14)Compare Lichtenstein, Enzyklopädie der mathematischen Wissenschaften, and Warschawski,
Über einen Satz von O.D. Kellog, Nachricthen von der Gesellschaft der Wissenschaften zu Göt-
tingen, mathematisch-physikalische Klasse, 1932, p. 73, where the most recent literature on this
subject is listed.
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where we set 
1 D 0, 
2 D 
 .

For the bicylinder we can use the approach AII.˛/. From

lim
z1!0

jz1j2
..z1 C z1/ � jz1j2/2 D lim

z1!0
1

.z1Cz1jz1j � jz1j/2
D 1

4 cos.˛/2
;

assuming
lim
z1!0

arc.z1/! ˛; (4.13)

it follows that

LII2
E .Q.0; 
// D lim

z1!0
arc.z1/!˛
z2!


%2t KE.z1; z2I z1; z2/ D 1

4 2 cos.˛/2P.
/2
: (4.14)

So the limit depends on the angle ˛. The computation of the last limit is also valid
in the situation where instead of a bicylinder we consider a product domain P and
the boundary of A1 at z1 D 0 satisfies the above conditions. The formula changes
slightly if the point z1 D 0 is a cusp in which tangents meet at an angle !.15)

Here, j˛j < !
2

is to be assumed. For if �1 D g1.z1/ and �2 D g2.z2/ are functions
that map the domain P to the unit bicylinder, where the point z1 D 0, z2 D 0 is
mapped to itself, then

jz1j2KP.z1; z2I z1; z2/ D jz1j2KE1.�1I �1/jg01.z1/j2KA1.z2I z2/: (4.15)

But now

lim
z1!0
jz1j2jg01.z1/j2KE1.�1I �1/ D lim

�1!0
jz1j2jg01.z1/j2
j�1j2 KE1.�1I �1/:

By a theorem on conformal mappings on the boundary,

lim
�1!0

jz1j2jg01.z1/j2
j�1j2

D
� 
!

�2
:

On the other hand, due to quasi-conformality16) the points on the bisector are
mapped to the radius and the angle ˛ is mapped to the angle  ˛

!
. Hence

lim
�1!0
j�1j2KE1.�1I �1/ D

1

4  cos. ˛
!
/2

15)We assume that the cusp is formed by two continuous curve segments. Compare Lichten-
stein, Über die konforme Abbildung ebener analytischer Gebiete mit Ecken, Journal für die reine
und angewandte Mathematik 140 (1911), p. 100, and Warschawski, Über das Randverhalten der
Ableitung der Abbildungsfunktion bei konformer Abbildung, Mathematische Zeitschrift 35 (1932),
p. 321, where notes on the current literature can be found.

16)Compare Carathéodory, Elementarer Beweis für den Fundamentalsatz der konformen Abbil-
dungen, Abhandlungen zum Doktorjubiläum von H.A. Schwarz (Berlin 1914), p. 20, in particular
§18-§20.
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and therefore
LII2

P .Q; ˛/ D
1

4!2 cos. ˛
!
/2PA2.
/

2
: (4.16)

Now consider the hypersphere K,

jz1j2 C jz2j2 < 1:

For the hypersphere K, the functions

Cn1;n2z
n1
1 z

n2
2 ; jCn1;n2j2 D

1

 2
.n1 C n2 C 2/Š

n1Šn2Š
(4.17)

form a complete orthonormal system17), so that the kernel is

1X
n1;n2

jCn1;n2j2jz1j2n1jz2j2n2 D
1

 2

1X
n1;n2

.n1 C n2 C 2/Š
n1Šn2Š

jz1j2n1jz2j2n2

D 2

 2.1 � .jz1j2 C jz2j2//3 :
(4.19)

If we now apply the transformation

z01 D
z1

�
; z02 D

z2

�
;

then we obtain the kernel function for the hypersphere K� , jz1j2 C jz2j2 < 1
�2

:

KK� .z1; z2I z1; z2/ D
2�4

 2.1 � �2.jz1j2 C jz2j2//3

D 2

 2�2. 1
�2
� .jz1j2 C jz2j2//3

:

(4.20)

17)The constants Cn1;n2 are derived from

jCn1;n2 j2
Z

K

jz1j2n1 jz2j2n2d! D 1: (4.18)

We set z1 D r1ei'1 , z2 D r2ei'2 . Then d! D r1r2d'1d'2dr1dr2, so that

jCn1;n2 j24 2
Z 1

0

r
2n1C1
1 dr1

Z q
1�r2

1

0

r
2n2C1
2 dr2 D 2 2jCn1;n2 j2

n2 C 1
Z 1

0

r
2n1C1
1 .1 � r21 /n2C1dr2

D  2jCn1;n2 j2
n2 C 1

Z 1

0

un1.1 � u/n2C1du

D  2jCn1;n2 j2
n1Šn2Š

.n1 C n2 C 2/Š
:
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Now consider the boundary point z1 D � 1� z2 D 0, and change the coordinate
system such that via

z01 D z1 C
1

�
; z02 D z2 (4.21)

this boundary point becomes the origin. Now,

�2
ˇ̌
ˇ̌z1 � 1

�

ˇ̌
ˇ̌
ˇ̌
ˇ̌z1 � 1

�

ˇ̌
ˇ̌ D �2jz1j2 � � jz1 C z1j C 1:

The kernel function of K� is

KK� .z1; z2I z1; z2/ D
2�

 2..z1 C z1/ � � jz1j2 � � jz2j2/3 : (4.22)

The equation for the boundary hypersurface of K� after the transformation (4.21)
is

�.z1C z1/C � jz1j2C � jz2j2 D 0 or .z1C z1/ D � jz1j2C � jz2j2: (4.23)

The normal points to the interior, and the expansion (4.23) has the canonical form
with � > 0. By (4.22),

LI3
K�
.Q/ D lim

z1;z2!0
%3nKK� .z1; z2I z1; z2/ D

�

4 2
: (4.24)

As we will see, this result holds under some general conditions for a large class of
domains if � > 0.

It suggests itself to establish analogous relations to the limit relations (4.10), (4.24)
for the minimal function (1.10) and for the invariant (1.17).

For the case of the bicylinder E, jz1 � 1j < 1, jz2j < 1, and the hypersphere
K� , j 1

�
� z1j2 C jz2j < 1

�2
, we obtain the following expressions for the minimal

function:

ME.z1; z2I t1; t2/ D .t1 C t1 � jt1j2/2.1 � jt2j2/2
.z1 C t1 � z1t1/2.1 � z2t2/2

MK� .z1; z2I t1; t2/ D
.t1 C t1 � � jt1j2 � � jt2j2/3
.z1 C t1 � �z1t1 � �z2t2/3

;

(4.25)

from which we obtain the limit formulas

lim
n!1n

2�2pME

�
z1

np
; z2I t1

n
; t2

�
D .t1 C t1/2.1 � jt2j2/2

z21.1 � z2t2/2
(4.26)

lim
n!1n

3�3pMK�

�
z1

np
;
z2

np
I t1
n
;
t2

n

�
D .t1 C t1/3

z31
(4.27)
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with 0 < p < 1. Similarly we obtain

IE.z1; z2I z1; z2/ D 1

4 2
and IK� .z1; z2I z1; z2/ D

2

9 2
; (4.28)

from which

lim
z1;z2!0

IK.z1; z2I z1; z2/ D 1

4 2
(4.29)

lim
z1;z2!0

IK� .z1; z2I z1; z2/ D
2

9 2
; (4.30)

follow.

As will be shown in the following, the minimal function MB and the invariant
IB of the boundary points considered in §5 and §6 satisfy relations analogous to
(4.27), (4.30), and (4.26), (4.29), respectively.

§ 5

THE CASE � > 0. POINTS OF THIRD ORDER. For the investigation of points on
the boundary with � > 0 we assume the approach AI and first prove

Theorem I. If � > 0 at a the point Q.0; 0/ of B, then under the approach AI,

lim
z1;z2!0

%3nKB.z1; z2I z1; z2/ � �

4 2
: (5.1)

PROOF: Let K1 denote the hypersphere
ˇ̌
ˇ̌z1 � 1

�1

ˇ̌
ˇ̌2 C jz2j2 < 1

�21
; �1 > �: (5.2)

We claim that the domain K˛1ˇ1 , obtained from K1 by the transformation

z01 D
z1

1C ˛1z1 ; z02 D
z2

1C ˇ1z01
.˛1 > 0; ˇ1 � 0/; (5.3)

is a comparison domain of B for sufficiently large ˛1, ˇ1. Let B� be a canonical
replacment domain of B, for which the boundary hypersurface is

2x1 D ay21 C � jz2j2 C : : : : (5.4)

in a neighborhood ofQ. We will now show that the domain K˛1ˇ1 is contained in
B� for sufficiently large B� (and has the same tangent hyperplane as B� and B

at Q).
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If we apply the transformation

z01 D
z1

1C ˛1z1
; z02 D z2 (5.5)

to K1, then the transformed domain K˛1 has the representation

2x1 D .�1 C 2˛1/y21 C � jz2j2 C : : : : (5.6)

By choosing ˛1 large enough such that

�1 C 2˛1 > a;

in a sufficiently small neighborhood U1 of Q it holds that

2x1 � .�1 C 2˛1/y21 � �1jz2j2 C : : : � 2x1 � ay21 � �2jz2j2 C : : : ; (5.7)

that is, in U1, every point of K˛1 also belongs to B�. For the intersections
K˛1.z1 D 
/ and B�.z1 D 
/ of the domains K˛1 and B� with the plane z1 D 

it thus holds that

K˛1.z1 D 
/ � B�.z1 D 
/ (5.8)

if 
 is sufficiently small, say
j
 j < l1.˛1/: (5.9)

Consider now the intersection K˛1.z2 D 0/, that is, the circle
ˇ̌
ˇ̌z1 � 1

�1 C 2˛1

ˇ̌
ˇ̌ � 1

�1 C 2˛1
: (5.10)

Because of the inequality (5.7), this is contained in the intersection B�.z2 D 0/

for sufficiently small z1. (If ˛1 is chosen sufficiently large, then the circle (5.10)
moves into an arbitrarily small neighborhood of z1 D 0, and we can thus arrange
that it is completely contained in B�.z2 D 0/.) Once ˛1 has been fixed according
to the preceding conditions, consider the set V1

18) of values z1 in the intersection
K˛1.z2 D 0/ that in addition to (5.10) also satisfy

jz1j > l1.˛1/; (5.11)

then those points that are contained in the normal intersection B�.z2 D 0/ in the
arbitrarily small neighborhood of Q are inner points of B�.z2 D 0/.

18)Shaded in Figure 1.
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About every point .z1; 0/ (z1 2 V1) there is thus a hypersphere with maximal
radius %.z1/ > 0 whose interior belongs completely to B�. As a continuous func-
tion in z1, %.z1/ assumes a positive minimum %� in the closed V1. In particular,
every intersection B�.z1 D 
/, for 
 in V1, contains a circle with center z2 D 0

of radius %�. Considering now the corresponding intersections K˛1.z1 D 
/ of
the domain K˛1 , represented by

ˇ̌
ˇ̌ z1

1 � ˛1z1 �
1

�1

ˇ̌
ˇ̌2
z1D

C jz2j2 � 1

�21
; (5.12)

then these are non-empty only if z1 belongs to the circle (5.10), and are themselves
circles with center z2 D 0 and a radius less than 1

�1
. If we apply the transformation

z01 D z1; z02 D
z2

1C ˇ1z1 (5.13)

to K˛1 , then the intersection K˛1.z1 D 
/ is mapped to a circle centered at z2 D 0
of radius %.
/, for which

%.
/ � 1

�1j1C ˇ1
 j
holds. Since j
 j � l1.˛1/ on the set V1, ˇ1 can be chosen in such a way that for
all 
 in V1,

1

�1j1C ˇ1
 j < %
� � %.
/ (5.14)

holds. Then, for j
 j � l1.˛1/,

K˛1ˇ1.z1 D 
/ � B�.z1 D 
/: (5.15)
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On the other hand, the values j
 j < l1.˛1/ in the circle (5.10) also satisfy

1

j1C ˇ1
1j
< 1;

as for these values 
 C 
 > 0. Since therefore

K˛1ˇ1.z1 D 
/ � K˛1.z1 D 
/

for j
 j � l1.˛1/, in connection with (5.8), the relation (5.15) also holds for j
 j <
l1.˛1/. Hence

K˛1ˇ1 � B�: (5.16)

Moreover, both domains have the same tangent hyperplane z1 C z1 D 0 in the
common boundary point Q, that is, K˛1ˇ1 is an inner comparison domain for B.

Now, K˛1ˇ1 is a replacement domain for K1, that is,

L
I3
B.Q/ D lim

z1;z2!0
%3nKB.z1; z2I z1; z2/

� lim
z1;z2!0

%3nKK1.z1; z2I z1; z2/ D
�1

4 2
;

(5.17)

and since this holds for every �1 > � , this completes the proof of (5.1).

Theorem II. If the point Q.0; 0/ satisfies

� > 0 (5.18)

and if furthermore the sections B�.z1 D 
/ of a canonical replacement domain19)

B� for sufficiently small 
 are contained in an arbitrarily given neighborhood of
Q, then

LI3
B.Q/ D lim

z1;z2!0
%3nKB.z1; z2I z1; z2/ D �

4 2
: (5.19)

PROOF: Assume the expansion

2x1 D ay21 C � jz2j2 C : : : (3.17)

belongs to the canonical replacement domain B�. Again, we start with a hyper-
sphere K2 ˇ̌

ˇ̌z1 � 1

�2

ˇ̌
ˇ̌2 C jz2j2 < 1

�22
; �2 < �; (5.20)

19)Here, B� is once more a replacement domain for B, but it does not have to coincide with B�.
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and claim that the domain K˛2ˇ2 obtained from K2 by the transformation

z01 D
z1

1 � ˛2z2 ; z02 D z1.1C ˇ2z01/ (5.21)

for sufficiently large ˛2, ˇ2 is an outer comparison domain for B� (with respect
to Q). If we apply the transformation

z01 D
z1

1 � ˛2z1
; z02 D z2 (5.22)

to K2, then we obtain the transformed domain K˛2 with

2x1 D .�2 � 2˛2/y21 C �2jz2j2 C : : : : (5.23)

If we choose ˛2 positive and large enough such that

�2 � 2˛2 < a; (5.24)

then in a sufficiently small neighborhood U2 of Q

2x1 � ay21 � � jz2j2 C : : : < 2x1 � .�2 � 2˛2/y21 � �2jz2j2 C : : : (5.25)

holds, that is, in the neighborhood U2, every point of B� is at the same time an
inner point of K˛2 . But by assumption there are no other points of B� outside of
this neighborhood if 
 is sufficiently small, say

j
 j < l2.˛2/: (5.26)

Then
B�.z1 D 
/ � K˛2.z1 D 
/; (5.27)

if 
 satisfies (5.26). We now consider the section K˛2.z2 D 0/. If we assume (as
we always can) that

�2 � 2˛2 < 0;
then the intersection is formed by the exterior of the circle

ˇ̌
ˇ̌z1 � 1

�2 � 2˛2

ˇ̌
ˇ̌ < 1

2˛2 � �2
: (5.28)
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For sufficiently small z1, this circle lies completely outside of the section B�.z2 D
0/ due to (5.25). If ˛2 is chosen sufficiently large, then the circle (5.28) moves
into a sufficiently small neighborhood of z1 D 0, and thus we can achieve that it
is located completely outside of B�.z2 D 0/.
The set V2

20) of those points of B�.z2 D 0/ for which jz1j � l2.˛2/, is then
completely contained in the interior of the intersection K˛2.z2 D 0/, that is, they
have no points in common with the closed circle (5.28). The sections K˛2.z1 D

/, where 
 belongs to V2, are circles with center z2 D 0, and the radii of these
circles have a positive lower bound r . If we apply to K˛2 the transformation

z01 D z1; z02 D z2.1C ˇ2z1/; (5.29)

then the section K˛2.z1 D 
/ is again a circle with center z2 D 0 and of a radius
greater or equal to r j1Cˇ2
 j. For these values of j
 j > l2.˛2/ we can choose ˇ2
large enough such that

r j1C ˇ2
 j > P (5.30)

holds, where P is such that for all sections B�.z1 D 
/

jz2j < P

holds. As the domain B� was assumed to be bounded, there always exists a finite
such P. If ˇ2 is chosen such that it satisfies the inequality (5.30), then for j
 j �
l2.˛2/,

B�.z1 D 
/ � K˛2ˇ2.z1 D 
/: (5.31)

20)Shaded in Figure 2.
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On the other hand,
j1C ˇ2
 j > 1

if ˇ2 � 2˛2 � �2, for the inequality j1C ˇ2
 j > 1, which may also be written as
j
 C 1

ˇ2
j > 1

ˇ2
, states that the point 
 lies outside the circle with center � 1

ˇ2
and

radius 1
ˇ2

. For ˇ2 > 2˛2 � �2, all points of the section K˛2.z2 D 0/ lie outside of
this circle by (5.29). Thus for j
 j < l2.˛2/,

K˛2ˇ2.z1 D 
/ � K˛2.z1 D 
/; (5.32)

so that in connection with (5.31), we obtain that (5.31) is also true for j
 j < l2.˛2/.
Hence

K˛2ˇ2 � B�; (5.33)

and furthermore, the two domains have the common boundary point Q and the
tangent hyperplane z1Cz1 D 0 at it, that is, K˛2ˇ2 is an outer comparison domain
for B�. Now, K˛2ˇ2 and B� are replacement domains of K2 and B, and thus it
holds that

LI3
B.Q/ D lim

z1;z2!0
%3nKB.z1; z2I z1; z2/ � LI3

K2
.Q/ D �2

4 2
; (5.34)

and as this holds for every �2 < � , we also have

LI3
B.Q/ D lim

z1;z2!0
%3nKB.z1; z2I z1; z2/ � �

4 2
; (5.35)

and combined with (5.1), (5.19) follows.

§ 6

In the cases � > 0 and � < 0, for a canonical replacement domain B�, in a
neighborhood of the boundary point Q.0; 0/, the plane z01 D 0 was located either
completely outside or completely inside of the domain B�, with the exception
of Q itself. We assume now that the intersection of the analytic plane z1 D 0

with the boundary of B contains, in addition to the point z2 D 0, a whole surface
patch H that contains the point Q, that is, z2 D 0, in its interior.21) Therefore

21)If there exists an analytic surface z1 D f .z2/ passing through Q and sharing a surface patch
with B, where f .z2/ in B� (the projection of B to z1 D 0) is a regular analytic and injective
function of z2, then this case can be reduced to the one considered in this paragraph or in §8 via
the transformation z01 D z1 � f .z2/, z02 D z2.
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clearly � D 0. First, we investigate the case � D 0 for this special case. (The
assumptions can be slightly generalized by only requiring continuity for the first
derivatives of (2.7), where the existence of � in the sense defined previously is
not guaranteed.) We assume the approaches AII.˛/ and AIII.˛/ and use normal
coordinates throughout.

By the assumption of continuity of the first derivatives of (2.7) it follows from
�
@ 

@y1

�
y1D0

D 0 (6.1)

that for
jy1j < ı (6.2)

j .y1; z2; z2/ �  .0; z2; z2/j � jy1jA.y1; z2; z2/; lim
y1!0

A.y1; z2; z2/ D 0
(6.3)

holds. Form the assumptions made in the beginning, it follows for the z2-values
in H that

 .0; z2; z2/ D 0
and hence

j .y1; z2; z2/j � jy1jA.y1; z2; z2/: (6.4)

If we only consider the points in B, for which

x1 > 0; jy1j < Nx1 (6.5)

holds, then for these points

j .y1; z2; z2/j � NA.y1; z2; z2/x1:

So if we pick a neighborhood U."/ with

jz2j < "; (6.6)

such that A.y1; z2; z2/ < 2
N

in this neighborhood, which is always possible due
to (6.3), then for these z2,

j .y1; z2; z2/j < 2x1; (6.7)
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that is, the points whose coordinates satisfy the inequalities (6.3), (6.5), (6.6), are
interior points of B.22) The product domain T D B �R, where

B W jz1j � ı; x1 > 0; jy1j � Nx1;
R W jz2j � "

is thus contained in B and has the point Q.0; 0/ as a boundary point. So, given
an approach AII.˛/ in B, it is enough to choose

N > tan.˛/

to ensure this is an approach in T in the sense of the approach AII.˛/ defined in
§ 3. Because of T � B and (1.5) we thus have

lim
z1;z2!0

jz1j2KB.z1; z2I z1; z2/ � lim
z1;z2!0

jz1j2KT .z1; z2I z1; z2/ D 1

4!2"2 cos.�˛
!
/2
;

(6.8)
where ! D 2 arctan.N /. So the following holds:

Theorem III. If in a boundary pointQ.0; 0/ of B or of the canonical replacement
domain B�, the analytic plane lying in the tangent hyperplane (at Q) of B or
B�, respectively, has a common surface segment with the boundary of B or B�,
respectively, that contains Q as an inner point, then for the approach AII.˛/,

L
II2
B .Q; ˛/ D lim

z1;z2!0;arc.z1/!˛
%2t KB.z1; z2I z1; z2/

for every j˛j <  
2

.

Under stricter assumptions we prove:

Theorem IV. Assume the domain B or one of its replacement domains B�

satisfies the conditions of Theorem III. Moreover, the analytic hyperplane lying
in the tangent hyperplane at Q of B or B�, respectively, is assumed to have no
common points with the interior of B or B�, respectively, and the points of the
domain obtained from B or B� by the transformation

z01 D n
p
z1; z02 D z2 (6.9)

shall satisfy
z01 C z01 � 0

22)The interior of B is given by (6.7) in a neighborhood of Q, cf. (2.8).
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if n is sufficiently large. Then in the approach AII.˛/ for any ˛, the point Q is of
order � D 2.

In view of Theorem III, we only need to prove that for every approach AII.˛/

lim
z1;z2!0

%2t KB.z1; z2I z1; z2/ > 0 .%t D jz1j/: (6.10)

Let B0 denote the domain obtained from B or B� by the transformation (6.9).
For the kernel function of the transformed domain, we obtain by (1.15)

KB0.z
0
1z
0
2I z01; z02/ D n2jz01j2n�2KB.z1; z2I z1; z2/

and hence also

jz01j2KB0.z
0
1z
0
2I z01; z02/ D n2jz1j2KB.z1; z2I z1; z2/: (6.11)

The transformation (6.9) maps the x1-axis to itself, and under the approach AII.˛/,
arc.z1/! ˛, j˛j <  , corresponds to the approach

arc.z01/!
˛

n
: (6.12)

So if jz01jKB.z
0
1z
0
2I z01; z02/ remains above a certain bound under the approach

AII.˛/, then the same will hold for the kernel of B if the approach is in the sense
of AII.˛/. If now P denotes a simply connected domain of the z2-plane contain-
ing the projection of all sections B0.z1 D 
/ in its interior (hence in particular
H D B0.z1 D 0/ and the point z2 D 0), then B0 lies in the product domain

R D E �P;

where E is the half-plane z01 C z01 > 0, z2 D 0. Now let any approach AII.˛/ for
the point Q with respect to B be given. This corresponds to an approach in B0

with limit (6.12) which also represents an approach AII.˛
n
/ for the product domain.

Hence

jz1j2KB.z1; z2I z1; z2/ D 1

n2
jz01j2KB0.z

0
1; z
0
2I z01; z02/ � jz01j2KR.z1; z2I z1; z2/ > 0;

(6.13)
which proves Theorem IV.

After having provided a class of boundary points with order �.QIB/ D 2, in the
remainder of this paragraph and in §8 we will encounter important special types
of boundary points Q of this sort, for which we prove the existence of the limits
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LII2
B .Q; ˛/ and LIII2

B .Q; ˛/. To study the first type of these boundary points, we
need an auxiliary function f�.z/. This is the function mapping the half-plane
zC z > 0 to the triangle O1A1B1 in the w-plane, where O1A1 D O1B1 D 1 and
O1, A1, B1 correspond to the points z D 0, z D �i, z D 1. Here, let OO1 be
the positive u-axis, and let the pointsO andO1 have the coordinates 0 and 1. The
angles OO1B1 and OO1A1 are both equal to  

2�
. Then

f�.z/ D 1 � t�.iz/; (6.14)

where t�.z/ is a function defined and studied in a previous article.23)
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Lemma I. Let 0 < � < 1. In the domain T�.�/ of the right z-halfplane given by

jf�.z/j > �; (6.15)

the following inequalities hold for sufficiently large �:

jf�.z/ < .1 � k.�/jzj 1� ; lim
�!1 k.�/ D 1; (6.16)

j��.z/j D j arc.f�.z//j < M1jzj 1� sin
�  
2�

�
; 0 < M1 <

2

�
: (6.17)

23)Compare the article Über ausgezeichnete Randflächen in der Theorie der Funktionen von zwei
komplexen Veränderlichen, Mathematische Annalen 104 (1931), p. 611, §2. In the following we
will use the estimate (13) for t�.z/ derived there.
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By equation (13) in the previously mentioned article, it holds for jzj < ˇ < 1 that

f�.z/ D 1 � z 1� C z 1� g�.z/ D 1 � jzj 1� ei'
� .1 � g�.z//; ' D arc.z/; (6.18)

g�.z/ D O
�
1

�

�
:

Now consider the semicircle zCz > 0, jzj < ˇ. Then the imageA0mB 0 (compare
figure 4) of the boundary segment jzj D ˇ will come arbitrarily close to zero for
sufficiently large �, that is, it lies within the circle

jwj < �: (6.19)

Due to the uniqueness of the map it thus follows that the points, for which the
inequality (6.15) holds, lies in the interior of the circle jzj < ˇ.24) But for these
points, the representation (6.18) applies, which immediately yields (6.16). Fur-
thermore, for z in T�.�/, and M2 � 1C "� with lim�!1 "� D 0,

j Im.f�.z//j � j1 � f�.z/j sin
�  
2�

�
< M2jzj 1� sin

�  
2�

�
; (6.20)

hence for sufficiently large �, j Im.f�.z//j < �
2
, and thus

jRe.f�.z//j > jf�.z/j � j Im.f�.z//j > �

2
: (6.21)

From (6.20) and (6.21) it follows that

j��.z/j < j tan.��.z/j � 2M2

�
jzj 1� sin

�  
2�

�
DM1jzj 1� sin

�  
2�

�
; M1 D 2M2

�
;

(6.22)
which proves the claim (6.17). The points in the right z-half-plane lying outside
of T�.�/ satisfy

jf�.z/j � �: (6.23)

We now wish to describe a category of boundary points Q of which we will show
that they are limit points of second order. For the point Q.0; 0/ we assume that
the section H D B.z1 D 0/ (belonging to the boundary of B) is a starshaped
domain relative to z2 D 0,25) that is, the equation defining the boundary curve is

24)In the article mentioned in the previous footnote, our ˇ is denoted by �.
25)Compare the footnote on p. 31.
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R D h.�/, and moreover we assume that the function h.�/ satisfies the following
Lipschitz condition26)

jh.�/ � h.� 0/j � N1j� � � 0j; N1 <1: (6.24)

For the sections B.z1 D 
/ we assume that, for j
 j < ı,
B1.z1 D 0/
m.j
 j/ � B.z1 D 
/ � m.j
 j/B.z1 D 0/; (6.25)

where ı is a given arbitrarily small positive quantity, and

m.j
 j/ D 1CN2j
 j 1� ; 0 < � <1; N2 <1:

(Here, by m.j
 j/B.z1 D 0/ we mean the domain obtained from B.z1 D 0/ via
the transformation z02 D m.j
 j/z2.) From (6.24) it follows that for every z2 in the
section B.z1 D 
/, the inequality

h.arc.z2//

1CN2j
 j 1�
� jz2j � .1CN2j
 j 1� /h.arc.z2// (6.26)

holds. Finally, we assume that z1 C z1 � 0 for the domain B.

z1
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z2
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Figure 5
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H
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A.⌫/.z1 D �/
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B.z1 D �/
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B
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A
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A.⌫/
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We construct a domain A.�/ in the following way. Let E denote the half-plane
z1 C z1 � 0, and consider the product domain

A D E � H:

26)The inequality (6.24) can be replaced by jh.�/ � h.� 0/j � N1j� � � 0j� (� > 0). Then the
following arguments have to modified insignificantly.
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The domain A.�/ is obtained from A via the transformation

z01 D z1; z02 D
z2

f�.z1/
: (6.27)

If hmin is a lower bound for the h.�/ (that is, if 0 � hmin � h.�/ for all 0 � � �
2 ) and Zmax

2 is an upper bound for jz2j of all coordinates in the domain B, then
� (compare Lemma I) shall be chosen such that

0 < � <
hmin

Zmax
2

� 1: (6.28)

After fixing �, we choose � large enough such that the inqualities (6.16), (6.17),
(6.23) hold, and moreover such that

� > 2�; k.�/ � 1
2
: (6.29)

If ˇ denotes the radius of a circle centered at z1 D 0 whose interior contains
T�.�/, then finally we assume � large enough such that27)

N2.ˇ.�; �//
1
�
� 1
� <

�
1

2
� 3
2

N1M1

hmin
sin
�  
2�

��
; M1 � 2

�
; (6.30)

ˇ.�; �/ < ı: (6.31)

First, we consider the sections A.�/.z1 D 
/ for 
 in T�.�/, where T�.�/ is the
domain introduced on p. 36. The section A.z1 D 
/ yields the starshaped domain
H for all points of E. Hence every section A.�/.z1 D 
/ is again a starshaped
domain, whose boundary is given by the equation

R D h.
; �/ D h.� C #�.
/
jf�.
/j

; arc.f�.
// D #�.
/: (6.32)

Now, our chosen � satisfies by (6.29) and (6.16)

jf�.
/j � 1 � 1
2
j
 j 1� ; (6.33)

and by (6.24) and (6.17)

h.� C #�.
// � h.�/ �N1j#�.
/j � h.�/ �N1M1j
 j 1� sin
�  
2�

�

� h.�/
�
1 � N1M1

hmin
j
 j 1� sin

�  
2�

��
D h.�/

�
1 �N3j
 j 1� sin

�  
2�

��
;

(6.34)

27)That it is possible to choose ˇ such that (6.30) and (6.31) are satisfied follows from the fact
that for fixed � and sufficiently large � the domain T�.�/ lies in the interior of an arbitrarily large
circle centered at z D 0 (compare the proof of Lemma I).
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with N3 D N1M1
hmin

, and thus

h.
; �/ � h.�/
�
1 �N3j
 j 1� sin

�  
2�

���
1C 1

2
j
 j 1�

�
: (6.35)

On the other hand, by (6.26), the z2-coordinate of a point in B.z1 D 
/ satisfies

jz2j � h.�/.1CN2j
 j 1� /; � D arc.z2/: (6.36)

Since now, by (6.30), for j
 j � ˇ,

1C .N2j
 j 1�� 1� /j
 j 1� < 1C j
 j 1�
�
1

2
�N3 sin

�  
2�

�
� 1
2
N3j
 j 1� sin

�  
2�

��

(6.37)
it follows (for 
 in T�.�/ z2 in B.z1 D 
/),

jz2j < h.
; arc.z2//; (6.38)

that is,
A.�/.z1 D 
/ � B.z1 D 
/: (6.38a)

For the 
 -values outside of T�.�/, by (6.23),

jf�.
/j � �: (6.39)

If Hmin denotes a circle of radius hmin centered at the origin, and Zmax denotes a
circle of radius Zmax

2 with the same center, then by (6.38) and (6.39), for all 

outside of T�.�/,

A.�/.z1 D 
/ � 1

�
Hmin � Zmax

2

hmin
Hmin D Zmax � B.z1 D 
/; (6.40)

which, together with (6.38a), implies:

A.�/ � B: (6.41)

Now, A.�/ is obtained from A via the transformation (6.27), and hence

lim
z1;z2!0

@.z01; z02/
@.z1; z2/

D lim
z1!0

1

f�.z1/
D 1: (6.42)

It thus follows from (1.15) and (6.42) that

LII2
A.�/

.Q/ D LII2
A .Q/ D

1

4 2 cos.˛/2P2
; (6.43)
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where P is the mapping radius of H D B.z1 D 0/ with respect to z2 D 0, and
hence by (6.41),

LII2
A .Q/ �

1

4 2 cos.˛/2P2
: (6.44)

We now construct the inner comparison domain. Let D denote the intersection of
T�.�/ and B.z2 D 0/.28) Consider the product domain

D DD � H

and apply to it the transformation

z01 D z1; z02 D z2f�.z1/: (6.45)

Then the transformed domain D.�/ is

D.�/.z1 D 
/ D f�.
/D.z1 D 
/ D f�.
/H: (6.46)

D.�/.z1 D 
/ is again starshaped. The equations of the boundary curve is

R D h�.
; �/ D h.� � #�.
//jf�.
/j; (6.46a)

and thus the sections B.z1 D 
/ satisfy

h�.
; �/ � h.�/
�
1CN3j
 j 1� sin

�  
2�

���
1 � 1

2
j
 j 1�

�
:

On the other hand, by (6.25) for z2 in B.z1 D 
/,

jz2j > h.�/.1 �N2j
 j 1� /; � D arc.z2/;

and hence, if � is sufficiently large according to the earlier conditions ((6.16),
(6.17), etc.), then

1 �N2j
 j 1� � 1 � j
 j 1�
�
1

2
�N3 sin

�  
2�

�
C 1

2
N3j
 j 1� sin

�  
2�

��
:

This implies

D.�/.z1 D 
/ � B.z1 D 
/ and D.�/ � B; (6.47)

and hence
LII2

D.�/.Q; ˛/ � LII2
B .Q; ˛/:

28)Or the connected component containing the boundary point z2 D 0 of this intersection.
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Now, by (6.42),

LII2
D.�/.Q; ˛/ D LII2

D .Q; ˛/ D
1

4 2 cos.˛/2P2
; (6.48)

so that the comparison of (6.44) and (6.48) yields

LII2
B .Q; ˛/ D

1

4 2 cos.˛/2P2
: (6.49)

§ 7

In the following we study the case that the analytic tangent plane z1 D 0 has
a common surface segment with the boundary of B under different assumptions
on B than in §6. The current paragraph serves to introduce the tools for this
endeavour by introducing and studying a certain class of special domains.

In this paragraph, by a sector S we mean a circular sector OAB in the z1-plane
whose vertexO lies in the point z1 D 0. It is completely determined by the angles
#1 and #2 (> #1) enclosed by its radii with a fixed direction, say the positive x1-
axis, and by the radius % D OA D OB of the circle.

x1

<latexit sha1_base64="ZHvJDE/PeOx2Tz8xj0UtFPLnc7w="></latexit>

y1

<latexit sha1_base64="GLfwB72VCsTQNRDFYH75wFt0Mf4="></latexit>

Figure 6

<latexit sha1_base64="MOPuJ4AdK3VrhzrTysF2wCDf/gk="></latexit>

0

<latexit sha1_base64="5LwX3nehWTTKJl54G8zvP4tVTLs="></latexit>

A

<latexit sha1_base64="3AWnh2ZAzagsPsI5DY3gqb3N8+k="></latexit>

B

<latexit sha1_base64="C8ei4Bck4xbJb12basskfAPWfs8="></latexit>

#

<latexit sha1_base64="Cn9VZ9/KIy2dRZ4pwTZah5Tw9S4="></latexit>

#1

<latexit sha1_base64="LWwEtbnSZy+804j0QMFMwUycaRk="></latexit>

#2

<latexit sha1_base64="OrmUd0gbynoMRflK3D2TTy3ID9E="></latexit>

!

<latexit sha1_base64="f9i3qbopBhJNaYB3t3oFhwO9E6c="></latexit>

%

<latexit sha1_base64="3eCtRzFwbzDQMePwxOJ6vHgf+Es="></latexit>

sector S

<latexit sha1_base64="D8Wtdc97AuAPcycf9xb2QRjqcAU="></latexit>

We also write S.#1; #2; %/ to emphasize the dependence of S on #1, #2, %. In the
following, we study domains S with the following properties:

1. The sections S.z2 D 
/ are non-empty only for those values 
 belonging
to a domain H in the z2-plane, and then they are sectors S .
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2. For the determining values #1, #2, % of the section S.z2 D 
/, which are
now functions of 
 , it holds that

#2.
/ � #1.
/ D ! D const: > 0; % D const: (7.1)

3. #.
/ D #2.
/C#1.
/
2

.

4. There exists a sector S.#
.0/
1 ; #

.0/
2 ; %/, independent of 
 , that has only the

point z1 D 0 in common with all S.z2 D 
/ D S.#1.
/; #2.
/; %/.29)

5. There exists ˇ (with 0 < ˇ <  ) such that

� C ˇ � #1.
/ 
!
; #2.
/

 

!
�   � ˇ: (7.2)

Common to all sectors S.#1.
/; #2.
/; %/ is a fixed sector S.#
.1/
1 ; #

.2/
2 ; %/ with

#
.1/
2 � # .1/1 > 0.

For the positive x1-axis we choose a ray contained in the interior of S.#
.1/
1 ; #

.2/
2 ; %/.

Then
#1sup < 0 < #2inf; (7.3)

where #1sup is the upper bound of #1.
/ and #2inf is the lower bound of #2.
/.

In the following, we will occasionally write T .�; !; %/ instead of S.�; !; %/. Via
any of the transformations

ez1 D �z1; ez2 D z2; .� > 0/; (7.4)

or
ez1 D ei�z1; ez2 D z2; .� real/; (7.5)

or
ez1 D zˇ1 ; ez2 D z2; .� > 0/; (7.6)

the domain S is mapped to a domain eS with the same properties,30) and for the
determining parameters, we then obtain

e#2.
/ D #2.
/; e#1.
/ D #1.
/; e% D �%; e! D !; e#.
/ D #.
/;
(7.7)

29)Possibly also the point z1 D1.
30)In order not to lose property 4 under the transformation (7.6), it might be necessary to considereS in a (multiply covered) Riemannian space.
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or

e#2.
/ D #2.
/C�; e#1.
/ D #1.
/C�; e% D %; e! D !; e#.
/ D #.
/C�;
(7.8)

or

e#2.
/ D ˇ#2.
/; e#1.
/ D ˇ#1.
/; e% D %ˇ ; e! D !ˇ ; e#.
/ D ˇ#.
/:
(7.9)

For domains S, we investigate the behavior of the kernel function in a neighbor-
hood of the boundary point Q.0; a2/, where a2 is an inner point of H. In general,
the tangent hyperplane does not exist at the point Q.0; a2/ (with the exception
of ! D  ). However, in analogy to the approach AII.˛/, we can introduce corre-
sponding notions of approach and order. Under an approach AII.˛/we understand
here

z1 ! 0; z2 ! a2;

arc.z1/! ˛; j˛ � #.a2/j < !

2
:

(7.10)

For this approach, we study

jz1j2KS.z1; z2I z1; z2/; (7.10a)

and in particular will prove the existence of

LII2
S .Q.0; a2/; ˛/ D lim

t!0;'!˛;z2!a2
t2KS.tei'; z2I te�i'; z2/; (7.11)

where tei' (t < %) is an inner point of the section S.z2 D a2/, and t is real and
positive.

Under the transformations (7.4), (7.5), (7.6), the kernel functions become

jz1j2KeS.z1; z2I z1; z2/ D
ˇ̌
ˇ̌z1
�

ˇ̌
ˇ̌2 KS

�
z1

�
; z2I z1

�
; z2

�
; (7.12)

or

jz1j2KeS.z1; z2I z1; z2/ D jz1j2KS

�
z1

ei�
; z2I z1e�i�

; z2

�
; (7.13)

or

jz1j2KeS.z1; z2I z1; z2/ D 1

ˇ2
jz

1
ˇ

1 j2KS

�
z
1
ˇ

1 ; z2I z
1
ˇ

1 ; z2

�
: (7.14)

If we replace the parameter t for the domain S by�t , then the expressions (7.10a)
and (7.12) become identical in the two domains. On the other hand, for identical
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#.
/ and !, the domain eS has radiuse% D �%. For our investigation, the value of
% is thus irrelevant, and the limit (7.11) is also independent of %.

A particularly important class of domains S is given by the domains S�, for
which % D 1. The transformation (7.4) maps a domain S� to itself. So if we set
z D tei' , then by (7.12),

jt j2KS�.te
i'; z2I te�i'; z2/ (7.15)

is a function, independent of t . If Hm is a simply connected domain contained
in the interior of H, then hm.#1 C "; #2 � "/ shall denote the following variable
domain of .z2; ˛/: z2 is a point of Hm and the corresponding ˛ is a point in the
interval

#1.z2/C " � ˛ � #2.z2/ � ": (7.16)

For values .z2; ˛/ from hm.#1 C "; #2 � "/, the expression (7.15) is, for fixed
t D t0 > 0, a uniformly continuous function in ˛ and z2 (compare §1, p. 8). Now,
since (7.15) is a function not depending on t , the following holds:

Lemma II. For .a2; ˛/ in hm.#1 C "; #2 � "/, the limit

LII2
S�
.Q.0; a2/; ˛/ D lim

t!0;'!˛;z2!a2
jt2jKS�.te

i'; z2I e�i'; z2/ (7.17)

exists and is a uniformly continuous function on hm.#1C"; #2�"/ in the variables
a2 and ˛.

Lemma III. Suppose the sequence of domains31)

S�.m/ D
X

S�.m/.z2 D 
/ D
HX



S.#
.m/
1 .
/; #

.m/
2 .
/;1/; m D 1; 2; 3; : : :

converges uniformly on H to the domain

S� D
X

S�.z2 D 
/ D
HX



S.#1.
/; #2.
/;1/; (7.17a)

in the sense that for each 
 ,

# .m/.
/! #.
/; and !.m/ ! !: (7.18)

Then:
lim
m!1L

II2
S�.m/

.Q.0; a2/; ˛/ D LII2
S�
.Q.0; a2/; ˛/: (7.19)

31)For the notation
PH

 , see Hausdorff, Mengenlehre, Berlin 1927, §1.
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For the proof, apply the transformation

ez1 D z1��1 ; ez2 D z2; � > 0; (7.20)

to S�. The thus obtained domain eS� is again a S�-domain with angles

e#1.
/ D .1 � �/#1.
/; e#2.
/ D .1 � �/#2.
/:
Since

#1.
/ < 0; #2.
/ > 0; (7.21)

we have

e#1.
/ D .1 � �/#1.
/ > #1.
/; e#2.
/ D .1 � �/#2.
/ < #2.
/; (7.22)

and for sufficiently large m, due to (7.21), (7.3) and (7.18),

e#1.
/ > # .m/1 .
/; e#2.
/ < # .m/2 .
/: (7.23)

Hence, for sufficiently large m,

S.e#1.
/;e#2.
/;1/ � S.e# .m/1 .
/;e# .m/2 .
/;1/; (7.24)

that is, eS� � S�.m/:

From this, we obtain under the approach AII.˛/

lim
jz1j!0;arc.z1/!˛;z2!a2

jz1j2KS�.m/.z1; z2I z1; z2/ � lim
jz1j!0;arc.z1/!˛;z2!a2

jz1j2KeS�.z1; z2I z1; z2/;
hence also

lim
m!1L

II2
S�.m/

.Q.0; a2/; ˛/ � LII2eS�.Q.0; a2/; ˛/:
Now, by (7.14),

LII2eS�.Q.0; a2/; ˛/ D
1

.1 � �/2L
II2
S�

�
Q.0; a2/;

˛

1 � �
�
: (7.25)

As � can be chosen arbitrarily close to 0 and LII2
S�
.Q.0; a2/; ˛/ is a continuous

function in ˛, it follows that

limLII2
S�.m/

.Q.0; a2/; ˛/ � LII2
S�
.Q.0; a2/; ˛/ (7.26)
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On the other hand, if we apply the transformation

eez1 D z1C�1 ; eez2 D z2; (7.27)

then we obtain in the same manner that for sufficiently large m,

eeS � S�.m/; (7.28)

and from this

limLII2
S�.m/

.Q.0; a2/; ˛/ � LII2eeS�.Q.0; a2/; ˛/: (7.29)

Now (7.26) and (7.29) imply (7.19), which proves the lemma.

By a J-circle we mean a circle with center Rei#.
/

2 cos.#.
// and radius R
2 cos.#.
// located

in the plane z2 D 
 . (The points z1 D 0 and z1 D R have all circle peripheries
in common.) We will also write J.#.
/; R/ to emphasize the dependence of J

on #.
/ and R. In doing so, we assume that #.
/ satisfies all conditions on
#1.
/C#2.
/

2
stated on p. 42. By a J -domain we mean a domain

J D
X

J .z2 D 
/ D
HX



J.#.
/; R/; R D const:

Via the transformation

z
�
1 D

z1

1 � z1
R

; z
�
2 D z2; (7.30)

the J -domain is mapped to the domain S� DPS.z2 D 
/ D
PH

 T .#.
/;  ;1/,

where the boundary point z1 D R is mapped to the point z�1 D 1. As the
transformation (7.30) is regular in a neighborhood of z1 D 0, z2 D a2, and

lim @.z
�
1 ;z

�
2/

@.z1;z2/
D 1, by (3.5) and (3.12) we have,

LII2
J .Q.0; a2/; ˛/ D LII2

S�
.Q.0; a2/; ˛/; (7.31)

and by Lemma II, (7.31) is a uniformly continuous function on hm.#1C"; #2�"/
in the variables a2 and ˛.

The domain S DPS.z2 D 
/ D
PH

 S.#1.
/; #2.
/; %/ D

PH

 T .#.
/; !; %/

under the transformation

ez1 D z  !1 ; ez2 D z2; (7.32)
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is mapped to the domain

eS DXeS.z2 D 
/ D
HX



T .e#.
/;  ;e%/; e#.
/ D  

!
;e% D % ! : (7.33)

From now on we denote by S
�
0 and J 0 a certain S�- or J -domain, namely, with

angles
e#1.
/ D  

!
#1.
/; e#2.
/ D  

!
#2.
/; (7.34)

and with R D e% sin.ˇ/ (see (7.2) and (7.1) for the meanings of ˇ ande%, respec-
tively). Then

J 0 � eS � S
�
0 (7.35)

and therefore

KJ0.z1; z2I z1; z2/ � KeS.z1; z2I z1; z2/ � K
S
�
0

.z1; z2I z1; z2/: (7.36)

From (7.31) and (7.36) it follows that

LII2eS .Q.0; a2/; ˛/ (7.37)

exists and equals (7.31). Hence (7.37) is a uniformly continuous function on
hm.#1 C "; #2 � "/ in the variables ˛ and a2. If we introduce the polar coor-
dinates z1 D T ei˚ andez1 D tei' for the quantities in (7.32), then by (7.14) and
(7.32)

� 
!

�2
t2KeS.tei';ez2I te�i';ez2/ D T 2KS.T ei˚ ; z2IT e�i˚ ; z2/; (7.38)

t D T  
! ; ' D  

!
˚; ez2 D z2:

Since t ! 0 implies T ! 0 and the transformation (7.32) corresponds to the
transformation ' D  

!
˚ ,ez2 D z2, (7.38) implies the following theorem.

Theorem V. LII2
S .Q.0; a2/; ˛/ exists for values .a2; ˛/ in hm.#1C"; #2�"/, and

is a uniformly continuous function on hm.#1 C "; #2 � "/ in a2 and ˛.

From Theorem V and Lemma III now follows and important generalization of the
latter, namely:

Corollary I. Suppose the sequence of domains

S.m/ D
X

S.m/.z2 D 
/ D
HX



S.#
.m/
1 .
/; #

.m/
2 .
/; %.m//; 0 < %0 � %.m/ � %1 <1;
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converges to the domain S D P
S.z2 D 
/ D PH


 S.#1.
/; #2.
/; %/ in the
sense that # .m/.
/! #.
/ and !.m/ ! ! uniformly on H for each 
 . Then

lim
m!1L

II2
S.m/

.Q.0; a2/; ˛/ D LII2
S .Q.0; a2/; ˛/:

Remark. Let H1 � H2 � H3 � : : : denote an ascending sequence of do-
mains converging to a kernel domain H. Let S� be the domain given by (7.17a)
and S�

m D
PHm

 S.#1.
/; #2.
/;1/. Then: limm!1LII2

S�m
.Q.0; a2/; ˛/ D

LII2
S�
.Q.0; a2/; ˛/, uniformaly on hm.#1 C "; #2 � "/ in a2 and ˛. For, if fm.z2/

(with fm.a2/ D a2, f 0m.a2/ > 0) denotes the function that maps Hm to H,
and rm.z2/ the corresponding inverse function, then the transformationez1 D z1,
ez2 D fm.z2/ maps the domain S�

m to eS�
m D

P
S.#

.m/
1 .
/; #

.m/
2 .
/;1/, where

#
.m/

k
.
/ D #k.rm.
//. By (1.15) it holds thatLII2eS�m.Q; ˛/ D jr 0m.a2/j2LII2

S�m
.Q; ˛/.

By a well-known theorem from complex analysis, limm!1 fm.z2/ D z2/ uni-
formly on H. Together with Lemma III, this yields the desired limit. An analogous
limit relation can be obtained for domains S by (7.31), (7.37) etc.

§ 8

Let z1; z2 be normal coordinates for the point Q of B, and assume again that the
plane z1 D 0 has a common surface segment H with the boundary of B with inner
point z2 D 0. In this paragraph, we make the following assumptions:

1. H D B.z1 D 0/ is a starshaped domain for which the boundary curve
satisfies

R D h.�/; (8.1)

and h.�/ satisfies the Lipschitz condition

jh.�/ � h.� 0/j � Aj� � � 0j: (8.2)

2. We assume that all z1-coordinates satisfy jz1j � 1 (we can easily achieve
this by a simple transformation), and assume that the sections B.z1 D 0/

satisfy

B.z1 D 0/ � 1

1 � 
 1�
H; 0 < � <1: (8.3)
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3. For each non-empty section B.z2 D 
/ we assume that there is a line g.
/

passing through the point z1 D 0, for which the angle	.
/with the positive
x1-axis satisfies

j	.
/ � 	.
 0/j � C j
 � 
 0j�; � > 0; (8.4)

and

	.
/C C j
 j�jz1j
�
� < arc.z1/ <  C 	.
/ � C j
 j�jz1j

�
� ; (8.5)

where z1 is any point in the section B.z2 D 
/.
It follows in particular from (8.5) that the section B.z2 D 
/ and its bound-
ary, with the exception of the point z1 D 0, lie on one side of the line g.
/.
For those values of 
 belonging to H, by 4., the line g.
/ is the tangent of
the boundary of B.z2 D 
/ in the point z1 D 0 (compare figure 9).

4. We make the assumption on the sections B.z2 D 
/ that for every closed
domain H0 contained in the interior of H, there is a positive number � (in-
dependent of 
 ) such that for 
 in H0, every section B.z2 D 
/ contains
a circle of radius � that touches the boundary of B.z2 D 
/ in the point
z1 D 0.32)

5. For 	.
/, the following inequality holds:

� C ˇ � 	.
/ � �ˇ; ˇ > 0: (8.6)

(So there is a fixed sector S (independent of 
 ) that has only the point
z1 D 0 in common with B.z2 D 
/.)

Under these conditions we prove:

Theorem VI. For every domain B of the given type, there exists the limit

LII2
B .Q; ˛/ D lim

z1;z2!0;arc.z1/!˛
jz1j2KB.z1; z2I z1; z2/ (8.7)

under the approach AII.˛/.

Proof: Apply the transformation

ez1 D z1; ez2 D .1 � z 1�1 /z2; (8.8)

to the domain B and prove for the transformed domain eB:
32)Instead of 4., we could make the weaker assumption that for each H0 there exists a sequence

T .	.
/C  
2
; !m; %m/, m D 1; 2; 3; : : :, with %m > 0, limm!1 !m D  , such that for each 
 in

H0 it holds that T .	.
/C  
2
; !m; %m/ � B.z2 D 
/. Compare p. 53.
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1. We have eB.z1 D 0/ � eB.z1 D 
/: (8.9)

2. If 
 is a point in H, then the line g.
/ touches the boundary of eB.z2 D 
/

in z1 D 0, and the section eB.z2 D 
/ lies on one side of this tangent.33)

Part 1 follows immediately from assumption 2 above.

For part 2: If
2x1 D  .y1; z2; z2/ (2.7)

is the equation of the boundary surface, then from the assumptions 4 and 3 on  
it follows that

 .y1; z2; z2/

2y1
D �.y1; z2; z2/ (8.9a)

is a continuous function in the variables y1, z2, z2. Now, for every 
 in H,

tan.	.
// D lim
y1!0

2y1

 .y1; z2; z2/
D 1

�.0; 
; 
/
;

and for the tan of the angle enclosed by the tangent and the boundary curve of
eB.z2 D 
/ (given by 2ex1 D  .ey1; ez2

1�ez 1�1 ;
ez2
1�ez 1�1

/) we obtain, again using (8.9a),

limey1!0
2ey1
2ex1 D lim

x1;y1!0
1

�

�
y1;




1�z 1�1
; 


1�z 1�1

� D 1

�.0; 
; 
/
; (8.10)

so that the line g.
/ is the tangent at the point z1 D 0 to the boundary of the
section eB.z2 D 
/ of the transformed domain, which proves the first part of 2.

Let z1 D r01ei'0 , z2 D 
 be a point of B and z1 D r01ei'0 , z2 De
 the correspond-
ing point in eB. Now we have to show that eB.z2 D 
/ lies on one side of g.
/. In

combination with 
 �e
 D 
z 1�1 it follows from (8.4) that

j	.
/ � 	.e
/j � C j
 j�jz1j�� : (8.11)

We will now show that for the angle � enclosed by g.e
/ and the line connecting
the point z1 D 0 with the point z1

0 � � �   (8.12)

33)In the following, 
 can denote a point in the z1- as well as in the z2-plane.
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holds, which implies the second part of 2. Namely,

� D '0 � 	.e
/ D '0 � 	.
/C 	.
/ � 	.e
/; '0 D arc.z1/;

and hence

j'0 � 	.
/j � j	.
/ � 	.e
/j < � < j'0 � 	.
/j C  C j	.
/ � 	.e
/j;
and the inequalities (8.11) and (8.5) yield (8.12).

On the other hand, by (1.15), we have the relation

jez1j2KeB.ez1;ez2Iez1;ez2/ D jz1j2KB.z1; z2I z1; z2/ W j1 � z
1
�

1 j2; (8.13)

and it is therefore enough to prove the statemen of Theorem VI for the domaineB. Now let Hm,m D 1; 2; 3 : : :, be a sequence of closed domains contained in H,
such that Hm is contained in the interior of HmC1, and the Hm fully exhaust the
domain H. Let eB.m/ denote the domain

eB.m/ D
HmX



eB.z2 D 
/: (8.14)
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For the domain eB.m/, we construct the following:

I. A domain

S.m/ D
HmX



S.m/.z2 D 
/ � eB.m/ (8.15)
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of the type studied in §7, p. 42, where the sector S.m/.z2 D 
/ D S.#1.
/; #2.
/; %/

is a semicircle whose diameter lies on the line g.
/ and whose radius % is
large enough such that, for 
 in Hm,

S.m/.z2 D 
/ � eB.z2 D 
/: (8.16)

As eB is bounded and eB.z2 D 
/ lies, by assumption 3, on one side of the
line g.
/, this construction is clearly possible. From assumption 5 it follows
that properties 4 and 5 of §7 are satisfied.

II. A sequence of domains

S.m;n/ D
HmX



S.m;n/.z2 D 
/; (8.17)

such that for every m
S.m;n/ � eB.m/ (8.18)

holds, and the angles !m;n of S.m;n/ satisfy

lim
n!1!m;n D  .D !m/; (8.19)

uniformly in 
 for fixed m on Hm.

Let "n be positive and limn!1 "n D 0. As the function 	.
/ is uniformly contin-
uous, there exists �n such that in each point 
 of Hm there is a circle K�n.
/ with
radius �n and center 
 , such that in the interior of K�n.
/:

	.
/ � "n
2
< 	.z2/ < 	.
/C "n

2
; (8.20)

for z2 in K�n.
/.

Furthermore, we may assume �n small enough such that the circle K�n.
/ lies in
HmC1 for each 
 in Hm. By assumption, for each 
 in HmC1, hence a fortiori in
K�n.
/, there is a circle of radius �mC1 that is contained in B.z2 D 
 0/ (for 
 0 in
K�n.
/ � HmC1) and touches the line g.
 0/. Then B.z2 D 
/ contains a sector
with angle !n D   � "n and radius �m;n D 2�mC1 cos.!n

2
/, where the angles

#
.n/
1 .
 0/ and # .n/2 .
 0/ of the sector satisfy

#
.n/
2 .
 0/ � # .n/1 .
 0/ D !n; #

.n/
1 .
 0/C # .n/2 .
 0/

2
D 	.
 0/C  

2
; (8.21)
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for 
 0 in K�n.
/. By (8.20), we thus obtain for z2 in K�n.
/:

#
.n/
1 .z2/ D 	.z2/C "n

2
< 	.
/C "n;

#
.n/
2 .z2/ D 	.z2/C   � "n

2
> 	.
/ � "n C  ;

(8.22)

hence for z2 in K�n.
/

#
.n/
1 .z2/ < #

�.n/
1 .
/ < #

�.n/
2 .
/ < #

.n/
2 .z2/; (8.23)

where we put

#
�.n/
1 .
/ D # .n/1 .
/C "n

2
D 	.
/C "n;

#
�.n/
2 .
/ D # .n/2 .
/ � "n

2
D 	.
/C   � "n;

.#
�.n/
2 .
/ � #�.n/1 .
/ D   � 2"n/:

(8.24)
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If Sm;n.
/ denotes the sector with angles #�.n/1 .
/ and #�.n/2 .
/ with radius

�m;n D 2�mC1 cos
�  � "n

2

�
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then for 
 0 in K�n.
/ (with 
 in Hm), Sm;n is contained in B.z2 D 
/.34) Hence
the product domain

Sm;n.
/ D K�n.
/ � Sm;n.
/ (8.25)

is contained in B.mC1/ (compare figure 7).

If we now return to the domain eB.m/ and consider the sections eB.z2 D 
/, then

these correspond to the sections B.z2.1�z
1
�

1 / D 
/ of the domain B with the an-

alytic surface F
 given by z2.1� z
1
�

1 / D 
 . The intersection of F
 with the prod-
uct domain Sm;n.
/ is a surface segment in F
 that is bounded by a closed curve.
This boundary curve f
 is the intersection of the surface F
 with RŒSm;n.
/�

(where RŒ: : :� denotes the boundary). Then f
 is composed of the intersections of
F
 with K�n.
/�RŒSm;n.
/� and with .Sm;n.
/CRŒSm;n.
/�/�RŒK�n.
/�. The
z1-coordinates of the first part of f
 either lie on the two rays rei#�.n/1 .
/, rei#�.n/2 .
/

(0 � r <1) or on a circle with radius �m;n. For the z2-coordinates of the remain-
ing points of f
 , (8.26) below holds. We will now show that the the z1-coordinate
of the points on f
 satisfy the inequality jz1j � %m;n > 0 unless they lie on the
rays mentioned above. Namely, consider the part of the boundary of Sm;n whose
z2-coordinate is given by

jz2 � 
 j D �n: (8.26)

Then jz1j has a positive minimum for the points on the curve segement c obtained
by intersecting (8.26) with F
 .35) If we now apply to

Sm;n.z2.1 � z
1
�

1 / D 
/ � B.z2.1 � z
1
�

1 / D 
/

the transformation (8.8), we obtain

eSm;n.z2 D 
/ � eB.z2 D 
/:
34)If, instead of assumption 4, we make the assumption stated in the footnote on p. 50, then �mC1

in the last equation has to be replaced by %m.
35)Namely, if z2 D 
 C �nei' , the points in the intersection satisfy

jz1j D
ˇ̌
ˇ̌1 � 


�nei' C 


ˇ̌
ˇ̌� D

ˇ̌
ˇ̌ ��nei�'

.�nei' C 
/�
ˇ̌
ˇ̌ ;

and the boundedness of 
 implies the existence of a positive lower bound for jz1j. So if we choose

%m;n D min
�
2�mC1 cos

�  � "n
2

�
;

ˇ̌
ˇ̌ ��nei�'

.�nei' C 
/�
ˇ̌
ˇ̌
�
;

then the z1-coordinates of the curve c satisfy the inequality jz1j � %m;n.
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The section eBm;n.z2 D 
/, now in the plane z2 D 
 , is bounded by the two
rays z1 D rei#�.n/1 .
/ and z1 D rei#�.n/2 .
/ and a curve segment c that satisfies
jz1j � %m;n. Hence eSm;n.z2 D 
/ contains a sector S.#

�.n/
1 .
/; #

�.n/
2 .
/; %m;n/

with

lim
n!1!m;n D lim

n!1.#
�.n/
2 .
/ � #�.n/1 .
// D lim

n!1  � 2"n D  : (8.27)

So if we define the domain

S.m;n/ D
HmX



S.m;n/.z2 D 
/ (8.28)

by
S.m;n/.z2 D 
/ D S.#

�.n/
1 .
/; #

�.n/
2 .
/; %m;n/; (8.29)

then
S.m;n/ � eB.m/ � S.m/; (8.30)

and moreover, due to (8.21), (8.22), (8.24),

lim
n!1#

�.n/
1 .
/ D 	.
/; lim

n!1#
�.n/
2 .
/ D 	.
/C  : (8.31)

Hence by (8.30),

jz1j2KS.m/.z1; z2I z1; z2/ � jz1j2KeB.m/.z1; z2I z1; z2/ � jz1j2KS.m;n/.z1; z2I z1; z2/
(8.32)

and therefore

LII2
S.m/

.Q; ˛/ � LII2eB.m/
.Q; ˛/ � LII2eB.m/.Q; ˛/ � lim

n!1L
II2
S.m;n/

.Q; ˛/; (8.33)

and since by the corollary of Theorem V

lim
n!1L

II2
S.m;n/

.Q; ˛/ D LII2
S.m/

.Q; ˛/ (8.34)

holds, LII2eB.m/
.Q; ˛/ exists and is

LII2eB.m/
.Q; ˛/ D LII2

S.m/
.Q; ˛/: (8.35)
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Part II

The totality of domains that can be mapped to one another by pairs of functions
in two complex variables z�1 D z�1 .z1; z2/, z�2 D z�2 .z1; z2/, are called a class of
equivalent domains.

If we restrict ourselves to classes to which belongs at least one finite and simple
domain, and consider all regular functions h.z1; z2/ on such a domain B for whichZ

B

jh.z1; z2/j2d! � 1 .d! D dx1dy1dx2dy2/

holds, then the squares of the absolute values of the h attain a maximum in every
point ft1; t2g of B that defines a positive and analytic1) function KB.t1; t2I t1; t2/
in B. For every point ft1; t2g there exists one and (up to a factor of absolute value
1) only one function for which this maximum is attained. Dividing this function
for the sake of normalization by

p
KB.t1; t2I t1; t2/, the thus obtained function

MB.z1; z2I t1; t2/ assumes the value 1 in the point ft1; t2g and yields the minimal
values for the integral

R
B
jhj2d! when compared to all regular functions h.z1; z2/

on B that satisfy jh.t1; t2/j D 1. We call MB.z1; z2I t1; t2/ D KB.z1;z2It1;t2/
KB.t1;t2It1;t2/ the

minimal function of the domain B with the base point ft1; t2g.2) The Hermitian
differential form

ds2 D
2X
m;n

Tmndzmdzn; Tmn D @2 log KB

@zm@zn
(1.16*)

is invariant under transformations by pairs of functions in two complex variables.3)

1)By an analytic function p.z1; z2I t1; t2/ we mean a function in the for variables z1; z2; t1; t2
that can be expanded into a convergent series in a neighborhood of every regular point in a suffi-
ciently small polycylinder jzkj � ık , jtkj � ık .

2)Compare Über unendliche Hermitesche Formen, die zu einem Bereiche gehören, nebst An-
wendungen auf Fragen der Abbildung durch Funktionen von zwei komplexen Veränderlichen,
Mathematische Zeitschrift 29 (1929), p. 641 to 677, in particular §1, in the following cited as
article H. In the present work, we denote the minimal functions of B with base point ft1; t2g by
MB.z1; z2I t1; t2/ rather than by MB.z1; z2I t1; t2/ as we did in earlier works. For the kernel func-
tion, on the other hand, we keep the old notation KB.z1; z2I t1; t2/, as it is an antianalytic function
in t1; t2.

3)Compare Über die Kernfunktion eines Bereiches und ihr Verhalten am Rande. I, Journal für
die reine und angewandte Mathematik 169 (1933), p. 1 to 42, in particular §1, in the following cited
as K; the formulas taken from it will be indicated by a star. See also Über eine in der Theorie der
Funktionen von zwei komplexen Veränderlichen auftretende unitäre Geometrie, Proceedings of the
Koninklijke Nederlandse Akademie van Wetenschappen 36 (1933), p. 307, and Sur quelques pro-
priétés des transformations par un couple de fonctions de deux variables complexes, Rendiconti
Accademia Nazionale dei Lincei (6) 19 (1934), p. 474 to 478.
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The metric given by (1.16*) is positive definite4) and has the property that in the
corresponding Riemannian space the invariant I (given by (1.17*)), where the fol-
lowing relations between the contracted curvature tensor, the fundamental tensor
and the covariant derivatives of I holds,

Tmn C
2X

pD1
R
���p
nmp D

@2 log.I/
@zm@zn

: (1.18*)

The Riemannian space defined by the metric (1.16*) within a class of equivalent
domains shall be called the primal space of the class.

In the case of one complex variable and finite simply connected domains B2,
MB2.zI t / is the derivative of (appropriately normalized) circle mapping that maps
the point ftg to the center of the circle. Here, the differential form

ds2 D @2 log.KB2.z; z//

@z@z
jdzj2

is transformed to the Poincaré metric of the unit circle.

Let it be remarked that the introduction of the primal space leads to an interest-
ing corollary: Every domain B of the class can be obtained by introducing the
(Cartesian) coordinates z1; z2 for B in the primal space. This fact allows us to
use the results of differential geometry in the theory of mappings given by pairs
of functions in two complex variables. In particular, it follows that when mapping
the domains onto each other, certain quantities appear, namely invariants (scalars),
integral invariants (densities), tensors etc., that transform in a very particular way
when mapping from B to another domain B� in the class (in our sense, mapping
from B to B� means that in the primal space we switch from the coordinates
z1; z2 to the new coordinates z�1 ; z�2 ).

One of the important problems in the theory of functions is the study of the an-
alytic functions in two variables defined on a class of domains. If we use the

4)In §1 of K it was shown that the determinant N of the differential form (1.16*) is positive
everywhere on B, which only implies that the form is definite. But similar to the proof of positivity
of N , we can conclude that

T11 D

ˇ̌
ˇ̌ K K0010
K1000 K1010

ˇ̌
ˇ̌

K2
D 1

2K2
X
�

X
�







'�.z1; z2/

@'�.z1;z2/
@z1

'�.z1; z2/
@'�.z1;z2/

@z2






 > 0; Kmnpq � dmCnCpCqKB.z1; z2I z1; z2/
dzm1 dzn2dzp1 dzq2

and T22 > 0, from which the positivity of the form follows.
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give metric for this investigation, mainly questions on the primal spaces and the
characterization of the domains belonging to a primal domain arise.

The present work makes certain contributions to this problems by making some
statements on the situation at the boundary. It based mainly on the results in K. As
was shown there, under certain natural assumptions on the structure of the domain,
the kernel functions tends to infinity when approaching the boundary. However,
the order of becoming infinite can be different at different points on the boundary.
Accordingly, in K the boundary points of zeroth, second, third and fourth order
were introduced. In each class of these boundary points we can identify a subclass
of points with a simple structure, which are called limit points. To conveniently
formulate the function theoretic properties of a limit point Q of second or third
order, it is helpful to introduce the so-called normal coordinates relative to Q.
By the assumption on Q, the boundary hypersurface of B in Q has a tangent
hyperplane e3. The normal coordinates relative to Q are obtained by making Q
the origin and choosing the analytic plane C2 lying in e3 and passing through
Q and the plane orthogonal to C2 as z1- and z2-coordinates, respectively.5) For
certain types of approaches to Q discussed in K, there exists, as shown in K,

lim
fz1;z2g!Q

.z1 C z1/mKB.z1; z2I z1; z2/; m D 2; 3:

The method to prove this limit relation, which will be further developed in the
present work, shall here be illustrated by considering the corresponding situation
for the case of one complex variable. Let B2 be a convex domain, Q one of its
boundary points, where the boundary curve inQ has positive curvature. Now, the
normal coordinates with respect to Q shall be those coordinates for which Q is
the origin and the inner normal to Q becomes the positive x-axis. Let I 2 and A2

be two circles touching the y-axis inQ, where I 2 contains B2 (inner comparison
domain). The kernel function of a circle R2 or radius r touching the y-axis in Q
has (in normal coordinates relative to Q) the value 1

�
�
zCzC jzj2

r

�2 . If the approach

takes place in a the domain W2
˛ of angles 2jzj

z1Cz1 <
1

cos.˛/ , j˛j < �
2

, then it follows
that limz!Q.z C z/2KR2.z; z/ D 1

�
(the limit is thus independent of the radius

of the circle). Since on the other hand by (1.12*), KA2.z; z/ � KB2.z; z/ �
KI2.z; z/ holds, it follows that also limz!Q.z C z/2KB2.z; z/ D 1

�
.

5)In §1, the structure of the limit points of second and third order will be studied more closely,
and the normal coordinates for both types of boundary points will be described in more detail.

For manifolds of dimension less than 4, the upper index indicates the dimension of the manifold.
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In §1 of the present work, we investigate the behavior of the metric given by
(1.16*) at the aforementioned limit points. It will be shown that for limit points
of order m (for a certain approach described later in the text and using the normal
coordinates relative to Q) the relations hold:

lim
fz1;z2g!Q

.z1Cz1/2ds2 D mjdz1j2; lim
fz1;z2g!Q

IB.z1; z2I z1; z2/ D m � 1
m2�2

; m D 2; 3:

Following the investigation of the kernel function, it seems reasonable to study
families of functions whose square means satisfy certain inequalities, and in par-
ticular the behavior of these functions in the neighborhood of a limit point of
second and third order. In §2 we consider a limit point Q of third order and a
sequence of points P0 in the interior of B with lim�!1ft .�/1 ; t

.�/
2 g D Q.

To every point ft1; t2g in P0 we associate a regular function f .z1; z2I t1; t2/ in two
variables z1; z2 on B that assumes the value 1 at ft1; t2g (that is, f .t1; t2I t1; t2/ D
1), while

R
B
jf j2d! satisfies the inquality (in normal coordinates relative to Q)

Z
B

jf .z1; z2I t1; t2/j2d!z � �2

2�
.t1 C t1/3

�
1C C.t1 C t1/r

�

where � is a quantity determined by the structure of the boundary point, and
C < 1, r > 0 are constants independent of the position of the point ft1; t2g. If
the approach of the pair of points fz1; z2I t1; t2g is towards f0; 0I 0; 0g in such a
way that there is always some relation between the x1-coordinate of fz1; z2g and
that of the associated point ft1; t2g, then

lim
fz1;z2It1;t2g!f0;0I0;0g

z31
.t1 C t1/3f .z1; z2I t1; t2/ D 1: (4.3)

The minimal functionMB.z1; z2I t1; t2/ satisfies both of the given conditions, and
in particular the limit relation (4.3).

Analogous formulas are derived in §3 for the approach of limit points of second
order.

I am indebted to Herr Erwin Klein for the help in preparing this workd.

§ 1

A further development of the methods employed in K allows it, as we shall see in
the next paragraph, to derive limit relations for several characteristic quantities of
Hermitian metric.
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An important tool are the so-called Jacobian reductions J B.X00; : : : ; Xmn/ D
J B.X/ of certain Hermitian forms,6) which were already introduced in an earlier
work (for different purposes).7) The precise definition of the J B.X/ will be given
on p. 62.

In a Jacobian reduction, the coefficients of the Xpq appear as the aforemen-
tioned quantities of interest. On the other hand, in analogy to (1.12*), the re-
ductions J B.X/ and J B�.X/ of two domains B� � B satisfy for all values
Xpq: J B.X/ � J B�.X/.

This fact allows us, as will be shown in the following, to employ the methods from
K to derive the aforementioned limit relations.

For the following computations it is helpful to introduce symbols for certain ma-
trices, namely,

ŒX�mn D

0
BBB@
X00
X10
:::

Xmn

1
CCCA ; ŒD�mn D

0
BBB@

K K0010 K0001 � � � K00mn
K1000 K1010 K1001 � � � K10mn
:::

:::
:::

: : :
:::

Kmn00 Kmn10 Kmn01 � � � Kmnmn

1
CCCA ;

ŒX�0mn D .X00; X10; : : : ; Xmn/;

ŒK.z1; z2I t1; t2/�mn
D �K.z1; z2I t1; t2/;K0010.z1; z2I t1; t2/;K0001.z1; z2I t1; t2/; : : : ;K00mn.z1; z2I t1; t2/�

where

K D KB.t1; t2I t1; t2/; Kprqu D dpCrCqCuKB.t1; t2I t1; t2/
dtp1 dt r2dtq1dty2

;

K00pr.z1; z2I t1; t2/ D dpCrKB.z1; z2I t1; t2/
dtp1dt r2

:

6)As we work with functions in two variables, we will mainly use double indices. In the fol-
lowing, we will use the order

.00/; .10/; .01/; .20/; .11/; .02/; : : :

The term preceding the .mn/-th term in this order will be denoted by .mvnv/, and
P.mn/

.pq/D.00/
means a summation over all terms up to the .mn/-th term in the given sequence.

7)Compare H §2 as well as Über Hermitesche Formen, die zu einem Bereich gehören, Sitzungs-
berichte der Berliner Mathematischen Gesellschaft 26 (1927), p. 178.
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The lower indices attached to the matrix symbols indicate the missing columns in
the matrix.

The following problem leads to the Jacobian reductions: Determine the minimum
of the integral Z

B

jh.z1; z2/j2d!; d! D dx1dy1dx2dy2 (1.1)

among all regular and square-integrable functions on B that satisfy the conditions

h.t1; t2/ D X00; h10.t1; t2/ D X10; h10.t1; t2/ D X01;
: : : ; hmn.t1; t2/ D Xmn; (1.2)

where

hmn.t1; t2/ D
�

dmCnh.z1; z2/
dzm1 dzn2

�
z1Dt1
z2Dt2

and the Xpq are given constants. The desired minimum takes the value

�

ˇ̌
ˇ̌ 0 ŒX�0mn
ŒX�mn ŒD�mn

ˇ̌
ˇ̌

jŒD�mnj : (1.3)

The Hermitian form8) (1.3) can also be written as9)

.mn/X
.kl/D.00/

jŒD�kvlvj

jŒD�kl j jl
kl
B .X/j2; lklB .X/ D .�1/Œ.kl/C1�

jŒX�kl ŒD�kl
kl
j

jŒD�kvlvj :10) (1.4)

We call (1.4) the Jacobian reduction

J B.X00; X10; : : : ; Xmn/:

The point ft1; t2g, assumed to be an inner point of B, is called the base point of
the Jacobian reduction J B.X/.

PROOF: Let '.�/.z1; z2/, � D 1; 2; 3; : : : a complete orthogonal system of func-
tions on B. Then any square-integrable regular function on B can be written in
the form

h.z1; z2/ D
1X
�D1

A�'
.�/.z1; z2/; A� �

Z
B

h'.�/d!; (1.5)

8)Now consider the Xpq as variables.
9)See H, in particular p. 671 to 674.

10).�1/Œ.pq/C1� means 1 if the index pair .pq/ has an odd, and �1 if it has an even number in
the order given in footnote 6).
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where Z
B

jh.z1; z2/j2d! D
1X
�D1
jA�j2 (1.6)

holds (the completeness property). Conversely, for every set of values A� with
finite

P1
�D1 jA�j2, there exists a regular function on B with the representation

(1.5),11) our task is reduced to computing the minimum of the infinite Hermitian
form H.A/ DP1�D1 jA�j2 under the condition

1X
�D1

A�'
.�/

kl
D Xkl ; .kl/ D .00/; .10/; .01/; : : : ; .mn/; (1.7)

where

'
.�/

kl
D
�

dkCl'.�/.z1;2 /
dzk1dzl2

�
z1Dt1
z2Dt2

:

To obtain this minimum, we differentiate the expression

1X
�D1
jA�j2 �

.mn/X
.kl/D.00/

�kl
� 1X
�D1

A�'
.�/

kl
�Xkl

�
�

.mn/X
.kl/D.00/

�kl
� 1X
�D1

A�'
.�/

kl
�Xkl

�

(1.8)
and obtain

A� D
.mn/X

.kl/D.00/
�kl'

.�/

kl
: (1.9)

If we now substitute the thus obtained expressions for A� in (1.7) and exchange
the order of summation (which is possible due to the absolute convergence of the
sequence (1.7) and of

P1
�D1 j'.�/kl j2)12), then we obtain

.mn/X
.kl/D.00/

�klKrqkl D Xrq; .rq/ D .00/; .10/; .01/; : : : ; .mn/; (1.10)

11)Compare Zwei Sätze aus dem Ideenkreis des Schwarzschen Lemmas über die Funktionen
von zwei komplexen Veränderlichen, Mathematische Annalen 109 (1934), p. 324, and Hammer-
stein, Über die Approximation von Funktionen zweier komplexer Veränderlicher durch Polynome,
Sitzungsberichte der preußischen Akademie der Wissenschaften (mathematisch-physikalische
Klasse) 1933, p. 259, in particular Hilfssatz I.

12)The convergence of
P1
�D1 j'.�/kl j2, .kl/ > .00/, is proved in the same manner as the finit-

ness of
P1
�D1 j'.�/j2. To find a bound for

P1
�D1 j'.�/kl j2, the minimum of

R
B jf j2d! under the

condition
�

dkClf
dzk
1

dzl
2

�
z1Dt1
z2Dt2

needs to be found.
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from which

�kl D .�1/Œ.kl/C1� jŒX�
mnŒD�mn

kl
j

jŒD�mnj (1.11)

follows. The desired minimum is

1X
�D1
jA�j2 D

1X
�D1

A�

� .mn/X
.kl/D.00/

�kl'
.�/

kl

�
D

.mn/X
.kl/D.00/

�Xkl D
.mn/X

.kl/D.00/
.�1/Œ.kl/C1�Xkl

jŒX�mnŒD�mn
kl
j

jŒD�mnj
(1.12)

which implies (1.4). Interchanging the order of summation is now possible, since
both

P1
�D1 jA�j2 and

P1
�D1 jA�'.�/kl j, .kl/ D .00/; .10/; : : : ; .mn/, exist. We can

now show that (1.3) can also be written in the form (1.4). Like any other Hermitian
form, (1.3) can be brought into the form

J B.X00; X10; : : : ; Xmn/ D
.mn/X

.kl/D.00/
jLkl

B .X/j2; (1.13)

where

Lkl
B .X/ �

q
�klB .A

kl00
B X00 C Akl10B X10 C : : :C Aklkvlv

B Xkvlv CXkl/

If we now fix the first .mv; nv/
13) variables X00; X10; : : : ; Xmvnv and let Xmn vary,

then this expression will have a minimum, namely J B.X00; X10; : : : ; Xmvnv/. On
the other hand, the same minimal value is obtained if we substitute

Xmn D �
.mvnv/X

.kl/D.00/
AmnklB Xkl

in (1.13). Then

.mvnv/X
.kl/D.00/

jLkl
B .X/j2 D J B.X00; : : : ; Xmvnv/

or

J B.X00; : : : ; Xmn/ D J B.X00; : : : ; Xmvnv/C jLmn
B .X00; : : : ; Xmn/j2: (1.14)

But for Lmn
B .X00; : : : ; Xmn/ we obtain

Lmn
B .X00; X10; : : : ; Xmn/ D .�1/Œ.mn/C1� jŒX�

mnŒD�mnmnjp
jŒD�mnŒD�mvnvj

(1.15)

13)See footnote 6) for the meaning of .mv; nv/.
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By successively determining the respective last linear expression in Lkl
B in the

forms J kl
B .X/, .kl/ D .mn/; .mvnv/; : : : ; .01/; .10/; .00/, we obtain (1.3).

Remark. For every base point ft1; t2g there exists one and (up to a factor of
absolute value 1) only one solution function

f .z1; z2/ D �

ˇ̌
ˇ̌ 0 ŒK.z1; z2I t1; t2/�0mn
ŒX�mn ŒD�mn

ˇ̌
ˇ̌

jŒD�mnj (1.16)

for the minimum problem on p. 62.14)

By (1.5) and (1.9),

f .z1; z2/ D
1X
�D1

A�'
.�/.z1; z2/ D

1X
�D1

�kl
mn/X

.kl/D.00/
'.�/.z1; z2/'

.�/

kl
D
1X
�D1

�klK00kl.z1; z2I t1; t2/:

(Exchanging the order of summation is allowed, as every sequence
P1
�D1 j'.�/.z1; z2/'.�/kl .t1; t2/j

converges uniformly on every subdomain of B contained in the interior of B.)
Taking into account (1.11), this implies (1.16).

In the following arguments, we shall only use the following Jacobian reductions15)

J B.X00; X10; X01/ D 1

K
jX00j2 C Kˇ̌

ˇ K K0010
K1000 K1010

ˇ̌
ˇ
ˇ̌
ˇ̌�K1000

K
X00 CX10

ˇ̌
ˇ̌2

C

ˇ̌
ˇ K K0010

K1000 K1010

ˇ̌
ˇˇ̌

ˇ̌ K K0010 K0001
K1000 K1010 K1001
K0100 K0110 K0101

ˇ̌
ˇ̌

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ K1000 K1010

K0100 K0110

ˇ̌
ˇˇ̌

ˇ K K0010
K1000 K1010

ˇ̌
ˇ
X00 �

ˇ̌
ˇ K K0010

K0100 K0110

ˇ̌
ˇˇ̌

ˇ K K0010
K1000 K1010

ˇ̌
ˇ
X10 CX01

ˇ̌
ˇ̌
ˇ̌
2

;

(1.17)

their parts and the Jacobian reductions under the conditions h.t1; t2/ D X00,
h01.t1; t2/ D X01:

H B.X00; X01/ D 1

K
jX00j2 C Kˇ̌

ˇ̌ K K0001
K0100 K0101

ˇ̌
ˇ̌
ˇ̌
ˇ̌�K0100

K
X00 CX01

ˇ̌
ˇ̌2 : (1.18)

14)We will not use this result in the present work.
15)Establishing the formulas for J B.X/ in full generality was done because the method em-

ployed here allows to derive analogous limit relations for further important quantities of the met-
ric.
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For the hypersphere K given by jz1 � 1
�
j2 C jz2j2 < 1

�2
, we have by (4.22*):

J K.X00; X10; X01/ D �2E3

2�
jX00j2 C �2E5

6�3
�
1
�2
� jt2j2

�
ˇ̌
ˇ̌3 � 3�t1

E
X00 CX10

ˇ̌
ˇ̌2

C �2E4.1 � �2jt2j2/
6�2

ˇ̌
ˇ̌
ˇ�

3t2
1
�2
� jt2j2

X00 C
�
1
�
� t1

�
t2

1
�2
� jt2j2

X10 CX01
ˇ̌
ˇ̌
ˇ
2

;

(1.19)

H K.X00; X10/ D �2E3

2�
jX00j2 C �2E5

6�2.t1 C t1 � � jt1j2/

ˇ̌
ˇ̌�3t2�

E
X00 CX10

ˇ̌
ˇ̌2 ;

(1.20)
where E D t1 C t1 � � jt1j2 � � jt2j2.
For a bicylinder E given by j%1 � z1j < %1, jz2j < %2 we obtain by (4.11*):

J E.X00; X10; X01/

D �2E21E22 jX00j2 C
�2

2
E41E

2
2

ˇ̌
ˇ̌
ˇ̌
2
�
1 � t1

%1

�

E1
X00 CX10

ˇ̌
ˇ̌
ˇ̌
2

C �2

2
E21E

4
2

ˇ̌
ˇ̌� 2t2

%2E2
X00 CX10

ˇ̌
ˇ̌2 ;

(1.21)

H E.X00; X01/ D �2E21E42 jX00j2 C
�2

2
E21E

4
2

ˇ̌
ˇ̌� 2t2

%2E2
X00 CX10

ˇ̌
ˇ̌2 ; (1.22)

where E1 D t1 C t1 � jt1j2%1 , E2 D %2 � jt2j2%2 .

From the fact that J B.X/ is the value of the minimum for the problem posed
on p. 62, a property follows that is important for further studies of the Jacobian
reductions:

Lemma I. If B � B�, then the Jacobian reductions J B.X/ and J B�.X/ with
the same base point ft1; t2g 2 B � B� satisfy for any set of values Xpq:

J B.X00; X10; : : : ; Xmn/ � J B�.X00; X10; : : : ; Xmn/: (1.23)

§ 2

We now turn to establishing the anounced equations for the limit points of third
order and first recall a few results from K. As before we assume that the interior
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of B in a sufficiently small neighborhood U of the boundary point Q is given by
(2.1*)16)

˚.z1; z2I z1; z2/ > 0; (2.1)

and that the boundary b3 of B is given by

˚.z1; z2I z1; z2/ D 0; (2.2)

and that the tangent hyperplane e3 at the point Q exists. As mentioned in the
preface (p. 59), the plane C2 containing Q and lying in e3 is chosen to as z1 D 0,
and its orthogonal plane as z2 D 0 (the latter is determined up to a rotation about
z1 D 0, as it is only required that it contains Q).

Finally, we can choose the positive direction of the x1-axis such that the inner
normal at the pointQ corresponds to values x1 > 0, y1 D x2 D y2 D 0 (compare
K §2). For the following, we use these normal coordinates relative to Q from §2
of K. Then (2.2) is written as

2x1 �  .y1; x2; z2/ D 0; (2.3)

where
�
@ 

@y1

�
y1D0
z2D0

D 0;
�
@ 

@z2

�
y1D0
z2D0

D 0;
�
@ 

@z2

�
y1D0
z2D0

D 0:

By slightly strengthening the assumptions made on  in §3 of K,17) we assume
that  is three times smoothly differentiable in a neighborhood of the point Q.
Instead of (2.3) we can then write

˚ � 2x1�
�
ay21 C 2iy1.bz2� bz2/C cz22C cz22C� jz2j2C 3.y1; z2; z2/

� D 0;
(2.4)

where limy1!0;z1!0
 3.y1;z2;z2/

y21Cjz2j2
D 0, and a; � are real.  3.y1; z2; z2/ is a function

in y1; z2; z2 that is three times differentiable in a neighborhood of the coordinate
originQ. Assume that there exists an analytic map18) of the domain B of the form
(3.19*)

z1 D z�1 C 2bz�1z�2 C cz�2 C : : : ; z2 D z�2 ; (2.5)

16)For simplicity, equations that already appeared in K are indicated by a *.
17)This strengthening will only be used in §§3 to 5.
18)By an analytic map z�

k
D gk.z1; z2/, k D 1; 2, of a domain B, we will mean a bijective map

of B, where the gk.z1; z2/ are regular and uniformly bounded functions in two complex variables
on B. The function z1.z�1 ; z�2 / in (2.5) is of course also regular on B.
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and so the equation for e3 assumes the form (3.17*)

2x�1 D ay�21 C � jz�2 j2 C  �3 .y�1 ; z�2 ; z�2/ (2.6)

in a neighborhood of Q.19)

A domain B� obtained from B via (2.5) for which the boundary hypersurface
in a neighborhood of Q is of the form (2.6) is called the canonical replacement
domain of B for the point Q.

As shown in K, §5, if � > 0 and there exists a canonical replacement domain
B� of B whose sections B�.z1 D 
/ for sufficiently small 
 lie in an arbitrarily
small neighborhood of Q, then Q is a limit point of third order, which shall be
denoted by Q3 in the following.

By an approach AI we mean convergence fz1; z2g ! Q3 such that the point
fz1; z2g from B remains within a cone W˛, where W˛ denotes the totality of all
rays through the boundary point Q3 whose angle to the inner normal is less than
˛. Using the point Q3 for normal coordinates, the cone W˛ is characterized by
the inequality p

jz1j2 C jz2j2
x1

<
1

cos.˛/
; j˛j < �

2
: (2.7)

Finally, let Wc˛ denote the subset of W˛ that in addition to (2.7) also satisfies

0 < x1 < c: (2.8)

Functions that converge uniformly to 0 upon an approach AI to Q3 (where the
path of the approach is in Wc˛) will be denoted by the symbol ˝.

Theorem I. Under an approach AI, the following limit relations hold at a limit
point Q3:20)

lim.z1 C z1/4dKB.z1; z2I z1; z2/
dz1

D �6�
�2
; lim.z1 C z1/4dKB.z1; z2I z1; z2/

dz2
D 0;

(2.9)

lim.z1 C z1/2ds2 D lim.z1 C z1/2
2X

m;nD1
Tmndzmdzn D 3jdz1j2; (2.10)

lim IB.z1; z2I z1; z2/ D 2

9�2
: (2.11)

19)We emphasize that for the proof of Theorem I in §5 of K only the uniqueness of (2.5) in a
sufficiently small neighborhood of Q is required, and therefore b�3 can always be brought into
the form (5.4*) in the neighborhood of Q.

20)As agreed upon before, we will use normal coordinates for Q3 in the following arguments.
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PROOF: By the arguments in §3 of K, a sequence converging to Q3 in the sense
of AI is mapped to a sequence of the same type under a transformation (2.5).
Moreover, by (3.7*), under the approach AI,

z�1 C z�1 D .z1 C z1/.1C˝/:

It is therefore sufficient to prove that the claimed limit relations hold for the canon-
ical replacement domain B�.21)

A domain I (or A) contained in B� (or containing B�) and containing the bound-
ary point Q3 and in it the same tangent hyperplane as B� is called the inner (or
outer) comparison domain.

As shown in §5 of K, such comparison domains I or A are obtained from the
hyperspheres ˇ̌

ˇ̌z1 � 1

�k

ˇ̌
ˇ̌2 C jz2j2 < 1

�2
k

; k D 1; 2 (2.12)

via the transformations (5.3*)

z01 D
z1

1C ˛1z1
; z02 D z2

�
1C ˛1z1

1C .˛1 C ˇ1/z1

�
(2.13)

or (5.21*)22)

z01 D
z1

1 � ˛2z1 ; z02 D z2
�
1C .ˇ2 � ˛2/z1

1 � ˛2z1

�
; (2.14)

where �k, k D 1; 2, are two arbitrary positive quantities satisfying �2 < � < �1,
and ˛k; ˇk, k D 1; 2, are certain contants given in K.23)

We proceed with the computation of the coefficients in the Jacobian reductions
J .X00; X10; X01/ and H .X00; X01/ of I and A, which themselves are functions
of the base point. Since we are primarily interested in the behavior of the func-
tions under the approach AI, we will use the symbol ˝ introduced on p. 68. The

21)In the following, we omit the � in z�1 , z�2 .
22)In (5.3*) it should be z02 D z2

1Cˇ1z01 rather than z02 D z2
1Cˇ1z1 , and in (5.21*) it should be

z02 D z2.1C ˇ2z01/ rather than z02 D z2.1C ˇ2z1/.
23)In §5 of K, we tacitly assumed that B�.z2 D 0/ is the projection of B� to the z2-plane (that

is, the set of all z2-coordinates of B�). If this is not the case, we can use this projection rather than
B�.z2 D 0/ in K for the construction of the outer comparison domain. Since now in a sufficiently
small neighborhood of the pointQ3 the boundary b�3 is given by (2.6), it follows that the boundary
curve of the projection of B� to z2 D 0 is given by 2x1 D ay21 C � jz2j2 C  3.y1; z2; z2/. The
arguments of §5 in K may thus be repeated in the general case without difficulty.
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functions appearing here still depend on � , and will use the symbol ˝ only if the
function also converges uniformly in � to 0 on the interval for � .

For short, we write:24)

AI D .1 � ˛1z1/.1C ˇ1z1/ D 1C˝;
AA D .1C ˛2z1/.1C ˇ2z1/2 D 1C˝;
EI D z1 C z1 � .2˛1 C �1/jz1j2 � �1jz2.1C .ˇ1 � ˛1/z1 � ˛1ˇ1z21/j2
EA D z1 C z1 � .2˛2 � �2/jz1j2 � �2jz2j2 C ˇ2.z1 C z1/2 C jz1j2.z1 C z1/.ˇ22 C ˇ2.2˛2 � �2//

� ˛2�2.z1 C z1/jz2j2 C ˇ22.2˛2 � �2/jz1j4 � �2˛22jz1z2j2 D .z1 C z1/.1C˝/:
(2.15)

For the derivatives of these quantities, we obtain:25)

AI
10 �

dAI

dz1
D .ˇ1 � ˛1/ �˝; AA

10 D .˛2 C 2ˇ2/C˝;

E1000 � dE
dz1
D 1C˝; E0100 � dE

dz2
D ��kz2.1C˝/;

EI
1010
D �.2˛1C�1/.1C˝/; EA

1010
D .2˛2��2Cˇ2/.1C˝/; EI

0110
D ��1z2.1C˝/;

EA
0110
D 0; E0101 D ��k.1C˝/:

Since by (4.22*) and (1.15*)26)

K D 2�kjAj2
�2E3

D 2�k

�2.z1 C z1/3 .1C˝/; (2.16)

it follows that

K1000 D 2�k

�2

 
A10A

E3
� 3AAE1000

E4

!
D �6�k.1C˝/

�2.z1z1/4
; K0100 D

6�2
k
z2.1C˝/

�2.z1z1/4
;

K1010 D
24�k

�4.z1 C z1/5 .1C˝/; K0110 D �
24�2

k
z2

�2.z1 C z1/5 .1C˝/;

K0101 D
6�2
k

�2.z1 C z1/4 .1C˝/
(2.17)

24)To facilitate the eventual handling of the main formulas, the intermediate results of our com-
putations are compiled in (2.15) to (2.22).

25)If the indices I or A are missing for the Kmnpq , A, . . . , then the respective formular holds for
both I and A.

26)In those cases in which it is clear from the context which domain the kernel function refers to,
the name of the domain in the index of K is omitted.
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and therefore ˇ̌
ˇ̌ K K0010
K1000 K1010

ˇ̌
ˇ̌ D 12�2

k
.1C˝/

�4.z1 C z1/8
; (2.18)

ˇ̌
ˇ̌ K K0001
K0100 K0101

ˇ̌
ˇ̌ D 12�3

k
.1C˝/

�4.z1 C z1/7 ; (2.19)

ˇ̌
ˇ̌ K K0010
K0100 K0110

ˇ̌
ˇ̌ D 12�3

k
z2.1C˝/

�4.z1 C z1/8 ; (2.20)

ˇ̌
ˇ̌
ˇ̌

K K0010 K0001
K1000 K1010 K1001
K0100 K0110 K0101

ˇ̌
ˇ̌
ˇ̌ D 72�4

k
.1C˝/

�6.z1 C z1/12 ; (2.21)

To obtain the limit relations for T11 D
ˇ̌
ˇ̌ K K0010
K1000 K1010

ˇ̌
ˇ̌

K2 , we employ the Jacobian
reduction J .0; X10/. By Lemma I,

J I .0; X10/ � J B�.0; X10/ � J A.0; X10/: (2.22)

If �10 denotes the expression27)

Kˇ̌
ˇ̌ K K0010
K1000 K1010

ˇ̌
ˇ̌
;

then it follows from (2.22) that

�10I � �10B�
� �10A ; (2.23)

from which we obtain by (2.18) and (2.16)

2�1.1C˝/
�2.z1Cz1/3
12�21 .1C˝/
�4.z1Cz1/8

� �10
B�
�

2�2.1C˝/
�2.z1Cz1/3
12�22 .1C˝/
�4.z1Cz1/8

and
�2

6�1
� lim

�10
B�

.z1 C z1/5 �
�2

6�2
: (2.24)

As �1 � �2 may become arbitrarily small,

lim
�10

B�

.z1 C z1/5 D
�2

6�
: (2.25)

27)Compare (1.13*).
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Finally, by (2.16),

lim.z1 C z1/2TB�

11
D lim.z1 C z1/2 1

KB��
10
B�
D 3: (2.26)

Using H .0; X01/ and J .0; 0;X01/ in a similar way, we obtain:

lim
�01

B�

.z1 C z1/4
D lim

1

.z1 C z1/4
Kˇ̌

ˇ̌ K K0100
K0001 K0101

ˇ̌
ˇ̌
D �2

6�2
; (2.27)

lim
�01

B�

.z1 C z1/4 D lim
1

.z1 C z1/4

ˇ̌
ˇ̌ K K0010
K1000 K1010

ˇ̌
ˇ̌

ˇ̌
ˇ̌
ˇ̌

K K1000 K0100
K0010 K1010 K0110
K0001 K1001 K0101

ˇ̌
ˇ̌
ˇ̌
D �2

6�
; (2.28)

which imply

lim.z1 C z1/TB�

22
D lim

z1 C z1
KB��

01
B�
D 2� (2.29)

and by ((1.17)*)

lim IB�.z1; z2I z1; z2/ D lim K3
B�
�10

B�
�01

B�
D 2

9�2
; (2.30)

which proves (2.11).

Using J . X00p
.z1Cz1/3

; X10p
.z1Cz1/5

/ leads to a limit relation for dKB�

dz1
. From

J I

 
X00p

.z1 C z1/3
;

X10p
.z1 C z1/5

!
� J

 
X00p

.z1 C z1/3
;

X10p
.z1 C z1/5

!

� J A

 
X00p

.z1 C z1/3
;

X10p
.z1 C z1/5

!

(2.31)

together with (2.16), (2.25) and (2.17) it follows that

�2

2�1
jX00j2 C �2

6�1
j3X00 CX10j2 � �

2

2�
jX00j2 C �2

6�
j � lim.z1 C z1/K1000K

X00 CX10j2

� �2

2�2
jX00j2 C �2

6�2
j3X00 CX10j2;
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from which we obtain

� lim.z1 C z1/K1000K
D 3; that is, lim.z1 C z1/4K1000 D �6�

�2
; (2.32)

and taking into account (2.16), we obtain the first relation in (2.9). Moreover,
from

H B�.X00; 0/ � H A.X00; 0/ (2.33)

and (2.16), (2.27), (2.17) it follows that

�2

2�
.z1 C z1/3.1C˝/C �2

6�2
.z1 C z1/2

ˇ̌
ˇ̌�.z1 C z1/K1000K

ˇ̌
ˇ̌2

� �2

2�2
.z1 C z1/3.1C˝/C �2

6�22
.z1 C z1/4

ˇ̌
ˇ̌� 3�2z2

z1 C z1

ˇ̌
ˇ̌2 :

By dividing this inequality by .z1 C z1/2, we obtain

lim.z1 C z1/K1000K
D 0 (2.34)

and by taking into account (2.16), the second relation in (2.9).

Now, it follows from

J B�.0; X10; 0/ � J A.0; X10; 0/ (2.35)

and (2.25), (2.28), (2.20), (2.18) that

�2

6�
.z1 C z1/5 C �2

6�2
.z1 C z1/4





 K K0010
K0100 K0110









 K K0010
K1000 K1010






� �2

6�2
.z1 C z1/5 C �2

6�22
.z1 C z1/4j�2z2j2;

(2.36)

that is (compare (2.18))

lim.z1 C z1/8
ˇ̌
ˇ̌ K K0010
K0100 K0110

ˇ̌
ˇ̌ D 0;

from which we finally obtain

lim.z1 C z1/2TB�

12
D lim.z1 C z1/2

ˇ̌
ˇ̌ K K0010
K0100 K0110

ˇ̌
ˇ̌

K2
D 0: (2.37)
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Now (2.10) follows from (2.26), (2.37) and (2.29).

We now consider the points of second order. The boundary manifold b3 in a
neighborhood of Q shall again be given by (2.3), where we now only assume  
to be differentiable once (in all variables). Moreover, in a neighborhood of Q, b3

shall have common surface segment H2 with an analytic surface z1 � g.z2/ D 0.
Here, g2.z/ with g0.0/ > 0 is a unique and regular function in z2 on B2 (the
projection of b3 onto the z2-plane) and Q an interior point of H2 in z1 � g.z2/.28)

Via the transformation z01 D z1 � g.z2/, z02 D z2, we can achieve that the surface
segment H2 lies in the plane z01 D 0. We will always use these coordinates z01; z02
when investigating points of second order.29) Under certain natural assumptions
on B (see K, §6)30), the order of approaching infinity of the kernel function when
approaching these boundary points is �.Q;B/ D 2. In the second part of §6 in
K, we identified a special class of these boundary points and showed that they are
limit points. The assumptions (slightly changed compared to §6) on the structure
of the boundary points (denoted by Q2) are:

1. The section H2 D b3.z2 D 0/ is a starshaped domain with respect to z2 D
0. If R D h.�/ is the equation of a boundary curve, then we assume that
h.�/ is continuously differentiable. That is,

jh.�/ � a > 0; jh0.�/j � B <1; 0 � � � 2�;

where a and B are suitable constants.

2. The section B.z1 D 0/ contains a circle I 2 of radius 1
%
> 0 that touches

the y1-axis in the point z1 D 0.

3. For the sections B.z1 D 
/ we assume that

B.z1 D 0/
m.j
 j/ � B.z1 D 
/; for j
 j � ı; 
 2 I 2; (2.38)

m.j
 j/B.z1 D 0/ � B.z1 D 
/ for j
 j � ı; Re.
/ > 0 (2.39)

28)This type of boundary point appears for example in certain domains with maximum surface.
Compare Über eine in gewissen Bereichen mit Maximumfläche gültige Integraldarstellung der
Funktionen zweier komplexer Variablen I, Mathematische Zeitschrift 89 (1934), p. 77, in particular
the domains in §5.

29)In the following, the primes will be omitted in z01; z02.
30)Note that on p. 23 in K, A.z2; z2/ must be replaced by A.y1; z2; z2/ and in (6.3*),

limz1!0A.z2; z2/ must be replaced by limy1!0A.y1; z2; z2/.
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holds,31) where m.j
 j/ D 1 C N j
 j 1� and N < 1, � > 0 are suitable
constants.

4. For all points in BC b3, z1 C z1 � 0 holds.

By an approach AV towards the boundary pointQ.0; a2/, with a2 in H2, we mean
the convergence fz1; z2g ! f0; a2g, where the z1-coordinates of the point fz1; z2g
of B remains inside the angular domain

W2
˛ W x1 > 0;

jz1j
z1

<
1

cos.˛/
; j˛j < �

2
: (2.40)

In analogy to our previous usage, W2
c˛ denotes the subdomain of W2

˛ that satis-
fies (2.8) in addition to (2.40). Without further mention, once fixed, ˛ shall be
considered constant in the following.

To overlook the changes in the limit formulas that appear in the variation of the
limit point in the interior of H2, we drop the assumption that Q2 is the coordi-
nate origin and merely assume that Q2 is an inner point of H2, that is, Q2 has
coordinates 0, a2 (with a2 2 H2).

For those functions that converge uniformly to 0 under an approach AV to f0; a2g
(a2 2 H2 fixed) and whose exact value is not of interest for our investigations, we
shall throughout use the symbol O, where the uniformly bounded functions under
the same approach are usually denoted by B .

Theorem II. At a limit point Q2.0; a2/, a2 2 H2, the following limit relations
hold under the approach AV:

lim.z1 C z1/3dKB.z1; z2I z1; z2/
dz1

D � 2

�2P.a2/2
;

lim.z1 C z1/3dKB.z1; z2I z1; z2/
dz2

D 0;
(2.41)

lim.z1 C z1/2ds2 D lim.z1 C z1/2
2X

m;nD1
Tmndzmdzn D 2jdz1j2; (2.42)

31)The assumptions made on p. 38 can be replaced by the weaker conditions stated here in 2. and
3. The following arguments in K do not have to be modified.

Moreover, note that the work cited in footnote 28) and its second part (to appear soon in Math-
ematische Zeitschrift) studies certain domains that are bounded by finitely many analytic hyper-
surfaces. As shown in §7 there, for a large class of such domains, every “leaf” of the analytic
boundary surface can be transformed into our normal form here, where assumptions 1. to 4. are
satisfied.
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lim IB.z1; z2I z1; z2/ D 1

4�2
; (2.43)

where P.a2/ is the image radius of H2 with respect to a2.32)

PROOF: To construct the comparison domain of B for Q2, we need a function
f�.z2/ that was already introduced in (6.14*) in K. It maps the right z-halfplane to
an isosceles triangle AOB . The sides AO and BO of this triangle are symmetric
with respect to the real axis, the point O lies on this axis and has abscissa 1. The
angle ^AOB has the value �

�
. To determine the parameter �, we choose a positive

� < a
Zmax
2

� 1, where a is the distance of the point a2 from the boundary of H2, and
Zmax
2 is the maximum of the absolute values of all z2-coordinates in B. By I 2� .�/

we denote the domain in the right z-halfplane on which jf�.z/j > � holds. Now
determine � large enough for the inequalities (6.16*), (6.17*), (6.29*), (6.30*) and
(6.31*) to hold (the last three inequalities make use of the constants in assumptions
1. to 3.). All these inequalities yield a lower boundary for �.

As the circle I 2 introduced in assumption 2. can always be replaced by a small
circle (touching the y-axis in the origin), we assume that I 2 � I 2� .�/ to begin
with.

Let I D I 2�H2. The domain I � obtained from I via the transformation z01 D z1,
z02 D z2f�.z1/ is an inner comparison domain of B: Firstly, at the point Q2 the
inner normal will coincide with the x1-axis, and secondly, as I � is contained in
the domain D.�/ � B (introduced in K), it follows that I � � B.

As an outer comparison domain we use the domain A� given in K (denoted by
A.�/ there), which is obtained from A D E2�H2 (with E2 the right z1-halfplane)
via z01 D z1, z02 D z2

f�.z1/
.

We will now compute the coefficients of the Jacobian reductions J .X00; X10; X01/

and H .X00; X01/ for I � and A� .

By (6.14*) and by §2 of the article Über die ausgezeichneten Randflächen in der
Theorie der Funktionen von zwei komplexen Veränderlichen33), where a function

32)By the image radius of a domain H2 with respect to a2 we mean the radius of the circle to
which the domain can be mapped simply and conformally by that function which has derivative
1 at a2. Compare Bieberbach, Lehrbuch der Funktionentheorie II (Berlin, 1927), p. 322. In the
following paragraph we refer to §6 of K, where instead of A1, O1, B1, T�.�/ we use A, O , B ,
I2� .�/. On p. 25, line 1, instead of “z-plane” it should read “right z-halfplane”, and in (6.20*),
M2 � 1 should be replaced by M2 � 1C "� , lim�!1 "� D 0.

33)Mathematische Annalen 104 (1931), p. 611. This work in referred to as A in the following.
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t�.z/ related to f�.z/ was studied, f�.z1/ has an expansion

f�.z1/ D 1 � A�z
1
�

1 C ˛1z
1C 1

�

1 C : : : ; A� D
�� .1

2
C 1

2�
/

� .1
�
/� .1

2
� 1
2�
/
; (2.44)

near z1 D 0, which implies

f�.0/ D 1; lim
z1!0

.z1 C z1/f 0� .z1/ D 0: (2.45)

If w.z2/, w.0/ D 0, w0.0/ > 0 denote the function that maps H2 to the circle
jwj < 1, and if we write w � w.0/, dw

dz2
D� w.1/, etc. for short, then by the Mean

Value Theorem,

w.k/
�

z2

f�.z1/

�
D w.k/.z2/Cz

1
�

1 Kk.z1; z2/ and w.k/.z2/.z2f�.z1// D w.k/.z2/Cz
1
�

1 Gk.z1; z2/;

(2.46)
where

Kk D �w.kC1/
�

z2

f�.�z1/

�
z2f

.1/
� .�z1/

f�.�z1/2
; Gk D w.kC1/.z2f�.�z1//z2f .1/� .�z1/;

(2.47)
with 0 < � < 1, k D 0; 1, f .�/� � d�f�

d.z
1
�
1 /
�

. Since now by (1.15*) and (4.11*)

KI� D
jw0. z2

f�.z1/
/j2

�2.z1 C z1 � � jz1j2/2.1 � jw. z2
f�.z1/

/j2/2jf�.z1/j2

KA� D
jw0.z2f�.z1//j2jf�.z1/j2

�2.z1 C z1/2.1 � jw.z2f�.z1//j2/2
;

(2.47a)

we obtain34)

K D B

�2.z1 C z1/2 .1C O/; K1000 D K
z1 C z1 .�2C O/; K0100 D KB1;

(2.48)

34)The relation for KI�
1000 is obtained from

K1000I�
D K

0
@�w

.2/. z2
f�.z1/

/z2f
0
� .z1/

w.1/. z2
f�.z1/

/f�.z1/2
� 2 1 � %z1

z1 C z1 � %jz1j2
� 2

w. z2
f�.z1/

w.1/. z2
f�.z1/

/z2f
0
� .z1/

.1 � jw. z2
f�.z1/

/j2/f�.z1/2
� f

0
� .z1/

f�.z1/

1
A

Similarly, using (2.44) and (2.46), the other formulas are established. If Kmnpq does not have an
upper indes I � or A� , then the formula holds for both domains.
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where, as already stated,

B D jw.1/.z2/j2
.1 � jw.z2/j2/2

D 1

P.z2/2
; B1 D w.2/.z2/

w.1/.z2/
C 2w.z2/w

0.z2/
1 � jw.z2/j2

C O:

Furthermore,

K0110 D K
�

6C O
.z1 C z1/2

�
; K0101 D K.B2CO/; K1001 D �

K
z1 C z1 .2B1CO/;

(2.49)
where B2 D jB1j2 C 2B . We obtain

ˇ̌
ˇ̌ K K1000
K0010 K1010

ˇ̌
ˇ̌ D 2K2

.z1 C z1/2 .1C O/; (2.50)

ˇ̌
ˇ̌ K K0100
K0001 K0101

ˇ̌
ˇ̌ D 2K2.B C O/; (2.51)

ˇ̌
ˇ̌ K K0100
K0010 K0110

ˇ̌
ˇ̌ D K2O

z1 C z1 ; (2.52)

ˇ̌
ˇ̌
ˇ̌

K K1000 K0100
K0010 K1010 K0110
K0001 K1001 K0101

ˇ̌
ˇ̌
ˇ̌ D 4K3.B C O/

.z1 C z1/2 : (2.53)

In analogy to the limit points of third order, it follows from (2.23), (2.48) and
(2.50) that

�10B D
1

2K
.z1 C z1/2.1C O/; (2.54)

which implies

lim.z1 C z1/2TB
11
D lim

.z1 C z1/2
KB�

10
B

D 2: (2.55)

Analogously, by (2.51), (2.50) and (2.53),

lim
�01B

.z1 C z1/2 D
�2

2B2
; (2.56)

lim
�01B

.z1 C z1/2
D �2

2B2
; (2.57)

which implies
lim TB

22
D 2B (2.58)
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and (2.43).

From
B

�2
J I�

�
X00

z1 C z1 ;
X10

.z1 C z1/2
�
� B

�2
J B

�
X00

z1 C z1 ;
X10

.z1 C z1/2
�

� B

�2
J A�

�
X00

z1 C z1 ;
X10

.z1 C z1/2
� (2.59)

it follows that

jX00j2 C 1

2
j2X00 CX10j2 � jX00j2 C 1

2

ˇ̌
ˇ̌� lim.z1 C z1/K1000K

X00 CX10
ˇ̌
ˇ̌2

� jX00j2 C 1

2
j2X00 CX10j2;

(2.60)

from which we obtain

lim.z1 C z1/K1000K
D �2; that is, lim.z1 C z1/3K1000 D �2B

�2
: (2.61)

Multiplying (2.33) by B
�2

1
.z1Cz1/2 and taking the limi z1 ! 0, z2 ! a2, we obtain

1C 1

2
lim

ˇ̌
ˇ̌K1000

K

ˇ̌
ˇ̌2 � 1C 1

2
jB1j2;

which implies

lim
ˇ̌
ˇ̌K1000

K

ˇ̌
ˇ̌ D jB1j; that is, lim.z1 C z1/2jK1000j D BjB1j

�2
: (2.62)

Multiplying (2.35) by 2B
�2.z1Cz1/4 and taking the limit z1 ! 0, z2 ! a2, we obtain

1C 1

B

ˇ̌
ˇ̌
ˇ̌
ˇ̌

1

z1 C z1

ˇ̌
ˇ̌ K K0100
K0010 K0110

ˇ̌
ˇ̌

ˇ̌
ˇ̌ K K1000
K0010 K1010

ˇ̌
ˇ̌

ˇ̌
ˇ̌
ˇ̌
ˇ̌

2

� 1C 1

B
jOj2;

which implies

lim
1

z1 C z1

ˇ̌
ˇ̌ K K0100
K0010 K0110

ˇ̌
ˇ̌

ˇ̌
ˇ̌ K K1000
K0010 K1010

ˇ̌
ˇ̌
D 0; that is, lim.z1Cz1/jTB

12
j D lim.z1Cz1/

ˇ̌
ˇ̌
ˇ̌
ˇ̌

ˇ̌
ˇ̌ K K0100
K0010 K0110

ˇ̌
ˇ̌

K2

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D 0

(2.63)
Now (2.42) follows from (2.55), (2.58) and (2.63).
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§ 3

In §§3 to 5, we give limit relations under an approach to the limit points Q3 of
third order for certain families of functions, and moreover we will show that the
minimal function MB.z1; z2I t1; t2/ D KB.z1;z2It1;t2/

KB.t1;t2It1;t2/ of B with base point ft1; t2g
belongs to this family of functions.

By t1; t2 and z1; z2 we will always denote normal coordinates for the boundary
point Q3, which we will not mention explicitely. As we remarked in §2, the
boundary hypersurface in a neighborhood of Q3 is given by (2.3). Through a
transformation of type (2.5) we obtain the canonical replacement domain B�,
where the equation of the boundary hypersurface b�3 in a neighborhood of Q3 is
brought into the special form (2.6).

We will now show: From the assumptions made on  3 in §2 follows the existence
of a constant A such that

j 3.y�1 ; z�2z�2/j � A.jy�1 j3 C jz�2 j3/: (3.1)

It is enough to show that (3.1) holds in a sufficiently small neighborhood of Q3.

If in (2.4) we replace, according to (2.5), x1; y1 by the real and imaginary parts
.x�1 C iy�1 /C 2b.z�1 C iy�1 /.x�2 C iy�2 /C : : :, x2; y2 by x�2 ; y�2 , then we obtain an
equation of the form ˚�.x�1 ; y�1 ; x�2 ; y�2 / D 0. As the pair of transformations (2.5)
maps the point Q3 to itself and a sufficiently small neighborhood of Q3 in z1z2-
space bijectively and continuously into such a neighborhood ofQ3 in z�1z�2 -space,
it follows that

˚�.x�1 ; y
�
1 ; x

�
2 ; y

�
2 / 6� 0;

�
@˚�.x�1 ; y�1 ; x�2 ; y�2 /

@x�1

�
x�1Dy�1Dx�2Dy�2D0

¤ 0; ˚�.0; 0; 0; 0/ D 0

hold. By the Implicit Function Theorem35) ˚� D 0 can be represented in a suffi-
ciently small neighborhood jy�1 j � ı, jx�2 j � ı, jy�2 j � ı by

x�1 D  �.y�1 ; x�2 ; y�2 /: (3.2)

As ˚ was assumed three-times continuously differentiable and the pair of trans-
formations (2.5) is analytic, ˚� and hence  � is three-times continuously dif-
ferentiable. A formal computation shows that the terms of second degree are of

35)Compare for example Osgood, Funktionentheorie I, p. 69.
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the form given in (2.6), whereas  �3 .y�1 ; x�2 ; z
�
2/ is a three-times continuously dif-

ferentiable function in y�1 D z�2 D 0 for which the first two derivatives in all
variables vanish.

By the first Mean Value Theorem, we can set

 �3 .y
�
1 ; z
�
2 ; z
�
2/ D A1z�31 C A2y�21 z�2 C : : :C A8z�22 z�2 C A9z�2z�22 ;

where the Ak � Ak.y
�
1 ; x

�
2 ; z
�
2/ are uniformly bounded functions in a neighbor-

hood of y�1 D z�2 D 0. If A
18

denotes an upper bound for the Ak , then we obtain
(3.1), which was to be shown.36)

THE p-COUPLED APPROACH OF A PAIR OF POINTS. By a p-coupled pair of
points (p > 0)37)

fz1; z2; t1; t2g; zk D xk C iyk; tk D uk C ivk; x1 > 0; u1 > 0

we mean a sequence in which the x1- and u1-coordinates of corresponding points
fz1; z2g and ft1; t2g always satisfy the inequality

0 < m � u
p
1

x1
�M <1; (3.3)

where m;M are suitable constants, independent of the positions of the points.

If moreover the points fz1; z2g, ft1; t2g converge toQ3 in the sense of the approach
AI, then we will speak of a p-coupled AI-approach of the pair of points, or simply
of a p-coupled AI-sequence of points.

As remarked in K, §3, we can change from one normal coordinate system z1; z2

to another one z01; z02 via a transformation of the form (3.3*).

Now we wish to show that the given definition of the p-coupled AI-approach is
independent of the choice of normal coordinate system.

Since, as was expounded in §3 of K in more detail, a sequence of points converg-
ing in the sense AI in z1z2-space is mapped into such a sequence in z01z02-space,

we only need to show that (3.3) implies an analogous estimate for u
0p
1

x01
.

36)As the domain B� is finite, we may assume that all of the boundary b�3 of B� is given by
(2.6), where  �3 statisfies the inequality (3.1) (possibly after enlarging A) and  3 has the stated
property in a neighborhood of Q3. (Of course,  �3 can be ambiuous outside of the neighborhood
of Q3.

37)In the following, we omit the � in z�1 ; z�2 , with the exception of the arguments on p. 86.
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Now38) (compare (3.6*) and (3.4*)),

.2u01/p

x01
D .t 01 C t 01/p

z01 C z01
D

�
� C g12.t1;t2/Cg12.t1;t2/p

jt1j2Cjt2j2
�
p
jt1j2Cjt2j2
t1Ct1

�p

� C g12.z1;z2/Cg12.z1;z2/p
jz1j2Cjz2j2

�
p
jz1j2Cjz2j2
z1Cz1

.t1 C t1/p
z1 C z1

D

�
� C˝ �

p
jt1j2Cjt2j2
t1Ct1

�p

� C˝ �
p
jz1j2Cjz2j2
z1Cz1

.t1 C t1/p
z1 C z1

:

As (2.7) holds under the approach AI, we have for a sufficiently small neighbor-
hood of Q3

km � ku
p
1

x1
� u

0p
1

x01
� Ku

p
1

x1
� KM; (3.4)

where 0 < k < K <1. As relation (3.3) only needs to be shown for sufficiently
small values of the variables, it follows from (3.4) that the sequence fz01; z02; t 01; t 02g
is also p-coupled, as was to be shown.

For the following, it is helpful to give different characterization for the p-coupled
AI-sequences of pairs of points.

Let M denote a subdomain of W˛ for which in addition to (2.7) also

0 < c � X1 � C <1 (3.5)

holds, where c and C are suitable positive constants, small enough such that WC˛

lies in B�.

By capital letters Z1; Z2 (Zk D Xk C iYk) and T1; T2 (Tk D Uk C iVk) we will
always denote points in M.

We will now show that for every p-coupled sequence of pairs of points fz.�/1 ; z
.�/
2 ; t

.�/
1 ; t

.�/
2 g,

� D 1; 2; : : :, we can construct a suitable domain M such that

z
.�/

k
D Z

.�/

k

n
p
�

; t
.�/

k
D T

.�/

k

n�
; lim

�!1n� D1;

where fZ.�/1 ; Z
.�/
2 g and fT .�/1 ; T

.�/
2 g, � D 1; 2; : : :, are two point sequences in M.

We choose n� D d

u
.�/
1

, that is, we set U .�/
1 D d . From limu

.�/
1 D 0 follows

lim�!1 n� D1. From (3.3) it moreover follows that

dp

M
� X .�/

1 D x.�/1 np� �
u
.�/p
1 n

p
�

m
D dp

m
: (3.6)

38)See §3 in K for details of this argument.
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Since on the other hand
q
jZ.�/1 j2CjZ.�/2 j2

X
.�/
1

D
q
jz.�/1 j2Cjz.�/2 j2

x
.�/
1

< 1
cos.˛/ , we now con-

clude that the sequences of points fZ.�/1 ; Z
.�/
2 g and fT .�/1 ; T

.�/
2 g lie in a domain M

with

c D min
�
d;
dp

M

�
; C D max

�
d;
dp

M

�
:

Conversely, if a sequence of pairs of points
�
Z
.�/
1

n
p
�
;
Z
.�/
2

n
p
�
;
T
.�/
1

n
p
�
;
T
.�/
2

n
p
�

�
is given, in

which (3.5) holds for X .�/
1 and U .�/

1 , then cp

C
� u

.�/p
1

x
.�/
1

� Cp

c
, that is, the sequence

is p-coupled in the sense of our first definition.

§ 4

Theorem III. Suppose to every point ft1; t2g of a sequence of points P0 lying in
W˛ with limft1; t2g D Q3 we assign a function f .z1; z2I t1; t2/ in the complex
variables z1; z2 that is regular on B and square-integrable. Assume further that
every function in this family has the following two properties:

1. It holds that
f .t1; t2I t1; t2/ D 1: (4.1)

2. The integrals
R

B
jf .z1; z2I t1; t2/j2d!z satisfy the inequality

Z
B

jf .z1; z2I t1; t2/j2d!z � �
2

2�
.t1 C t1/3.1C C.t1 C t1/r/; (4.2)

whereC <1, r > 0 are fixed constants independent of ft1; t2g, and � is the
characteristic quantity of the boundary pointQ3 appearing in the expansion
(2.4). Then for every p with max.1 � r

3
; 14
15
/ < p � 1 it holds that under

a p-coupled AI-approach of the pair of points fz1; z2; t1; t2g uniformly39)

(with respect to any path of approach within W˛)

lim
z31

.t1 C t1/3f .z1; z2I t1; t2/ D 1 for p < 1; (4.3)

lim
.z1 C z1/3
.t1 C t1/3 f .z1; z2I t1; t2/ D 1 for p D 1: (4.4)

39)By assumption, ˛ is fixed for our angular domain W˛ (that is, ˛ in (2.7)).
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PROOF: For the proof, we use claims I to IV, which will be proved later in §5.

Via a transformation (2.5) we replace B by its canonical replacement domain B�

(for which the boundary hypersurface in a neighborhood of Q�3 D Q3 is given by
(2.6)). If on B� we consider the function

f �.z�1 ; z
�
2 I t�1 ; t�2 / D f

�
z1.z

�
1 ; z
�
2 /; z2.z

�
1 ; z
�
2 /I t1.t�1 ; t�2 /; t2.t�1 ; t�2 /

�E.z�1 ; z�2 /
E.t�1 ; t�2 /

;

(4.5)
with

E.z�1 ; z
�
2 / D

@.z1; z2/

@.z�1 ; z�2 /
;

for which f �.t�1 ; t�2 I t�1 ; t�2 / D 1 holds, then (as will be shown in Ia) the integralsR
B
jf �.z�1 ; z�2 I t�1 ; t�2 /j2d!z satisfy an inequality of the form (4.2). On the other

hand, from the fact that f � satisfies the limit relations (4.3) and (4.4) we can easily
deduce that the same limit relations hold for f (see Ib).

To prove relations (4.3) and (4.4) for f �,40) we construct a sequence of inner
comparison domains In (described in more detail later in II on p. 88). The inves-
tigations in III and II (compare p. 96) lead to the following result: Let fZ1; Z2g
and fT1; T2g be arbitrary points in M. Then

˚
T1
n
; T2
b

	 2 In and
Z

In

ˇ̌
ˇ̌MIn

�
z1; z2I T1

n
;
T2

n

�ˇ̌
ˇ̌2 d!z D �2

2n3�
.T1CT 1/3

 
1C B.n; T1; T2IT 1; T 2

n
1
5

!
;

(4.6)
where B is a uniformly bounded function in n > n0 and fT1; T2g 2M. Moreover
for every p with 4

5
� p � 1,

lim
n!1

 
Z1 C T 1

n1�p

np

!3 �
n

T1 C T 1

�3
MIn

�
Z1

np
;
Z2

np
;
T1

n
;
T2

n

�
D 1: (4.7)

We now introduce the sequence of auxiliary functions

h

�
z1; z2I T1

n
;
T2

n

�
D f

�
z1; z2I T1

n
;
T2

n

�
�MIn

�
z1; z2I T1

n
;
T2

n

�
; (4.8)

of which each one is regular in its corresponding In. Using Lemma II (to be
proved later), we find that for n > n0 (where n0 can be chosen independently of
fT1; T2g in M) it follows by using (4.2) and (4.6) (compare p. ??)41)

Z
In

ˇ̌
ˇ̌h
�
z1; z2I T1

n
;
T2

n

�ˇ̌
ˇ̌2 d!z � c1

n3C%
; % D min

�
r;
1

5

�
: (4.9)

40)With the exception of the aruguments in I, we omit the � in f �; z�1 ; z�2 ; t�1 ; t�2 from now on.
41)The ck , k D 1; 2; 3; 4, are fixed constants, independent of n > n0 and fT1; T2g 2M.
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On the other hand, as will be shown in III, there exists for every point fZ1; Z2g
of M and for every n > n0 a bicylinder E

�
Z1
np
; Z2
np

�
, centered at

˚
Z1
np
; Z2
np

	
and of

volume c2
n3p

, that is completely contained in In. Here, c2 D �2�3, where � is the
constant given in III.

z1

<latexit sha1_base64="nX7W/3NtHQqHI958bSaEnJXl8bQ="></latexit>

z2

<latexit sha1_base64="q9E7E1l8XSXsoG8uCQOX6cTPhA4="></latexit>

Figure 1

<latexit sha1_base64="zqqoOcHA2XNXEUaqoKSas4uerj0="></latexit>

Q3

<latexit sha1_base64="wSGqdcePfjBVMrGoUpHpo56Km3Y="></latexit>

B

<latexit sha1_base64="tavw8do7/lUm2lFfCtaxFzxyTMQ="></latexit>

M

<latexit sha1_base64="BHQrAeQ3ceX5NaPLkarZrhUnanc="></latexit>

In

<latexit sha1_base64="1c90DgBNSmuGShr3cuK5tk5KXT4="></latexit>

E
⇣
Z1
np
; Z2
np

⌘

<latexit sha1_base64="gj3IhjGoeO7KOM54/Ih5f+pLiY0="></latexit>

fZ1; Z2g

<latexit sha1_base64="+PHmyG9YEoaNhEjCq+sZlwlccvg="></latexit>

n
Z1
np
; Z2
np

o

<latexit sha1_base64="P+qSUGTnIBQrnvfYEo5vg3DcnBc="></latexit>

For every regular function g.Z1; Z2/ on a Reinhardt circle domain K a theorem
(proved earlier) holds, stating that the value of g at the center .�1; �2/ of K satisfies
the inequality42)

jg.�1; �2/j2 �
R

B
jg.Z1; Z2/j2d!

vol.K/
: (4.10)

Since fZ1; Z2g 2M (as shown in III) implies E
�
Z1
np
; Z2
np

� � In, for h
�
z1; z2;

T1
n
; T2
n

�
,

which is regular in E
�
Z1
np
; Z2
np

� � In, it holds by (4.10) that

ˇ̌
ˇ̌h
�
Z1

np
;
Z2

np
I T1
n
;
T2

n

�ˇ̌
ˇ̌ �

vuut
R

E
�
Z1
np
;
Z2
np

� jhj2d!
vol.E

�
Z1
np
; Z2
np

�
/

�
vuut

R
In
jhj2d!

vol.E
�
Z1
np
; Z2
np

�
/
�
r

c3

n3C%�3p
D c4

n
3
2
C 1
2
%� 3

2
p
;

(4.11)

42)See H, Hilfssatz I, p. 649.t
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that is, ˇ̌
ˇ̌n3�3ph

�
Z1

np
;
Z2

np
I T1
n
;
T2

n

�ˇ̌
ˇ̌ � c4

n
3
2
pC 1

2
%� 3

2

: (4.12)

Both functions MIn

�
Z1
np
; Z2
np
I T1
n
; T2
n

�
and h

�
Z1
np
; Z2
np
I T1
n
; T2
n

�
are defined for any n

and any fZ1; Z2g 2 M. If we now choose 1 > p > max
�
1 � r

3
; 14
15

�
, then from

(4.7) and (4.12) the limit relations (4.3) and (4.4) follows, which, assuming claims
I to IV, proves Theorem III.

The minimal function MB.z1; z2I t1; t2/ satisfies (4.1) by definition, and by (1.12*)
and (1.11*) and the relations (5.40) below also the inequality (4.2). Hence:

Corollary. Under a p-coupled AI-approach of the pair of points fz1; z2; t1; t2g !
f0; 0; 0; 0g, the limit relations stated in(4.3) and (4.4) hold for the minimal func-
tion MB.z1; z2I t1; t2/ of B.

§ 5

Now we give the proofs for the statements I to IV.

I. We show that

(a) relation (4.2) holds for the function f �.z�1 ; z�2 I t�1 ; t�2 /43) introduced in (4.5)

(b) from the limit relations (4.3) and (4.4) for the function f �.z�1 ; z�2 I t�1 ; t�2 /,
the same limit relations follow for f .z1; z2I t1; t2/.

PROOF: (a) As a consequence of the regularity of t1.t�1 ; t�2 / in a neighborhood of
t�1 D 0, t�2 D 0, it follows from the Mean Value Theorem that

t1 D t�1 C A1t�21 C A2t�1 t�2 C A3t�22 ; E.t�1 ; t
�
2 / D 1C A4t�1 C A5t�1 ;

where Ak D Ak.t
�
1 ; t
�
2 /, k D 1; : : : ; 5, is a function in t�1 ; t�2 that is uniformly

bounded on a small neighborhood of f0; 0g. By (2.7), in W˛� it holds that

jt�
k
j

t�1 C t�1
� 1

cos.˛�/
; j˛�j < �

2
:

Hence there exists a finite constant A such that for the given neighborhood

t1 C t1 � .t�1 C t�1/.1C A.t�1 C t�1//;
1

jE.t�1 ; t�2 /j
� 1C A.t�1 C t�1/ (5.1)

43)Recall that the coordinates z�1 ; z�2 refer to the replacement domain, z1; z2 refer to the original
domain.
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holds. Hence, for r < 1,44)

Z
B�
jf �.z�1 ; z�2 I t�1 ; t�2 /j2d!z� D

1

jE.t�1 ; t�2 /j2
Z

B

jf .z1; z2I t1; t2/j2d!z

� �
2

2�

1

jE.t�1 ; t�2 /j2
.t1 C t1/3.1C C.t1 C t1/r/

� �
2

2�
.t�1 C t�1/3/1C A.t�1 C t�1//2

�
1C C.t�1 C t�1/r.1C A.t�1 C t�1//r

�

� �
2

2�
.t�1 C t�1/3.1C C �.t�1 C t�1/r/;

(5.2)

where C � is a suitable constant. This proves (a).

(b) Analogously, we can write for z�1 and 1
D.z1;z2/

D E.z�1 ; z�2 / as follows:

z�1 D z1 C B1z21 C B2z1z2 C B3z22 ;
1

D.z1; z2/
D 1C B4z1 C B5z2;

where Bk � Bk.z1; z2/ a uniformly bounded functions in z1; z2 on a sufficiently
small neighborhood of the coordinate origin. It thus follows firstly that under an
AI-approach

lim
z�1
z1
D 1

 
and thus lim

t�1 C t�1
t1 C t1 D 1

!
(5.3)

holds. Moreover, under a 1-coupled AI-approach of the pair of points fz1; z2; t1; t2g,

z1 C t�1
z1 C t1 D 1C .z1 C t1/

B1z
2
1 C B1t21 C B2z1z2 C B2t1t2 C B3z22 C B3t22

.z1 C t1/2 :

On the other hand, jz1 C t1j > x1 (as x1 > 0, u1 > 0), where

jzkj � x1

cos.˛/
; jtkj � u1

cos.˛/
� Mx1

cos.˛/
;

from which the uniform boundedness of the coefficients in z1C t1 and thus in the
case p D 1 in (3.3)

lim
z�1 C t�1
z1 C t1

D 1 (5.4)

follows.
44)Without loss of generality, we may assume r < 1.
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II. We turn to setting up the comparison domains In and An, n D 1; 2; 3 : : :.45)

These arise from hyperspheres (2.12) (denoted by K�kn) of the radii

1

�1n
D 1

� C D1

n
1
5

and
1

�2n
D 1

� � D2

n
1
5

(5.5)

via the transformations (2.13) and (2.14), respectively, where we have to put

ˇkn D Ckn 45 : (5.6)

The ˛k appearing in (2.13) and (2.14), as well as Dk, Ck, k D 1; 2, are constants,
independent of n, with whose determination we will be concerned later. We turn
to their determination and the proof that the thus obtained domains are the inner
and outer comparison domains B� for Q3. As all of these domains have the
coordinate origin Q3 as a boundary point and x D 0 as a common tangent plane,
all we need to show is that

In � B�; (5.7)

and
B� � An (5.8)

holds. In K, §5, the same relations (compare (5.16*) and (5.33*)) were proved
by firstly constructing a domain K˛1 from K�1n via the transformation (5.5*):
z01 D 1

1C˛1z1 , z02 D z2, and showing that the part of K˛1 that belongs to the
bicylinder

jz1j < l1 (5.9)

lies in B�. By another transformation (5.13*): z001 D z01, z002 D z02
1Cˇ1z01 we achieved

that the remaining part of K˛1 was contracted such that for the thus arising domain
K˛1ˇ1 , now denoted by In, (5.7) holds. By a similar method, (5.8) was proved.
By B2

k
we denoted the totality of the points of B�.z2 D 0/ for which jz1j � lk,

k D 1; 2, holds (see footnote 23)).

The situation is different from §5 in K because we now have an infinite sequence
of domains In and An, respectively, that (since limn!1 ˇkn D 1) converge for
n ! 1 to a disc and a domain extending to infinity, respectively, and because
now the lkn, k D 1; 2, converge to zero.

Therefore, we have obtain some sharper estimates as in K, §5, that allow the
application of the described method.

45)The outer comparison domain will be used in the corollary for the proof that the minimal
functions satisfies relation (4.2). All quantities that vary with n will be given an index n.
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We begin by establishing some inequalities.

1. There exists a constant P1 � P1.˛1/ independent of n such that for all points
fz1; z2g in every K˛1n the inequality

jz2j � P1.˛1/jz1j 12 (5.10)

holds.

The hypersphere (2.12) for which �kn D � shall be denoted by K� . The domain
obtained from K� by (2.13) shall be called K˛1 . Since K�1n � K� , and hence
K˛1n � K˛1 , K˛1n.z1 D 
/ � K˛1.z1 D 
/, it is sufficient to prove (5.10) for
K˛1 . For a sufficiently small neighborhood of Q3, the interior of K˛1 is given by

2x1 � .2˛1 C �/y21 � � jz2j2 C '3.y1; z2; z2/ > 0; (5.11)

where '3 satisfies46)

j'3.y1; z2; z2/j < B.jy1j3 C jz2j3/; B <1: (5.12)

At every point of K˛1 belonging to this domain, it holds that

2x1 � .2˛1 C �/y21 � � jz2j2 C Bjy1j3 C Bjz2j3 > 0; (5.13)

which implies (as we may assume l1 < 1 and jy1j < 1)

jz2j2.� � Bjz2j/ < 2x1 � .2˛1 C �/y21 C By31 � 2x1 C By C 1 � .2C B/jz1j:

Since now K˛1.z1 D 
/ falls into an arbitrarily small neighborhood of z2 D 0,
it follows that for sufficiently small z1, say jz1j � l D l.˛1/, Bjz2j � 1

2
� holds,

46)The existence of a finite B in (5.12) can be deduced as follows: As K˛1 is a finite domain, we
only need to prove (5.12) for sufficiently small values of the arguments, for example, if simulta-
neously jy1j < l , jz2j < l , where l is a sufficiently small positive number. Now, the boundary of
K˛1 is given by

˚ � z1Cz1�.2˛1C�/jz1j2�� j1�˛1z1j2jz2j2 D 2x1�.2˛1C�/.z21Cx21/�� j1�˛1.x1Ciy1/2jjz2j2 D 0:

As
�
@˚
@x1

�
y1D0
z2D0

¤ 0, we can invert the equation ˚ D 0 for sufficiently small y1; z2, say for

jy1j � l1, jz2j � l1, and we obtain 2x1 D  .y1; z2; z2/, where  is an infinitely differentiable
function on the given domain. Application of the Mean Value Theorem yields

'3.y1; z2; z2/ D B1y31 C B2y21z2 C B3y1z21 C : : :C B8z2z22 C B9z32;
where the Bk are uniformly bounded functions in y1; z2; z2 on the given domain. If B is large
enough such that jBk.y1; z2; z2/j � B

18
on the given domain, then we obtain (5.12).
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and thus in this inequality,

jz2j �
r
2.2C B/

�
jz1j 12 (5.14)

holds. As K˛1 is bounded, (5.10) already follows from (5.14) by setting P1.˛1/ D
max

�q
2.2CB/
�

; Mp
l.˛1/

�
where M is the maximum of the absolute values of the

z2-coordinates in K˛1 .

Analogous reasoning leads to the following result:

2. There exists a constant P2 <1 such that for all points fz1; z2g of B�,

jz2j � P2jz1j 12 (5.15)

holds.

3. For a sufficiently large E we can determine a positive constant P3 such that for
every point fz1; z2g on the boundary b�3 of B� whose z1-coordinates satisfyˇ̌

ˇ̌z1 � 1

E

ˇ̌
ˇ̌ � 1

E
; (5.16)

it holds that
jz2j � P3.E/jz1j: (5.17)

We chooseE large enough such that the circle (5.16) lies in the interior of B�.z2 D
0/, with the exception of the boundary point z1 D 0. Then E > a (see (2.6) for
a), and we can determine a sufficiently small positive p such that E > a C Ap,
and moreover the part of b�3 whose z1-coordinate satisfies jz1j < p can be repre-
sented in the form (2.6), where  3 satisfies the inequality (2.6). If we decompose
the circle (5.16) into two parts E2

1 CE2
2 such that E2

1 contains all points fz1; z2g
with jz1j < p, then E2

2 is closed and contained in the interior of B�.z2 D 0/. For
all points fz1; z2g of b�3 whose z1-coordinates belong to E2

2, the corresponding
jz1j have a lower bound %, so that jz2j � E%

2
jz1j holds for this part of b�3. So

(5.17) only needs to be proved for those fz1; z2g for which jz1j < p holds. Now
this part of b�3 is given by (2.6). By (2.6) and (3.1),

2x1 � ay21 D � jz1j2 C  3.y1; z2; z2/ � � jz2j2 C Ajy1j3 C Ajz2j3

and thus (as we may assume jz1j < 1)

jz2j2.� C A/ � 2x1 � y21.aC Ajy1j/: (5.18)
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On the other hand, jz2j2 � 2x1
E

by (5.16), and from (5.18) follows

jz2j2.� C A/ � Ejz1j2 � y21.aC Ajy1j/: (5.19)

If we now set P3 D min
�
E%

2
;

q
E�a�Ap
�CA

�
, then we obtain (5.17).

If K˛2 denotes the domain obtained from K� via z01 D z1
1�˛2z1 , z02 D z2, then

K˛2 � K˛2n and K˛2.z1 D 
/ � K˛2n.z1 D 
/. With the analogous argument
above, we conclude:

4. For every F > � � 2˛2 there exists a positive constant P4 � P4.F / indepen-
dent of n0 such that for all points fz1; z2g the boundary k3˛2n of K˛2n, for which

ˇ̌
ˇ̌z1 � 1

F

ˇ̌
ˇ̌ � 1

F
(5.20)

holds, satisfies the inequality

jz2j � P4.F /jz1j: (5.21)

Figure 2
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y1
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x1
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l1n

<latexit sha1_base64="cR9EmRnEeva8XDsvPYefE53hrTw="></latexit>

1

�1n C 2˛1

<latexit sha1_base64="1zAeeuntFZ1K3rb8FOFGUPa9AtE="></latexit>

1

E

<latexit sha1_base64="vVAkT32v1LiUgPYTGavP5ocDZcQ="></latexit>

1

� C 2˛1

<latexit sha1_base64="q/cUHyPyzup68w/0NnhvevhlAkQ="></latexit>

1

F

<latexit sha1_base64="BgS7lPkI0EEKxGGxbwYkgCe0kQw="></latexit>

1

�2n � 2˛2

<latexit sha1_base64="rAZRarhHqTPjjqdy+ZDgtx0YPgQ="></latexit>

1

� � 2˛2

<latexit sha1_base64="1hkj1bMX//1XekQrhL8Zavo6BwQ="></latexit>

F2

<latexit sha1_base64="kZtLJ63sMJbgRKHK2z8x1lpXNZg="></latexit>

E2

<latexit sha1_base64="/86C35pOQISNh2gSFI8xqkheJV0="></latexit>

K˛2n.z2 D 0/

<latexit sha1_base64="VMgsAVqu4/go62NR2Otk9VG6+VU="></latexit>

K˛2.z2 D 0/

<latexit sha1_base64="UZ8GbG6sO7yTLR11dfzi9o8ZxbI="></latexit>

K˛1.z1 D 0/

<latexit sha1_base64="hUWzaqHvgj/9DEakRldd3SBTtZ0="></latexit>

K˛1n.z1 D 0/

<latexit sha1_base64="HQU+5LTPnGGVqEQfbn3Q6sajeo0="></latexit>

B⇤.z2 D 0/

<latexit sha1_base64="ipzJUd0QAQ0+9XC2AOvdr96b8vk="></latexit>

B2
1n

<latexit sha1_base64="bRe0tMWLsAETn6sQyy39tOeGh+w="></latexit>

Now that claims 1 to 4 have been derived, we turn to the proof of (5.7) and (5.8).
Here we determine ˛1 large enough such that K˛1.z1 D 0/ lies in the circle (5.16).
Then

� C 2˛1 > E > a: (5.22)
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Moreover, the constants l1, D1 and C1 appearing in (5.9), (5.5), (5.6) are set to

l1n D 1

n
2
5

; D1 D .AC B/P1; that is, �1n D � C .AC B/P1
n
1
5

; C1 D 1

P3�
;

(5.23)
where P1, P3 mean the P1.˛1/, P3.E/ belonging to the just chose ˛1 and E,
respectively, and A;B are the quantities given in (3.1) and (5.12).

For sufficiently large n, every point fz1; z2g of K˛1n with jz1j � l1n lies in B�,
for it follows from (5.23) that for jz1j � l1n � 1

n
2
5

�1n � BP1jz1j 12 > � C AP1jz1j 12 ;

and together with (5.10),

�1n � Bjz2j > � C Ajz2j: (5.24)

Since moreover y1 ! 0 for sufficiently large n and thus by (5.22)

�1n C 2˛1 � Bjy1j > ˛ C Ajy1j;

it follows from (5.24) and (5.22):

2x1 � .�1n C 2˛1/y21 � �1njz2j2 C '3.y1; z2z2/
� 2x1 � .�1n C 2˛1/y21 � �1njz2j2 C Bjy1j3 C Bjz2j3
� 2x1 � ay21 � � jz2j2 � Ajy1j3 � Ajz2j3
� 2x1 � ay21 � � jz2j2 C  3.y1; z2; z2/;

(5.25)

that is, every point fz1; z2g of K˛1n with jz1j � l1 lies in B� (for large enough n).

By (5.2) and (2.12), K˛1n.z2 D 0/:
ˇ̌
ˇz1 � 1

�nC2˛1
ˇ̌
ˇ � 1

�1nC2˛1 lies in the circle

(5.16). For the points fz1; z2g on the boundary b�3 of B� whose z1-coordinates
belong to (5.16), (5.17) holds. If %�n denotes the minimum of absolute values of
z2 on b�3, whose z1-coordinates belong to B2

1n, then by (5.17) and (5.23),

%�n D min
z12B2

1n

jz2j � P3
n
2
5

: (5.26)

The inequality (5.14*) of K, which is a sufficient condition that the domain In.D
K
.n/

˛1ˇ1
/, obtained from K˛1n via (5.13), lies in the interior of B�,47) is clearly

47)For the proof that (5.14*) implies K
.n/

˛1ˇ1
� B�, see p. 28.
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satisfied; for by (5.23), (2.13), (5.6), (5.26),

1

�1nj1C ˇ1nz1j
� 1

� jˇ1nz1j
� 1

�

ˇ̌
ˇ̌ n 45
P3�
� 1
n
2
5

ˇ̌
ˇ̌
D P3

n
2
5

� %�n: (5.27)

Thus, (5.7) is proved and we turn to the outer comparison domain. We choose F
such that (5.20) contains the domain B�.z2 D 0/ in the interior (which implies
a > F ), and determine ˛2 such that

a > F > � � 2˛2;

and for the constants appearing in (5.5) and (5.6) we substitute the values

l2n D 1

n
2
5

; D2 D .AC B/P2; that is, �2n D � � .AC B/P2
n
1
5

; C2 D P
P4
;

(5.28)
where P is an upper bound for the absolute values of z2 in B� and P4 is the
P4.F / belonging to F in 4. (B� is bounded, hence P is finite). From (5.28) it
follows that for the points fz1; z2g of B� that satisfy jz1j � l2n � 1

n
2
5

,

� � AP2jz1j 12 � �2n C BP2jz1j 12

holds, and in connection with (5.15)

� � Ajz2j � �2n C Bjz2j; (5.29)

from which, using (5.5) and the fact that a � Ajy1j > � � 2˛2 C Bjy1j for
sufficiently large n, it follows that

2x1 � ay21 � � jz2j2 C  3.y1; z2; z2/ � 2x1 � ay21 � � jz2j2 C Ajy1j3 C Ajz2j3
� 2x1 � .�2n � 2˛2/y21 � �2njz2j2 � Bjy1j3 � Bjz2j3
� 2x1 � .�2n � 2˛2/y21 � �2njz2j2 C '3.y1; z2; z2/

(5.30)

holds, that is, every point fz1; z2g of B� with jz1j � l2n lies in K˛2n.

Now it remains to show that for the choice of

ˇ2n D P
P4
n
4
5 (5.31)
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in (5.6) and (5.28) the inequality (5.30*) of K is satisfied. This inequality is a
sufficient condition to ensure that the part of B� outside of the bicylinder48) jz1j �
l2n is also contained in An.49) But (5.30*) is satisfied, since the lower bound r of
the absolute values of the z2-coordinates of the boundary points fz1; z2g of k3˛2n
whose z1-coordinates belong to B2

2n satisfies by (5.21)

r � P4l2n � P4

n
2
5

: (5.32)

From (5.31), (5.32) follows

r j1C ˇ2nz1j � r jˇ2nz1j � P4
n
2
5

� P
P4
n
4
5 � 1
n
2
5

D P; (5.33)

which finally proves (5.8).

Now we turn to establishing the kernel functions of In and An, and the minimal
function of In, and moreover the investigation of its behavior under an approach
to Q3. By applying (1.15*), (4.20*), (2.13*), we obtain

1

KIn.z1; z2I t1; t2/

D �2

2�1n

�
z1t1 � .2˛1 C �1n/z1t1 � �1nz2t2.1C ˇ1nz1/.1C ˇ1nt1/.1 � ˛1z1/.1 � ˛1t1/

�3
.1 � ˛1z1/.1C ˇ1nz1/.1 � ˛1t1/.1C ˇ1nt1/

(5.34)

If we now set50)

zk D Zk

np
; tk D Tk

n
; (5.35)

then by (5.5) and (5.6),

1

KIn

�
Z1
np
; Z2
np
; T 1
n
; T 2
n

� D �2

2
�
� C D1

n
1
5

�
n3p

 
Z1 C T 1

n1�p

!3 �
1 � 1

n
H1.n;Z1; Z2IT 1; T 2/

�3
1 � 1

n
p� 4

5

H2.n;Z1IT 1/
;

(5.36)
where

H1.n;Z1; Z2IT 1; T 2/

D

�
2˛1 C � C D1

n
1
5

�
Z1T 1 C

�
� C D1

n
1
5

�
Z2T 2

�
1C CZ1

n
p� 4

5

� �
1C C1T 1

n
1
5

� �
1 � ˛1T 1

n

�

Z1 C T 1
n1�p

;

48)See p. 93 for the meaning of l2n.
49)Compare part I, p. 31.
50)Recall that Z1; Z2 and T1; T2 denote coordinates in M.
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H2.n;Z1IT 1/

D ˛1Z1

n
4
5

C C1Z1 � ˛1T 1
n
4
5
�p C

C1T 1

n1�p
� ˛1C1Z

2
1

np
C ˛21Z1T 1

n
4
5

� ˛1C1T 1Z1
n

� ˛1C1Z1T 1
n

:

Since M is a bounded domain, and by (3.3), Z1CZ1 > 2c, both H1 and H2 are
uniformly bounded for every n > 1 and all fZ1; Z2g 2M, fT1; T2g 2M. Since
by (1.10*) and (1.11*)

MIn.z1; z2I t1; t2/ D
KIn.z1; z2I t1; t2/
KIn.t1; t2I t1; t2/

;

Z
In

jMIn.z1; z2I t1; t2/j2d!z D
1

KIn.t1; t2I t1; t2/
;

(5.37)

we obtain from (5.36) the result stated on p. 83.

In the outer comparison domain, we are only interested in the limit expression for
the kernel function. By (1.15*) and (2.14*), we have

1

KAn.t1; t2I t1; t2/

D �2

2�2n

�
.t1 C t1 D .�2n � 2˛2/jt1j2/.j1C ˇ2nt1j2/ � �2njt2j2j1C ˛2t1j2

�3
j1C ˛2t1j2j1C ˇ2nt1j4 :

(5.38)

If we set tk D Tk
n

, then, considering (5.5), (5.6) and (5.28), we obtain

1

KAn

�
T1
n
; T2
n
I T 1
n
; T 2
n

� D �2

2
�
� � D2

n
1
5

�
n3
.T1CT 1/3

�
1C 1

n
1
5

L1.n; T1; T2IT 1; T 2/
�

1C 1

n
1
5

L2.n; T1IT 1/
;

(5.39)
where

L1.n; T1; T2IT 1; T 2/

D
.C2T1 C C2T1/.T1 C T 1/ 1

n
1
5

C 22 jT1j2.T1 C T 1/C 1

n
4
5

�
� � D2

n
1
5

� 2˛2
�
jT1j2

ˇ̌
ˇ̌1C C2T1

n
1
5

ˇ̌
ˇ̌2 �

�
� � D2

n
1
5

�
jT2j2
n
4
5

ˇ̌
ˇ1C ˛2 T1n

ˇ̌
ˇ2

T1 C T 1
;

and

L2.n; T1IT 1/ D 2C2.T1CT 1/C 1

n
1
5

C 22 ..T1CT 1/2C2jT1j2/C: : :C
1

n
13
5

C 42 ˛
2
2jT1j6:
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This implies

1

KAn

�
T1
n
; T2
n
I T 1
n
; T 2
n

� D �2

2�n3
.T1 C T 1/3

�
1C 1

n
1
5

L1.n; T1; T2IT 1; T 2/
�
;

(5.40)
whereL is a uniformly bounded function in n; T1; T2 for n > 1 and fT1; T2g 2M.

III. By (2.12) and (2.13), the inner comparison domain In is given by

M.z1; z2I z1; z2/
j1 � ˛1z1j2

� 1

j1 � ˛1z1j2
�
z1 C z1 � .�1n C 2˛1/jz1j2 � �1njz2j2j1C ˇ1nz1j2j1 � ˛1z1j2

�
> 0:

(5.41)

Let fZ1; Z2g be any point in M and let p > 4
5
. There exists a positive � , inde-

pendent of fZ1; Z2g, such that for all n > n0.p/ the bicylinder

C

�
Z1

np
;
Z2

np

�
W .a/

ˇ̌
ˇ̌�1 � Z1

np

ˇ̌
ˇ̌ � �

np
; .b/

ˇ̌
ˇ̌�2 � Z2

np

ˇ̌
ˇ̌ � �

n
p
2

(5.42)

with center fZ1
np
; Z2
np
g lies in In. (Compare Figure 1.)

PROOF: .1 � ˛1Z1np / clearly will not vanish at all fZ1; Z2g 2M for sufficiently
large n. So it is enough to show that for f�1; �2g defined by (5.42), M > 0 holds.
We choose positive � and "0 small enough such that

2� C �1n.� C "0/2 < c

2
; (5.43)

where c is the constant in (3.5). From (5.42) (a) it follows that

j�1j � � C jZ1j
np

� K

np
; K D � C C

cos.˛/
(5.44)

and
ˇ̌
ˇ̌Re

�
�1 � Z1

np

�ˇ̌
ˇ̌ � �

np
; that is, �1 C �1 �

Z1 CZ1 � 2�
np

: (5.45)

For the meaning of C and ˛, see (3.5) and (2.7). From (5.42) (b) it follows for
sufficiently large n that

j�2j � � C jZ2jn
�p
2

n
p
2

� � C "
0

n
p
2

: (5.46)
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Hence

M.�1; �2I �1; �2/ �
Z1 CZ1 � 2�

np
�
�
� C D

n
1
5

C 2˛1
�
K2

n2p

� �1n .� C "
0/2

np

�
1C C1K

np� 45

�2 �
1C ˛1 K

np

�2

D 1

np

�
Z1 CZ1 � 2� � �1n.� C "0/2 � 1

np� 45
G.n/

�
;

(5.47)

where

G.n/ D
�
�
�
� C D1

n
1
5

C 2˛1
�
K2

n
4
5

C �1n.� C "0/2.2S C S2/
�
� � <1;

and

S D C1K C ˛1K

n
4
5

C C1K
2

np
:

If we choose

n > n0 � max

 �
K

"0

� 2
p

;

�
2�

c

� 5
5p�4

; .˛1K/
1
p

!
;

then it follows from (5.47) and (3.3) that

M.�1; �2I �1; �2/ �
c

np
> 0; (5.48)

which proves the claim.

IV. In the proof of Theorem III we used the following

Lemma II. Let n.z1; z2/ be a regular and square-integrable function on G that
vanishes at the point ft1; t2g 2 G , that is,

n.t1; t2/ D 0 (5.49)

holds. Then n.z1; z2/ is orthogonal to the minimal function MG.z1; z2I t1; t2/ of
G with base point in ft1; t2g, that is,

Z
G

n.z1; z2/MG.z1; z2I t1; t2/d!z D 0 (5.50)

holds.
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PROOF: By definition, the integral
R

G
jf .z1; z2/j2d! assumes its minimal value

at the minimal function, namely the value 1
KG .t1;t2It1;t2/ . Here, all regular and

square-integrable functions h.z1; z2/ in G are considered that satisfy the condi-
tion

h.t1; t2/ D 1: (5.51)

The function

m.z1; z2/ D MG.z1; z2I t1; t2/C n.z1; z2/
R

G
nMGd!R

G
jnj2d! (5.52)

satisfies the condition (5.51) by (5.49), and is square-integrable by the Schwartz
inequality. On the other hand

Z
G

jmj2d! D
Z

G

jMG j2d!�

ˇ̌
ˇRG

nMGd!
ˇ̌
ˇ2R

G
jnj2d! D 1

KG.t1; t2I t1; t2/
�

ˇ̌
ˇRG

nMGd!
ˇ̌
ˇ2R

G
jnj2d! :

(5.53)
If (5.50) was not satisfied, then

R
G
jmj2d! < 1

KG .t1;t2It1;t2/ would hold, which
contradicts the minimality property of the minimal function.

By (4.2), (4.6), (4.8), Lemma II and (4.1),
Z

In

ˇ̌
ˇ̌h
�
z1; z2I T1

n
;
T2

n

�ˇ̌
ˇ̌2 d!z

D �2

2�

.T1 C T 1/3
n3

0
@C.T1 C T 1/r

nr
� B.n; T1; T2IT 1; T 2/

n

1
5

1
A � c1

n3C%
;

(4.9)

where % D min.r; 1
5
/, c1 � �2

�
4C 3

�
C.2C/r

nr�%
C B

n
1
5
�%

�
is a constant independent of

n, B is an upper bound for the function B.n; T1; T2IT 1; T 2/, n > 1, fT1; T2g 2
M and C is the constant given in (3.5).

§ 6

In the present paragraph, we study the behavior of a certain family of functions
in a neighborhood of a limit point Q2 of second order. We begin with some
preliminary remarks.

By a p-coupled AV-approach of a pair of points fz1; z2; t1; t2g, zk D xk C iyk,
tk D ukC ivk, to f0; a2; 0; b2g we again mean an approach under which the points
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fz1; z2g and ft1; t2g converge to f0; a2g and f0; b2g in the sense of AV, respectively,
and in addition inequality (3.3) holds for the coordinates x1 and u1. As before,
it is helpful to present another interpretation of a p-coupled sequence of pairs of
points fz.�/1 ; z

.�/
2 ; t

.�/
1 ; t

.�/
2 g.

Let U22 denote a simply connected domain contained completely in the interior
of H2 that contains the point z2 D 0, and let U21 denote a subdomain of W2

˛

for which (3.5) holds as well as jz1j
x1

< 1
cos.˛/ , where c and C , with C > c, are

arbitrary constants subject to the condition that W2
C˛ lies in I 2 and U22 �W2

C˛

lies in B.51) See pp. 74 for the meaning of W2
˛ and I 2n . The product domain

U21 � U22 is denoted by U, the coordinates of its points by capital letters Z1; Z2
and T1; T2, respectively. Now, given a sequence of points fZ.�/1 ; Z

.�/
2 ; T

.�/
1 ; T

.�/
2 g

with lim�!1Z.�/2 D a2, lim�!1 T .�/2 D b2, where lim�!1 n� D 1, the

sequence
˚Z.�/1

n
p
�
; Z

.�/
2 ;

T
.�/
1

n
p
�
; T

.�/
2

	
is a p-coupled AV-sequence of points, since

cp

C
<

�
U
.�/
1

n�

�p

X
.�/
1

n
p
�

<
C p

c

holds.

Conversely, if a p-coupled sequence fz.�/1 ; z
.�/
2 ; t

.�/
1 ; t

.�/
2 g is given, we again set

n� D d

u
.�/
1

, where d > 0 and is sufficiently small, then similar to p. 83, c D
min

�
d; d

p

M

�
, C D max

�
d; d

p

m

�
. If we choose U22 as a domain containing the

points a2 and b2 in its interior, then by (2.38) we can choose d small enough such
that W2

C˛ � U22 lies in B.

In the investigation of the limit points of second order, the parameter � appeared
(the auxiliary function f�.z/ introduced in §2 depends on �). This parameter
satisfies the inequalities (6.28*), (6.17*), (6.23*), (6.29*), (6.30*), (6.31*), by
which it is bounded from below. The quantities appearing in these inequalities
depend in a complicated manner on the structure of the boundary at Q2. The
lower of the quantities satisfying the above inequalities, that is the lower bound
of the admissible values of the parameter �, is denoted by �0. With regard to the
continuing investigation, the parameter � must moreover satisfy the inequality

a cos
�˛
�

�
� 4B sin

�˛
�

�
> 0; (6.1)

51)From (2.38) one easily deduces that for every closed U22 we can find a sufficiently small C
such that the domain U22 �W2

C˛ lies in B.
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where a;B are the constants appearing in condition 1. (p. 74) and ˛ is the angular
aperture of W2

˛ appearing in (2.40). By �.˛/ we denote the lower bound of the
quantities given by (6.1).

Theorem IV. Assign to each point ft1; t2g of an AV-convergent sequence P0

of points with limit Q2.0; b2/, b2 2 H2, a regular and square-integrable function
f .z1; z2I t1; t2/ on B in the complex variables z1; z2. Every function of this family
shall have the following two properties:

1. We have
f .t1; t2I t1; t2/ D 1; (6.2)

2. and the integrals
R

B
jf .z1; z2I t1; t2/j2d!z satisfy for ft1; t2g 2 P0 the in-

equalityZ
B

jf .z1; z2I t1; t2/j2d!z � �2.t1 C t1/2
�
P.t2/2 C C.t1 C t1/ 1��

�
(6.3)

where C <1, �� > 0 are fixed constants independent of ft1; t2g.
Then for every p with 1� 1

2�
< p � 1 under a p-coupled AV-approach of the pair

of points fz1; z2; t1; t2g we have uniformly

lim
z21

.t1 C t1/2
f .z1; z2I t1; t2/ D MH2.a2I b2/ for p < 1; (6.4)

lim
.z1 C t1/2
.t1 C t1/2 f .z1; z2I t1; t2/ D MH2.a2I b2/ for p D 1; (6.5)

where MH2.zI t / denotes the minimal function of H2 with base point in ftg, and
� D max.�0; ��; �.˛//.52)

The proof of our theorem is based on the same idea as in the case of a limit point
of third order. As the situation is slightly different here, the arguments shall be
worked out in detail.

I. In §2 we introduced the inner comparison domain I � . By (2.47a), the reciprocal
kernel function of I � assumes the value

1

KI�.z1; z2I t1; t2/
D
�2.z1 C t1 C %z1t1/2

�
1 � w

�
z2

f�.z1/

�
w
�

t2
f�.t1/

��2
f�.z1/f�.t1/

w0
�

z2
f�.z1/

�
w0
�

t2
f�.t1/

�
(6.6)

52)Note that (6.3) remains true if � is increased (we have .t1 C t1/ 1� < .t1 C t1/ 1�0 if � < �0).
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By (2.46), (6.6) equals

�2.z1 C t1/2
�
1C %z1t1

z1Ct1

�2  
1�

�
w.z2/C z

1
�

1 K1.z1; z2/

� 
w.t2/C t

1
�

1 K1.t1; t2/

!!2 �
1C z 1�1 P1.z1/

� 
1C t 1�1 P1.t1/

!

�
w 0.z2/C z

1
�

1 K2.z1; z2/

� 
w 0.t2/C t

1
�

1 K2.t1; t2/

!

D
�2.z1 C t1/2

�
1C %z1t1

z1Ct1

�2
.1�w.z2/w.t2/C z

1
�

1 B5.z1; z2I t1; t2/C t
1
�

1 B6.z1; z2I t1; t2//2.1� z
1
�

1 B7.z1; t1/� t
1
�

1 B8.z1; t1//

w 0.z2/20.t2/

�
1C z 1�1 K2.z1;z2/w0.z2/

��
1C t 1�1 K2.t1;t2/w0.t2/

�

D �2.z1 C t1/2.1�w.z2/2.t2//2
w 0.z2/w 0.t2/

�
1C z 1�1 B9.z1; z2I t1; t2/C t

1
�

1 B10.z1; z2I t1; t2/
�
:

(6.7)

Since jw2.z2/j � q1 < 1, w0.z2/ � q2 > 0 and j z1
z1Ct1 j are bounded for z1; t1 2

W2
C˛, the functions Bk.z1; z2I t1; t2/ on fz1; z2g, ft1; t2g is uniformly bounded on

W2
C˛ � U22 by (2.47) and (2.44).

For 1
KI� .z1;z2It1;t2/ we need a sharper estimate. Using the abbreviations introduced

on p. 77, w.k/.X/ � dkw.X/
dX and applying the Mean Value Theorem, we write

w.k/
�

t2

f�.t1/

�
D w.k/.t2/C t

1
�

1 .t2/A�t2 C t
2
�

1 K2Ck.t1; t2/; (6.8)

where

KkC2.t1; t2/

D 1

2
w.kC2/

�
t2

f�.t1/

�
t22f

.1/
� .# t1/

2

f�.# t1/4
C 2w.kC1/

�
t2

f�.# t1/

�
t2t

.1/
� .# t1/

2

f�.# t1/3
� w.kC1/

�
t2

f�.# t1/

�
t2f

.2/
� .# t1/

f�.# t1/2
;

(6.9)

with

0 < # < 1; f .�/� D d�f�

d.t
1
�

1 /
�

; � D 1; 2:

Hence:
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1

K
I
�
.t
1
;t
2
It 1
;t
2
/

D
�
2
.t
1
C
t 1
/2
� 1
C

%
jt 1
j2

t 1
Ct
1

� 2
� 1
�
jw
.t
2
/
C
t
1 � 1
w
.1
/
.t
2
/A
�
t 2
C
t
2 � 1
K
3
.t
1
;t
2
/j2
� 2
ˇ̌ ˇ̌ 1�

A
�
t
1 � 1
C
t
2 � 1
G
4
.t
1
/ˇ̌ ˇ̌2

ˇ̌ ˇ̌ w
.1
/
.t
2
/
C
t
1 � 1
A
2
t 2
w
.2
/
.t
2
/
C
t
2 � 1
K
4
.t
1
;t
2
/ˇ̌ ˇ̌2

D
�
2
.t
1
C
t 1
/2
� 1
�
jw
.t
2
/j2
�
2

R
e
� t

1 � 1
A
�
t 2
w
.1
/
.t
2
/w
.t
2
/� C

t
2 � 1
B
1
1
.t
1
;t
2
/
C
t
2 � 1
B
1
2
.t
1
;t
2
/� 2

� 1
C

%
jt 1
j2

t 1
Ct
1

� 2
� 1
�
2

R
e
� A

�
t
1 � 1

� C
t
2 � 1
G
5
.t
1
/
C
t
2 � 1
G
6
.t
1
/
C
jt 1
j2 �
jA
�
j2�

jw
.1
/
.t
2
/j2
 1
C
2

R
e

 t
1 � 1
A
�
t 2
w
.
2
/
.t
2
/

w
.
1
/
.t
2
/

! C
t
2 � 1
B
1
3
.t
1
;t
2
/
C
t
2 � 1
B
1
4
.t
1
;t
2
/
C
jt 1
j2 �
jt 2
w
.2
/
.t
2
/j2
!

D
�
2
.t
1
C
t 1
/2
.1
�
jw
.t
2
/j2
/2

w
.1
/
.t
2
/j2

� 1
C

%
jt 1
j2

t 1
C
t 1

� 2
 1
�
2
A
�

R
e

 t
1 � 1

 2
t 2
w
.1
/
.t
2
/w
.t
2
/

1
�
jw
.t
2
/j2

C
1
C
t 2
w
.2
/
.t
2
/

w
.1
/
.t
2
/

!!
C
t
1 � 1
B
1
5
.t
1
;t
2
/
C
t
2 � 1
B
1
6
.t
1
;t
2
/
C
jt 1
j2 �
B
1
7
.t
1
;t
2
/!

D
�
2
.t
1
C
t 1
/2
� P
.t
2
/2
�
2

R
e
� A

�
t
1 � 1

� P
.t
2
/2
�
t 2

dP
.t
2
/2

dt
2

��
C
t
2 � 1
B
1
5
.t
1
;t
2
/
C
t
2 � 1
B
1
6
.t
1
;t
2
/
C
jt 1
j2 �
B
1
7
.t
1
;t
2
/��

1
C

%
jt 1
j2

t 1
C
t 1

� 2
;

(6
.1

0)
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where Bk.z1; z2I t1; t2/ are uniformly bounded functions in ft1; t2g 2 U.

By setting t1 D T1
n

, t2 D T2, z1 D Z1
n

, z2 D Z2, we obtain the following result:

For the minimal function and the reciprocal kernel function of the innter compar-
ison domain I � , we have:

MI�

�
Z1

np
; Z2I T1

n
; T2

�

D n2p�2
w.1/.Z1/.T1 C T 1/2.1 � jw.T2/j2/2

�
1C 1

n
1
�
B17.n; T1; T2IT 1; T 2/

�
�
Z1 C T 1

n1�p

�2
.1 � w.Z2/w.T2//2w.1/.T2/

�
1C 1

n
p
�
B18.n; T1; T2IT 1; T 2/

�
(6.11)

1

KI�

�
Z1
np
; Z2I T1n ; T2

�

D �2.T1 C T 1/2
n2

�
P.T2/2 � 2A�

n
1
�

Re
�
T
1
�

1

�
P.T2/2 � T2 dP.T2/2

dT2

��
C 1

n
p
�

B19.n; T1; T2IT 1; T 2/
�
;

(6.12)

whereB18.n;Z1; Z2IT1; T2/ andBk.n; T1; T2IT 1; T 2/, k D 17; 19, for fZ1; Z2g
and fT1; T2g in U and n > 1, are uniformly bounded functions in all variables,
and P.T2/ means the mapping radius of H2 in the point T2.

In the corollary in which we obtain the limit formulas for MB, we need an estimate
for the kernel function of the outer comparison domain introduced in §2. By
(2.47a),

1

KA�.t1; t2I t1; t2/
D �2.t1 C t1/2.1 � jw.t2f�.t1//j2/2

jw.1/.t2f�.t1//j2jf�.t1/j2
: (6.13)

By the first Mean Value Theorem, again

w.k/.t2f�.t1// D w.k/.t2/ � t
1
�

1 A�t2w
.kC1/.t2/C t

2
�

1 K5.t1; t2/; (6.14)

where

K5.t1; t2/ D w.kC2/.t2f�.# t1//t22 .f .1/� .# t1//
2 C w.kC1/.t2f�.# t1//t2f .2/� .# t1/;

(6.15)
with 0 < # < 1, f .�/� D df�.t1/

d
�
t
1
�
1

�� , is a uniformly bounded function in ft1; t2g 2 U.
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We thus obtain for (6.13)

�2.t1 C t1/2
�
1� jw.t2/j2 C 2Re

�
t
1
�

1 A� t2w
.1/.t2/w.t2/

�
C t 2�1 B20 C t

2
�

1 B21

�2

jw.1/.t1/j2
ˇ̌
ˇ̌1� t 1�1 A� t2w

.2/.t2/

w.1/.t2/
C t 2�1 B22

ˇ̌
ˇ̌2
ˇ̌
ˇ̌1�A� t

1
�

1 C t
2
�

1 B23

ˇ̌
ˇ̌2

D �2.t1 C t1/2.1� jw.t2/j2/2
jw.1/.t2/j2

 
1C 2Re

 
t
1
�

1 A�

 
2t2w

.1/.t2/w.t2/

1� jw.t2/j2 C t2w
.2/.t2/

w.1/.t2/
C 1

!!
C t 2�1 B24 C t

2
�

1 B25 C jt1j
2
� B26

!

D �2.t1 C t1/2
 

P.t2/22Re

 
A� t

1
�

1

 
P.t2/2 � t2 dP.t2/2

dt2

!!
C Re

�
t
2
�

1 B26

�!
;

(6.16)

where the Bk are uniformly bounded functions for ft1; t2g 2W2
C˛ � U22.

If once more we set t1 D T1
n

, t2 D T2
n

, we obtain the result:
For the reciprocal kernel function of the outer comparison domain A� , we have

1

KA�

�
T1
n
; T2I T 1n ; T2

�

D �2.T1 C T 1/2
n2

�
P.T2/2 C 1

n
1
�

Re
�
A�T

1
�

1

�
P.T2/2 C T2 dP.T2/2

dT2

��
C 1

n2�
B27.n; T1; T2IT 1; T 2/

�
;

(6.17)

where B27.n; T1; T2IT 1; T 2/ is a uniformly bounded function for n > 1 and
fT1; T2g 2 U. Then there exists a � independent of fZ1; Z2g and n, such that for
all n > n0, the bicylinder

E

�
Z1

n
;Z2

�
W

ˇ̌
ˇ̌�1 � Z1

np

ˇ̌
ˇ̌ < �

np
; j�2 �Z2j < � (6.18)

with center in fZ1
np
; Z2g lies in I � .

PROOF: I �.z1 D 
/ is a star-shaped domain whose boundary is given by the
equation

R D h�.
; �/ � h.� � #�.
//jf�.
/j; (6.19)


 D rei' , #�.
/ D arc.f�.
// (6.46*). We now wish to show that there exists an
r0 D r0.˛; �/ independent of � and ', such that for r < min.r0; 2% cos.˛//,

dh�.
; �/
dr

< 0; 
 D rei'; 0 � � � 2� (6.20)

holds.

We have

dh�.
; �/
dr

D h.� � #�.
//djf�.
/jdr
� h0.� � #�.
//d#�.
/dr

jf�.
/j: (6.21)
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We will now obtain some estimates for djf�.
/j
dr and d#�.
/

dr , where we at first assume
that r � .1

2
/2� .

By the formulas derived on p. 619 and p. 620 in article A and by (2.44),

f�.z/ D 1 � A�z 1� �G4.z/; (6.22)

where

G4.z/ D
�
�
1
2
C 1

2�

�
�
�
1
�

�
�
�
1
2
� 1
2�

�z 1�
 1X
�D1

 
�1
2
� 1
2�

�

!
zi�

� C 1
�

!
: (6.23)

Since now

A�

�
� �

�
1
2
C 1

2�

�
�
�
1
�

�
�
�
1
2
� 1
2�

� D 1

�
C O

�
1

�2

�
;

ˇ̌
ˇ̌
ˇ
 
�1
2
� 1
2�

�

!
zi�

� C 1
�

ˇ̌
ˇ̌
ˇ �
jzj�
�
;

there exist constants L;M independent of � (L < 1C "� with lim�!1 "� D 0),
such that

jG4.rei'/j � L
�
r1C

1
� ;

ˇ̌
ˇ̌dG4.rei'/

dr

ˇ̌
ˇ̌ � M

�
r
1
� ; (6.24)

from which also ˇ̌
ˇ̌djG4.rei'/j

dr

ˇ̌
ˇ̌ � M

�
r
1
�

follows. On the other hand,

1�A�r 1� cos
�'
�

�
�jG4j � jf�.rei'/j � 1�A�r 1�

�
cos

�'
�

�
�
ˇ̌
ˇsin

�'
�

�ˇ̌
ˇ
�
CImG4CReG4:

(6.25)
From (6.24) and (6.25) we deduce that jf�.rei'/j > 1

2
, and moreover,

Ref�.rei'/ D 1�A�r 1� cos
�'
�

�
CReG4; Imf�.rei'/ D �A�r 1� sin

�'
�

�
CImG4;

(6.26)

jf�j2 D 1�2r 1�A� cos
�'
�

�
CA2�r

2
�C2ReG4CjG4j2C2r 1� jG4j cos

�'
�
� arc.G4/

�
(6.27)

which implies

2jf�jdjf�jdr
D �2A� cos

�
'

�

�
�r1� 1�

CK1.�; r/; (6.28)
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where53)

K1.�; r/ D 2

�

A2�

r1� 2�
C 2d ReG4

dr
C 2jG4jdjG4jdr

C 2A�jG4j
�r1� 1�

cos
�'
�
� arc.G4/

�

C 2A�r 1� djG4j
dr

cos
�'
�
� arc.G4/

�
� 2A�r 1� sin

�'
�
� arc.G4/

�
jG4jd arc.G4/

dr
:

From (6.24) it follows that

jK1.�; r/j � 2A2�

�r1� 2�
C 2Mr

1
�

�
C 2LMr1C 2�

�2
C 2A�Lr

2
�

�2
C 4A�Mr

2
�

�

D 1

�r1� 2�

�
2A2� C 2Mr1�

1
� C 2LMr2

�
C 2A�Lr

�
C 4A�Mr

�

D 1

�r1� 2�
B�.r/;

(6.29)

where B�.r/ is a uniformly bounded function for r � .1
2
/2� . Hence

2jf�jdjf�jdr
D �2A� cos.'

�
/

�r1� 1�

�
1C r 1�K.r; �/

�
; (6.30)

where K.r; �/ D �r1� 2�K1.r; �/, and jK.r; �/j � B�.r/ for � > 1, r < .1
2
/2� .

For
ˇ̌
ˇ d#�.rei'/

dr

ˇ̌
ˇ we obtain, using (6.24) and (6.25),

ˇ̌
ˇ̌d#�.rei'/

dr

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
d arctan

�
Imf�
Ref�

�

dr

ˇ̌
ˇ̌
ˇ̌ �

ˇ̌
ˇRef�

d Imf�
dr

ˇ̌
ˇC

ˇ̌
ˇImf�

d Ref�
dr

ˇ̌
ˇ

.Ref�/2
� 4

�ˇ̌
ˇ̌Ref�

d Imf�

dr

ˇ̌
ˇ̌C

ˇ̌
ˇ̌Imf�

d Ref�
dr

ˇ̌
ˇ̌
�

� 4
��
1C A�r 1� C L

�
r1C

1
�

��
A�

�

sin.˛
�
/

r1� 1�
C M

�
r
1
�

�
C
�
A�r

1
� sin

�˛
�

�
C L

�
r1C

1
�

��
A�

�

1

r1� 1�
C M

�
r
1
�

��

� 4

�

 
A� sin.˛

�
/

r1� 1�
C 2A2�r

1
� sin.˛

�
/

r1� 1�
C LA�r

1C 1� sin.˛
�
/

r1� 1�
C LA�r

1C 1�

�r1� 1�

CMr
1
�

�
1C A�r 1� C 2L

�
r1C

1
� C A�r 1� sin

�˛
�

��!

D 4A� sin.˛
�
/

�r1� 1�

  
1C 2A�r 1� C L

�
r1C

1
� C Lr1C 1�

� sin.˛
�
/

!
C Mr

A� sin.˛
�
/

�
1C A�r 1� C 2L

�
r1C

1
� C A�r 1� sin

�˛
�

��!
:

(6.31)

53)jG4j d arc.G4/
dr � jG4j

ˇ̌
ˇ d log.G4/

dr

ˇ̌
ˇ �

ˇ̌
ˇ dG4

dr

ˇ̌
ˇ.
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As we may assume ˛ > �
4

, we have � sin.˛
�
/ > 1

2
, and as moreover

p
r

sin.˛
�
/
� . 1

2
/�

sin.˛
�
/

is uniformly bounded for � > 1, we reach the result that
ˇ̌
ˇ̌d#�.rei'/

dr

ˇ̌
ˇ̌ � 4A� sin.˛

�
/

�r1� 1�

�
1C r 1�B��.r/

�
(6.32)

where B��.r/ is a uniformly bounded function for r � .1
2
/2� .

From (6.30) it follows that djf� j
dr < 0 for sufficiently small r , and as 1

2
� jf�j � 1,

it follows from (6.21), (6.30) and (6.32) that

dh�.
; �/
dr

� �A� cos.˛
�
/

�r1� 1�

�
1C r 1�B�.r/

�
C 4BA� sin.˛

�
/

�r1� 1�

�
1C r 1�B��.r/

�

� � A�

�r1� 1�

��
a cos

�˛
�

�
� 4B sin

�˛
�

��
C r 1�B�.r/

�
;

(6.33)

whereB�.r/ is a uniformly bounded function for sufficiently small r (see p. 74 for
a and B). From (6.1) and (6.33) we further conclude that there exists a positive
r�0 D r�0 .˛; �/ D min

�
r0.˛; �/; .

1
2
/2�; 2

%
cos.˛/

�
such that for every r < r�0 and

every ', j'j < ˛, the inequality (6.20) holds.

We now turn to proving the claim made in II. The boundary curve of I �.z1 D 
/
is given by (6.19), where for every ' with j'j < ˛,

lim
�!1 jf�.rei'/j D 1; lim

�!1#�.rei'/ D 0 (6.34)

holds (compare also formulas (6.14*) and (14) in article A). As the set of points
Z
.m/
2 ,m!1, converges to an interior point of H2, there exists a �2 > 0 such that

for sufficiently largem the circle j�2 �Z.m/2 j � 2�2 lies in H2. On the other hand,
by (6.35) we can determine a positive 2l � r�0

�
.˛
2
C �

4
; �
�

such that for every
Z
.m/
2 and ', j'j < ˛

2
C �

4
, the circle j�1 � Z.m/2 j � �2 lies in I �.z1 D 2lei'/.

Moreover, there exists �1 > 0 such that in the angular domain W2
l˛

: r < l ,
j'j < ˛, the circle j�1 � l

np
j � �1

np
about the point l

np
lies completely in the

angular domain W2
2l;˛

2
C�
4

: r < 2l , j'j < ˛
2
C �

4
. Since

dh�.rei'/

dr
< 0 for r < 2l; j'j � ˛

2
C �

4
;

for every r1 < r2 < 2l we have: I �.z1 D r1ei'/ � I �.z1 D r2ei'/. Hence, for

 2W2

2l;˛
2
C�
4

and every m, the circle j�2 �Z.m/2 j � �2 lies in I �.z1 D 
/.
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Every bicylinder (6.18) with � D min.�1; �2/ thus lies in I � .

III. We now turn to the actual proof of Theorem IV and set

h.z1; z2I t1; t2/ D f .z1; z2I t1; t2/ �MI�.z1; z2I t1; t2/: (6.35)

By Lemma II, it follows from (6.3), (1.11*) and (6.12) that

2I�

ˇ̌
ˇ̌h
�
z1; z2I T1

n
; T2

�ˇ̌
ˇ̌2 d! � c1

n2C 1�
(6.36)

holds, with

c1 D �2.T1CT 1/2C 1�
 
C C 2Re

 �
T1

T1 C T 1

� 1
�
�

P.T2/2 C T2dP.T2/2

dT2

�!!
:

If now fZ1; Z2g 2 U, then for fZ1
np
; Z2g 2 I � for sufficiently large n, and since

f is regular on the bicylinder E.Z1
np
; Z2/, it follows from (4.10) that54)

ˇ̌
ˇ̌
ˇh
 
Z1

np
; Z2I T 1

n
; T 2

!ˇ̌
ˇ̌
ˇ �

vuut
R

E.
Z1
np
;Z2/
jhj2d!

vol.E.Z1
np
; Z2//

�
vuut

R
I�
jhj2d!

vol.E.Z1
np
; Z2//

�
s

1

n2�2pC 1�
c1

�2�3
D c2

n1�p� 1
2�

;

(6.37)

that is, for every fZ1; Z2g 2 U,

n2�2p
ˇ̌
ˇ̌h
�
Z1

np
; Z2I T1

np
; T2

�ˇ̌
ˇ̌ � c2

np�1C 1
2�

(6.38)

holds.

From (6.35), (6.11) and (6.38) it now follows that

MI�

�
Z1

np
; Z2I T1

n
; T2

�

D
w.1/.Z2/

�
T1
n
C T 1

n

�2
.1 � jw.T2/j2/2�

Z1
np
C T 1

n

�2
.1 � w.Z2/w.T2//

�
�1C B

n
1
�

�

D .T1 C T 1/2n2�2p
Z1 C T1

n1�p

MH2.Z2; T2/

�
1C B

n
1
�

�
;

(6.39)

54)By ck we again denote constants independent of n and fZ1; Z2g.
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which implies (6.4) and (6.5). This concludes the proof of Theorem IV.

The minimal function MB.z1; z2I t1; t2/ of B satisfies (6.2) by definition, and by
(1.11*), (1.12*) and (6.17) the inequality (6.3). Hence the following holds:

Corollary. The limit relations given for f .z1; z2I t1; t2/ in (6.4) and (6.5) hold
for the minimal function MB.z1; z2I t1; t2/ under a p-coupled AV-approach of the
pair of points fz1; z2; t1; t2g ! f0; a2; 0; b2g.
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Index
AI, AII, AIII, AIV (approach the boundary), 10
AV (approach the boundary), 75, 98
analytic function, 2
approach, 10, 44, 68

p-coupled, 81, 98
attainable, 11

base point, 62
bicylinder, 20

canonical replacement domain, 16, 68
comparison domain

inner, 18, 69
outer, 18, 69

domain
class, 57
equivalent, 57

FB (square-integrable functions), 2

generalized square-integrable functions, 8

hypersphere, 24

image radius, 76
inner comparison domain, 18, 41, 69

J-circle, 47
Jacobian reduction, 61, 62
J -domain, 47

KB (kernel function), 4
kernel function, 4

�
I
, �

II
, �

III
, �

IV
(upper order), 11

�I, �II, �III, �IV (lower order), 11
limit

lower, 11
order, 11
upper, 11

lower order, 11

mapping radius, 21
MB (minimal function), 4
measure factor, 13
minimal function, 4, 57, 80

normal coordinates, 10, 59, 67

˝ (uniformly convergent), 68
order, 11

attainable, 11
lower, 11
upper, 11

outer comparison domain, 18, 69

p-coupled approach, 81, 98
p-coupled pair, 81
P.
/ (mapping radius), 21
primal space, 58

replacement domain, 13
canonical, 16, 68

S (sector), 42
sector, 42
square-integrable functions, 2

generalized, 8

unit vector, 1
upper order, 11
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