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Part 1

Generalities and groups with infinite
fundamental domain

Introduction

The groups of motions in two- and three-dimensional Euclidean space have been
the subject of many studies. The first mainly because the complex analytic interest
they offer, the latter because of their relevance to crystallographym In both cases a
theorem was found stating that only finitely many groups of motions with a finite
fundamental domain exist.

Hilbert was the first to point to the relevance of this fact by suspecting in it a
general property of Euclidean spaces. He thus posed the investigation of this
question as a problem in his talk on mathematical problems given at the Paris
Congress 1900

The present article, instigated by Hilbert, aims to develop the details of the proof
of Hilbert’s aforementioned theorem, whose main ideas I already sketched in a
note in the Goéttinger Nachrichten 1910.

The proof is similar in spirit to the aforementioned proof in the three-dimensional
case due to Schoenflies, in the sense that here at first the existence of a transla-
tion subgroup consisting of n linear independent translations is proved, a fact on
which the rest of the proof relies. Also, the use of finite groups of orthogonal sub-
stitutions is taken from the aforementioned proof. A new element is introduced
only through the consistent use of finite groups of integral linear orthogonal sub-
stitutions and the related theory of positive quadratic forms. This theory proved
to be a valuable tool which allows to essentially reduce the proof of finiteness to
a theorem of Minkowski from the theory of positive quadratic forms, namely the
theorem stating there are only finitely many unimodular substitutions with inte-
gral coefficients which are capable of transforming positive reduced forms again

DFor details and references 1 refer to: Schoenflies, Krystallsysteme und Krystallstruktur
(Leipzig 1891).

DHilbert, Mathematische Probleme; talk given at the second international mathematical
congress Paris 1900. First published in Gottinger Nachrichten 1900.



into positive reduced forms[’]

The first part presents general facts and treats the groups with infinite fundamen-
tal domain. It prepares the treatment of groups with finite fundamental domain
in that the existence of the aforementioned translations subgroup with n linear
independent translations is proven (Theorem [XV] §10).

The main results on groups with infinite fundamental domain are contained in
§§0L [10] [IT} According to them, a group of motions with infinite fundamental
domain is either homogeneous or finite, or it is decomposable (see the beginning

of §8).

1 Euclidean motions and orthogonal substitutions

A Euclidean motion or motion of the n-dimensional Euclidean space is a linear
substitution

n
xl{ = Zaikxk + «; (l =1, ,n) (11)
k=1

which transforms the line element
n
ds? = de,% (1.2)
k=1

into itself. For this it is necessary and sufficient that the following relations hold
for the coefficients a;:

Zaizkzl k=1,...,n),
=1 (1.3)

Zaihaik =0 (h # k).
im1

If we let A denote the substitution obtained from (I.1)) by setting the ok to 0, that
18, the substitution

n
x| = Zaikxk (i=1,....,n), (1.4)
k=1

HMinkowski, Diskontinuititsbereich fiir arithmetische Aquivalenz; J. f. Math. 129 (1905).



then this is an orthogonal substitution. We call A the orthogonal part of the mo-
tion. For short, we write

aix -+ Ain

A: (alk) or = . .'. E )
ap1 -+ dpn

denote the determinant of A by A4 = |a;x| and set

ail —o0 - ain
D 4(0) =
an *cr dpn — 0O

If A~! denotes the inverse operation to A, and A; the transpose, so that A; =
(aki), then A~! = A, by the relation (1.3). But A~ also transforms the differen-
tial form into itself. So the following relations hold, which are a consquence
of (1.3) and which conversely imply (L.3)):

Zaszl i=1,...,n),
k=1 (1.5)

Zaikahk =0 (h #1i).
k=1

The determinant |a;x | coincides with the determinant |ag;|. Now, A{A = 1 (here
and in the following, this equation expresses that the operation obtained by first
applying A and then A; equals the identity operation). Hence A4 = +1 or
Agq = —1.If Ay = +1, then A is a proper motion or operation of the first kind.
If A4 = —1, then A is an operation of the second kind.

2 Representations of orthogonal substitutions by skew-
symmetric matrices

I will now assume D 4(1) # 0, A4 = +1 and want to derive Cayley’s rational
parameter representation for this class of orthogonal subsitutions. Let

n
x&:Zaaﬂxﬂ (@=1,...,n)
B=1

6



be an orthogonal substitution. Then the z, obtained by setting
2zy = Xo + X,

are linearly independent, because we assumed D 4(1) # 0. Then conversely
n
xa:Zka,gz,g (x=1,...,n),
B=1

where the A, are suitable constants. Among these there exist certain relations
which we want to derive now. It holds that

n n
2 2
PRSI
a=1 a=1

But
Xl, = 2zy — Xg,
so that
n n n n
4225—422axa+2x§= xi,
a=1 a=1 a=1 a=1
or
n n n

Zzé = ZZ“< Aaﬂzﬂ)

a=1 a=1 B=1
This implies

kaa = +1, Aotﬂ = _A,Ba,

that is, the matrix of the Aqg in

n
Xog — Z kaﬂzﬂ
B=1

is skew-symmetric, and so is the matrix of the pqg in

n
Xy =D HapZp
B=1

because x), = 2z, — Xx,. Moreover, the matrix of the yqp is the transpose of the
matrix of the Aqg, that is, it is obtained from the latter by exchanging rows and
columns.



3 Canonical forms of orthogonal substitutions

We consider all real orthogonal substitutions arising from a given one, A, by
means of transformation by real orthogonal subsitutions, that is, those of the form
BAB™!. Among these, we are looking for a particular one with a very simple
system of coefficients. I will prove the following theorem:

I For a given real orthogonal substitution O = (0;x) one can always find another
real orthogonal substitution P such that Q = POP~! = (q;i) has the following
matrix:

(@ Ao = +1,neven: Q = 01]Qs|...|01,

(b) Ag =+1,no0dd: Q = Q1|Q2|...|Q%1|1,

(©) Ag=—1,neven: Q@ = 01]Qs]...1Qu=2|(§ %),
(d) Ag=1,n 0dd: Q = 01|Qa]...|Quz2| - 1.

Here, 01|0Q>|...|Qk denotes a matrix of the following form:
01 0 - 0
0 0> 0
0 0 - O

here,

0, = (cos(ﬁﬂn) — sin(ﬁiZn))
" \sin(%27)  cos(¥;27)
and 0 denotes the matrix with all entries 0. This form of an orthogonal substitution
is called the normal form, and the ¥; are called the orthogonal substitution’s angles
of rotation.

This theorem is proved in the theory of elementary diVisorsﬂ Different proofs
were given by Schlifli’| and Goursaf®] (n = 4). T want to give a proof based on
Cayley’s representation of orthogonal substitutions by skew-symmetric matrices
and on the reality of the roots of the characteristic equation, because the train of
thoughts on which this proof is based will be useful later on.

DMuth, Theorie und Anwendung der Elementarteiler (Leipzig 1899), p. 176.
3Schlifli, J. f. Math. 65 (1866), p. 185.
®Goursat, Ann. éc. norm. sup. (3) 6 (1889).



First, I want to reduce the case (b) to the case (a). So let n be odd and Ag = +1.
Then there always exist points other than x; = ... = x, = 0 which are fixed by
the application of the orthogonal transformation. For this to hold, it is necessary
and sufficient that Do (1) = 0. By multiplying this determinant with that of A, we
get AgDo(1) = —Dy(1); but as Ay = +1, it follows that Dy(1) = 0.

So in this case one can always apply a real linear transformation to ensure that

Otihn =...=0p—12, =0
and
Onl = ... = Opp-1 =0, opn=+I1
hold. For if we pick a point fixed by O other than x; = ... = x, = 0, then

we now have to pick P as an orthogonal substitution transforming this point to a
point on the x,-axis, that is, into a point x; = ... = x,—; = 0.

Then the elements on the last column of the matrix POP~! = Q except for ¢,,
are all 0. But according to §I g,,» = +1, because a point on the x,-axis is fixed.
This implies again by §I|that the remaining elements in the last row vanish.

We have thus reduced the case (b) of our theorem to case (a). By an analoguous
argument which I omit here we can reduce the cases (c) and (d) of Theorem || to
case (a).

The following idea will lead us to the proof of case (a) of the theorem: In general,
one cannot find a point other than O fixed by the orthogonal substitution. So we
look for the planes stabilised by the orthogonal substitution. Once we have found
one of these, it is always possible to move this one into the plane x; = x, = 0 by
means of an orthogonal transformation. Then the proof of the theorem is reduced
to the analogous theorem for orthogonal substitutions in n — 2 variables. Now the
proof of the theorem follows by induction.

So what we need to investigate is whether we can determine the A4;, B; in

n

Z A,-x,- = A,

i=1
n

ZB,’)CZ' =B

i=1

(3.1)



in such a way that these two linear forms are transformed among each other by
the orthogonal transformation. Let

n
OEx"x:Zoa/;xB (@=1,...,n)
i=1

the orthogonal transformation. The system (3.1) is transformed into

ZA,’(Z OiﬂXﬂ) = A,,
i=1 B=1

n n

ZB,(Z 0,‘ﬂ)€5) = B,
i=1 B=1

If A and B are linear forms of the kind we are looking for, then there exist real
numbers Ay, (L1, A2, (o such that

A, = )LlA +,LLlB,

) (3.2)
B = AA+ B

holds identically in the x;. The condition (3.2) implies certain linear equations for
the A4;, B;. I will label the coefficients of A’ by A; and those of B’ by B;. Then

n n
Ay =Y Ajoig. By=> Bioyg (B=1....n). (33)
i=1 i=1
Now we turn to the skew-symmetric form:
n n
A:x = ZkaﬁZﬂ, B(; = Zkaﬂzlﬁv
B=1 B=1

n n
Ap =D _PapZas By =) upz,
a=1 a=1

where gy = 1 and Aqp = —Ap, for @ # B. We rewrite this by multiplying these
equations with inderterminates and adding them:

A" = S(z), B = 8i(2)),
A=S(z), B=S().

10



Now it follows from (3.2)) that

S1(2) = Mi8(2) + S,
$1(2") = 228(2) + p28(2").

We need to prove that there exist real Ay, i1, A2, o such that these 2n linear

equations can be solved for the 2n unknowns z, z’. These in turn will yield the
A;, B;. At first, I somewhat manipulate the system of equations. I compute S(z)
from the first equation and plug it into the second equation:

S1(z) = A18(2) — u18(@),
Sl(Z) = —A;Sl(Z) + /LIZS(Z/)

This system of equations is equivalent to the original one, and the A/, i}, A5, i)

arise from the A1, (01, A2, (2 by areal substitution. For existence of A7, ), A5, 15

allowing to solve the equations for z, z’, the A7, u’, A, i, must satisfy the equa-
tion obtained by setting the determinant to 0. This is:

1=21 —An(+Ay) = A (1441) wy wiAiz UiAn
An(+4)) Aan(T4+A]) —  1=A} WA - _,
A/2 _/1/2112 _/’szln I—M/z _)“2(1"'1'5/2) _xln(l‘f'u/z) = L.
A./z/.xln A../z A,ln(1+p(/2) 1_.H/2
Now, we make the ansatz A/ = —1, ), = —1. Then the equation becomes
2 0 0 /“L/l //«’1112 //«/1/11;1
6 O 2 _M/l.kln IL/I _o
Ay =AjA1p e —ASA 2 0 = 0.
My A 0 0 - 2
Moreover, we require iy = A,. Then, if we write x = -,
Ky
2x 0 ‘e 0 1 Alz Aln
0 0 2x _kln 1 -0
1 —Ap —An 2x 0 ol
Aln AZn Y l 0 0 2x

11




But this is a characteristic equation, and as we know it has only real roots. So

we learn from our ansatz that there exist real numbers A, ), A5, u, allowing
/

to solve the 2n equations for z, z’. The Ay, 1, A2, o depend on the A}, ) as
follows:
A‘1 = A‘/l, M1 = _/'L/l, A'2 = _Ale'/19 M2 = lu’/lkll + /’L/Z
We assumed:
M=-1 puy=-1 py=2.
This implies

M=-1, mi=-py, Aa=—-pj p2= ()’ -1

For these A;, u; we have solutions A4;, B; of our linear equations. There are two
possible cases. Either the associated linear forms A, B are linearly independent or
not. If they are linearly independent, then we can always assume that the following
relations between the A;, B; hold:

d A}=1. Y B}=1, Y AB;=0.

Then the following relations between the A}, B; hold:

dAP=1, Y (B)*=1. > AB/ =0,

and the A;, u; are coefficients of a linear orthogonal transformation (if these rela-
tions do not hold to begin with, we can achieve it via a linear combination of the
A, B). One can always state an orthogonal substitution whose last rows comprise
the A;, B;. If we transform our original matrix with this one, it takes the following

(Al Ml)
Ay pa)’

But this is just what we wanted to prove.

form:
An—2

If A and B are not linearly independent, then A = bB identically in the x. We
may assume: »_ A? =1, B? = 1. Sob = £1. Because of the equations (3.3)),

n n
b= Awoig. Bp=Y Biop (B=1....n).
i=1 i=1

it also holds that
A" = bB’. (3.4)

12



But now

A/ = AlA + /,LlB =—A- /,LIIB,

so that either

or

Here,

(a)

(b)

/ / ’1\2 (35)
B = JoA+ paB = pi A+ ())* — DB,
—bB — Wi B = b(uyb + (1))* = 1B
—py = b2 + b)) (3.6)

two cases have to be distinguished. Either u} = 0 or u} # 0:

ny = 0: By (3.5), A’ = —A, B’ = —B. Choose the A4; as the last row of an
otherwise arbitrary orthogonal transformation and transform O with it. The
the transform of Q becomes

0=01-1

Q' now has an uneven number of rows and a negative determinant. Then
Q' = Q”| — 1 by §3| and O can thus be transformed into the form

(0 %)

We have thus reduced the proof of our theorem for matrices with n rows to
the case of matrices with n — 2 rows.

Q//

uy # 0: By : —1 = b? + bu|. For this to be satisfied by a b = +1,
@y = %2 has to hold. Then b = F1 and by in both cases A’ = A,
B’ = B. This means, because of equation (3.3), that there exist points fixed
by our orthogonal transformation O. So O can be transformed into the form
O’|1, and as O’ has an uneven number of rows and positive determinant, O
can be transformed into
1 0
(1)

Now we have reached our goal and proved Theorem[I|in general, as it clearly
holds for binary orthogonal substitutions.

0//

13



4 Commuting orthogonal substitutions

We now wish to continue the investigations of §3|for orthogonal substitutions with
positive determinant. First, I will prove a theorem of the theory of elementary
divisors by following the preceding procedure.

II The absolute values of the angles of rotation ¥); are invariants of the orthogonal
transform, that is, in whatever way the transformation is brought into its normal
form, there will always be the same absolute values of the angles of rotation, and
their respective multiplicities are the same in every normal form.

To prove this theorem, I will apply the procedure of §3|to an orthogonal transfor-
mation in normal form. So the task is to find pairs of linear form

Xn:Aix,-EA, doAr=1,
i=1
Xn:BixiEB, ZB?ZI,
i=1

which transform into each other under the subsitution which was brought into
normal form. Let the orthogonal transformation of positive determinant be

ZA,-B,- =0,

c =cIc?)... e, @k +h=n),

where
c® — cos(2md;) —sin(2rd;)
2 7 \sin@rd;)  cosmdy) )

(Here and in the following, the lower index indicates the number of rows in a
matrix. 1j is the identical transform of /& elements.) C transforms our linear

14



forms (A, B) into

k
A = Z((AZi_l cos(2m ;) + A sin(2n ;) x2i—1

i=1

h
+ (—Azi—1 SinQ2r ;) + Az cos(2mdi)xa;) + Z Aok 4+AX2k+2s
A=1
k
B = Z((BZi_1 cos(27 ;) 4+ Ba; sin(27w;))X2i—1
i=1
h
+ (—Bai—1 sin2d;) + Ba; cos(2m9;)x2;) + Z Boky Xk 41
A=1
As in there exists a real ¢ such that
A" = Acos(Qmg) — B sin(2mg)
B’ = Asin(2mwg) + B cos(2m¢)
are identical in xy, X5, ..., X,. From this the following system of linear equation

follows:

Azi_1c0s2m;) + Azi sin(2r;) = Asi_i cos(2mp) — Boi_1 sin(2m ),
— Aoy sin(2m ;) + Ay cos(Rm ;) = Asi cos(2mp) — By, sin(2me),
Boi_1cos2nd;) + By sin(2n;) = Anj—q sin(2rg) + Bai—1 cos(2me),
—Bsi_18in(27 ;) 4+ By; cos(RQntl;) = Ay sin(2me) + Ba; cos(2me),
(fori =1,2,...,n)
Ask+a = Aog4 cos(Qmp) — Bogyy sin(2mg),
Bok4s = Azk42 sin(2r@) + Baka cos(2my),
(forA =1,2,...,h).

The questions is now, for which values of ¢ there exist 4;, B;, not all vanishing,
such that this system of equation is satisfied? I will show that only the values
above, ¢ = =+, 0, satisty this requirement. The unknowns A;, B; fall into
distinct systems of four and two unknowns, respectively, which satisfy certain
linear equations among themselves, as given above. It is therefore sufficient to
consider a single one of these systems, for if not all A;, B; are to vanish, then at
least one of these system has solutions other than 0.

15



For example, if we consider the system i = [, then (A1, Az;, Bai—1, By1) #
(0,0,0,0) if and only if the determinant of this system vanishes. This determinant
is

cos(2m 1y )—cos(2mp) sin(2r ;) sin(2w @) 0
V = sin(2 ;) cos(2m¥;)—cos(2mp) 0 sin(2rwp)
- —sin(2me) 0 cos(2m ;) —cos(2mp) sin(27 ;)
0 —sin(2w ;) —sin(2w ;) cos(2m ¥y )—cos(2mp)

If I set @ = cos(2m ;) — cos(2m ), this becomes
V = a* + 20%(s5in(2%;)? + sin(2re)?) + (sinre)? — sin(2w;)?)?,

a sum of squares. Every term must vanish on its own, and in particular ¢ =
cos(2mv);) — cos(2mwp) = 0. Hence

Y = :|:19].

If this is the case, then also
VvV =0.

Next consider A = [. For

(A2k+1, Bor41) # (0,0)

to hold, it is required that

cos(Qrp) —1 —sin(2me) |

sinQrgp)  cosme) — 1| 0.

But this is the case if and only if ¢ = 0. This proves Theorem [lI, In a normal
form, only those angles can appear for which the equations above are solvable.

Our investigation immediately yield the correctness of the following theorem:
III Except for those linear subspaces distinguished by the normal form, the or-

thogonal subsitution preserves other linear subspaces if and only if one or more
of the ¥; have the same absolute value.

For if the conditions of the theorem are not satisfied, then only one quadruple of
equations is solvable for a given ¢. We obtain the following equations for a fixed
plane:
Axy + Azxy =0, Ayxy + Azxs =0,
or
—Ale + A1X2 =0 Ale — A1X2 = 0.

16



This implies x; = x, = 0, a linear subspace already distinguished by the normal
form. But if some of the ¢}; have the same absolute value, then some systems
of equations are simultaneously solvable, and then there exist additional planes
that are preserved by the orthogonal transformation. For example, if n = 4 and
1 = 1, then the first two quadruples of equations are solvable. We obtain
equations for a preserved linear subspace such as the following:

A1X1 + A2X2 + A3X3 + A4)C4 = O,
—Axx1 + A1xy — Agxz + Azxy =0,

where >~ A? = 1. It is easy to see that the A; can be determined such that this
plane coincides either with x; = x, = 0 or x3 = x4 = 0. If we choose these
coefficients to be the last two rows of an orthogonal transformation and we choose
other coefficients of the same form for the first two rows, then this transformation
commutes with the normal form and we obtain a new transformation of into the
normal form. I will not continue these investigations here, but rather directly state
the theorem they are leading up to. Suppose the orthogonal transformation A is
brought into normal form, such that the angles of rotation are ordered by their
absolute values. I write

A = A2011|A2052| LRI |A20Lkllka

where the angles of rotation of A,,, all have the same absolute value and are dis-
tinct in absolute value from those of Ay, j # i, and from 0. The the following
theorem holds:

IV If A and B commute, the B is necessarily of the following form:

B = B2a1 |B20(2| v |B2ak|Bkv

Our method allows us to determine the sufficient form of the coefficients. As this
is not used in the following, it shall be omitted here.

I will now prove the following theorem:

V Ifand A and B have positive determinant and commute, then A and B can be
simultaneously brought into the following form:

A = Azp,|Azp,| ... |A2p, 124,
B = B, |Bag,| ... |Ba2p,|Ba,

17



where the absolute values of the angles of rotation of an A,g, and a B,g, are
identical, and moreover B is in normal form.

Note that it is sufficient to prove the special case of this theorem in which all
angles of A have the same absolute value. Then apply a transformation to 4 and
B simultaneously that brings B into a normal form, such that its angles of rotation
are ordered by absolute value. It now follow from Theorem [[V|that A is of the
form claimed in Theorem [V1

5 A theorem on motions

Every motion the first or second kind can be brought into the following form:

1 - 0 Ty
A - AZk E . . E : 9
0 -« 1 T,
where A,x does not fix any point other than x; = x, = ... = xp; = 0. We then

have the following theorem:

VI It is a necessary condition for BAB™! to take the given form for A simulta-
neously with A is that B is of the following form:

by1 -+ b Ty
B = By .o :
bpy -+ bpn T,

That the orthogonal part of B must be of the given form follows from the fact
that B maps all the points which are fixed by orthogonal part of A to themselves,
because the orthogonal part of BAB™! fixes the same points as A does.

That the first 2k translational components of B vanish can be proved as follows:
I assume the first 2k translational components to be

bi,ba, ... ba.
Moreover, let

Ak = (i),  Bar = (Bix).

18



Then those 2k translational components of BAB™! that are assumed to vanish

2k 2k 2k
Zﬁgvzagibi_Zﬁg\)bg (V: 1,2,...,2k).
g=1 i=1 g=1

As the determinant of the B, is different from 0, these 2k expressions can vanish
only if

become

2k
D agibi—by =0 (g=1.2.....2k).
i=1
As Ay fixes no point other than 0, these equations can hold only if
by =0 (g=1,2,...,2k).

But this is just what we wanted to prove.

6 Fundamental domains and infinitesimal operations

In this work we investigate groups of motions which have a fundamental domain.
This means the following: We call two points equivalent if they can be mapped
to one another by a motion of the group. A fundamental domain of a group is a
connected domain, that is, a part of space of non-vanishing size, which contains
precisely one equivalent point to every point of a domain into which it is trans-
formed by the group. If a group has a fundamental domain, then for each of its
points it is possible to find a domain around it which contains no two equivalent
points; conversely, if there is any point contained in a domain that does not contain
any two equivalent points, then the group has a fundamental domain. Firstly, it is
clear that every point equivalent to the first one is contained in a domain with the
same property, and this domain is obtained from the original domain by a motion
in the group. We can the let these domains grow simultaneously such that they
congruent to each other and never overlap. As soon as two domains touch each
other, we stop. As all domains are congruent, there can never be an accumula-
tion of them in the infinite. Through this procedure we obtain a division of the
whole space into congruent parts which arise from each other by motions in the
group. Every such domain contains precisely one equivalent point for every point
in space. Such a domain is called a fundamental domain of the group.

To prove the existence of a fundamental domain, it is thus sufficient to know of
only one point at which not equivalent points accumulate; for as soon as such

19



a point is known, we can distinguish a domain around it which contains no two
equivalent points. As the given point is not a point of accumulation of equivalent
points, there exists a closest equivalent point to it. If I now consider a sphere
around this point whose radius is less than half the distance to the closest equiv-
alent point, then this is such a domain containing no two equivalent points. If
I apply the motions of the group to this sphere, then I obtain congruent sphere
which have no point in common with the original sphere, which would have to be
the case of there were two equivalent points in the first sphere.

When I say a group contains infinitesimal operations, then it means that it is pos-
sible to find a sequence of operations Ay, ..., Ap, ... in the group such that for
every given ¢ there is some index m such that the coefficients of A; (fori > m)
deviate from the identity matrix by less than ¢.

It is clear that a group with fundamental domain can contain no infinitesimal op-
erations, for otherwise there would be an equivalent point arbitrarily close to any
given point. But the converse is also true, for the following theorem holds:

VII A group of motions without infinitesimal operations has a fundamental do-
main.

Note first that a motion in n-dimensional Euclidean space is uniquely determined
if n 4+ 1 points Qy, ..., Q, are known, into which n + 1 given points Py, ..., P,
are transformed by the motion, given that not all points belong to a space of di-
mension less than n. If the group does not have a fundamental domain, then every
point in space is an accumulation point of its equivalent points. For if there was
even one point for which this was not true, then we could conclude as above that
the group has a fundamental domain and thus does not contain any infinitesimal
transformations, contradicting our assumption. Hence P, has to be such an ac-
cumulation point. Choose a sequence of equivalent points accumulating at this
point, Q(()l), e, (()") ,.... Moreover, choose any motion B® out of all motions
mapping Py to Q(()i). This way we obtain a sequence B, ..., B™ .. of mo-
tions. I will show that this leads to infinitesimal transformations. First, pick a
transformation 7® mapping Q(()i) to Py. Then BOT® = '® js an orthogonal
transformation, and the sequence of the T @ leads to infinitesimal transforma-
tions. Now assume Pq, ..., P, are mapped to Qii), cee, Qf,i) by I"D. Then there
are two possibilities: Either the Q,(:) coincide with the P; from a certain index i
on. In this case, I'® is the identity from this index on, so B¥) = (T®)~! from
then on. So then our sequence leads to an infinitesimal operation. Or there are ar-
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bitrarily large indices i for which (QY), e, Q,(,i)) is different from ( Py, ..., Pp).
Then we can pick a sequence, again denoted by (QY), cees Q,(f)), such that QY)
converges to Py, Qg) converges to P, ..., and Q,(,i) converges to P,. Let ﬂlg) de-
note the angle (Q,(ci) Py Pi). Then limy_ o 29,?) = 0. We may now assume that the
points Py, ..., P, are situated on the axes of a right-angled coordinate system with
origin Py and distance 1 from Py. Mapping (P, ..., P,) to (QY), e, Q,(,i)) cor-
responds to a change of coordinates. Let (x], ..., x,,) be the coordinate system as-
sociated to (QY), cee, Qf,i)), and (xq,...,X,) the one associated to (Py,..., Py).
Then

n
x,;:Za,(:,zxk (h=1,2,...,n).
k=1

Buthereis ay), = cos(t?}(li)). Hence limg —s oo a,(f}z = 1 and therefore limg _s oo a,(clz =

0 for k # h by the relations given in Therefore the sequence I"® and hence
B® leads to infinitesimal transformations. So if the group does not have a funda-
mental domain, then it contains infinitesimal transformations. From this Theorem

follows.

7 Proof of two lemmas

In this paragraph I want to prove two lemmas to be used in the next paragraph.
The first one is:

VIII Let A and B be two commuting orthogonal operations of even row number.
Suppose the angles of rotation of A are all irrational, those of B either irrational
or 0, and both cases occur. Then there exist two exponents w1 > 0 and w, > 0
such that the angles of rotation of A®' B®? are all irrational.

Proof: By Theorem [V]in §4] we may assume that

A - A1|A2| |An’
B - BI|B2| |Bn»

where each B; or A, only has angles of rotation of the same absolute value. Let
k; denote half of the line number of A; or B;, respectively. Our assumption is that

B”—Ml = Bn—M1+1 =...= Bn =1 (,bLl > 0)
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Then
AB = Cy| ... |Coepy=1|An—p,| - - |An,

so AB has atleastk,_,, +k,—,,+1+...+k, irrational angles of rotation. If there
are only irrational angles of rotation in the C;, then we are done. Otherwise, there
is a positive constant a; such that (AB)*' = A% B%! has 0 as the only rational
angle of rotation. Then we can transform A and B simultaneously by a transfor-
mation of 2(k; + ky + ... + ky—p,+1) rows such that e da™! and a(AB)* o~ !
take the following form:

A4S .. A
/ / /

ClGCl . 1Cp AR | AR
where again A; and C; have only angles of rotation of the same absolute value,
and C,;_Ml =Cyp—py+1 = ... = Cy—y,—1 = 1. Let 24; be the number of rows in
C/ and A;. Then

+1 -1 +1 +1
AT B aT = Dq|D,]. .. |D,,_M2_1|A;_M2| e |A;z—u1 ARl Ay

and hence A% T1 B4 has at least
An_lu/z + PR An_’ul_l + kn_Ml + PR + kn

irrational angles of rotation, a number which is certainly greater than the minimal
number of irrational angles of rotation in AB. If A%t B4 still has some ratio-
nal angles of rotation, then we can again determine a positive exponent a, such
that A%2(@1+1 Ba1a2 has only irrational angles of rotation except for 0. As before
we can conclude that 492(¢1+D+1 Ba142 cerainly has more irrational angles than
A@1T1 Ba1 We continue in this way until after finitely many steps we find an op-
eration A“' B2, w1, w, > 0, which has only irrational angles of rotation, because
in every step in which there are still rational angles left, the number of irrational
angles grows and eventually has to coincide with half the line number of A. This
proves the first lemma.

Now I turn to the second lemma I want to prove in this paragraph:

IX Let B1, B2, ..., Bn, ... be a sequence of orthogonal operations leading to in-
finitesimal substitutions (§@). Then there exists a number k such that no f3; (for
i > k) can map a point of the space

Xpt1 = Xpt2 = ... =X, =0
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to a point of the orthogonal space

X1=Xo=...=xp =0.

Proof: Let 8 be an orthogonal substitution

=B - Bin
R
If this is to transform a point
X1 = Xpt2 = ... =Xy =0
to a point
X1=Xp=...=x5, =0,

then the equations

(1—=Bi)x1+ Paxa+ ...+ Binxn =0

Brixi + Broxo + ...+ (1 = Brn)xp, =0

hold. It should be possible to satsify it with x1, x5, ..., xj different from 0. Then
the determinant should be

=B - Bin
o | =0
ﬁnl R e ,Bnn
If we think about this determinant as an polynomial function of the B;x, then it is
of the form 1+ Y_7_, P:(B), where P;(f) is a product of at most & < n of the Bk
with coefficient 1, and m the number of these products. As all || < #, also
each | P;(B)| < -z, hence 1 + Y72, P;i(8) < -~ < 1. Butthen 1+ >_7" | Pi(B)
cannot vanish, since otherwise | > 7, P;(8)| = 1. Now I determine an index k
such that in the sequence f1,..., B,, ... the coefficients B; (for i > k) deviate
from those of the identity transformation by less than # This index k satisfies
the conditions of our theorem, which is thereby proven.
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8 Groups with irrational angles of rotation

A group of motions all of which operations can be simultaneously brought into

Ay 0 O
0 A, Tp)°

where k and 4 are independent of the individual motion and 7} denotes the trans-

the form

lational component, is called decomposable.

Then the following theorem holds:

X' A group of motions that contains operations with an irrational angle of rotation
and does not contain infinitesimal operations is decomposable.

We prove this theorem by showing: Every group of motions containing opera-
tions with irrational angles of rotation and which is not decomposable contains
infinitesimal operations.

So assume the group is not decomposable. Further, let A an operation with irra-
tional angle of rotation. We can assume that all non-zero angles of rotation are
irrational. In a suitable coordinate system, the motion is represented as

lp—1 Op—q1 Op—
A:A1|A2||Ak|( hOl hll ;,l].,l),

where
sin(27 ;) cos(2md;)

Now we can find a sequence of operations starting at A whose orthogonal parts
lead to infinitesimal operations: Let A be number of angles of rotation with differ-

A — (cos(2m9i) —sin(2m9,-))

ent absolute values. By a theorem of Minkowsk A irrational numbers ¥; can be
approximated simultaneously to arbitrary precision by rational numbers 2~ with
common denominator n, such that

X 1
‘—’—19,- <—— (=12}
n nn
Letny, < n, < ... < n, < ...be ainfinite sequence of integer numbers

satisfying this condition. The angles of rotation of A}™ is n,?¥; and we have

|nm® — x| < 4/1171

Minkowski, Geometrie der Zahlen (Leipzig 1897-1910), p. 108. Diophantische Approxima-
tionen (Leipzig 1907), p. 8.
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n, can be chosen such that the angles of rotation deviate from a rational number
by an arbitrarily small amount, so that the coefficients of A", for m sufficiently
large, deviate from those of the identity matrix by no more than an arbitrary given
amount 7. They deviate by less than ¢, = ";nm The translational compo-
nents of A" are n,,T;. Hence they grow unboundedly with m in such a way that
8;}17} = T;. We agree on the following convenient convention: We say the coef-
ficients approach those of the identity transformation like ¢, and the translational

components approach infinity like £ ~*.

The case in which 7; = 0 (i = 1,...,h) is included in the preceding arguments,
and we may further assume:

I'n=...=Tp—1 =0, T, #0.
Now everything depends on constructing from the sequence
Fl - (Anl,...,Anm,...)

in an indecomposable group a new one which becomes infinitesimal also in its
translational part. To this end, we choose among all oprations in the group the
one with the greatest number of irrational angles of rotation. This is brought
into the above normal form, and construct the sequence I'; by taking powers. In
the following I will operate with the product of two sequences. This means the
following: Let

C1 :(A(),Al,...,An,...),
C, = (Bo,Bi,....Bu...))

be two sequences, then their product is
C1Cy = (AoBo, A1B1, ..., An By, .. .).

Now we can always assume that there exists an operation Y, in the group which is

not of the form
Gy 0 O
0 Gy T}: ’

where k is the number of irrational angles of rotation occurring in A. Otherwise,
the group would be indecomposable. With such a sequence we construct the se-
quence

FOZ(Yo,)/(),...,)/(),...).
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Then construct the sequences

L=yttt
Is=nL0nO0 et
Iy=L0rtnt

Note first the dependence of the coefficients of these sequences on ¢. First, con-
sider I',. Write the coefficients of an element of I} as:

1+Ot11 a1p - U1pn 0

b

1 Cpo o 14+ oy, gAT

where the «;x converge to 0 for decreasing ¢ like ¢ itself (or are O themselves) and
T is finite, that is, it does not grow beyond a certain boundary independent of the
particular element of the sequence. How do the coefficients of the term I depend
on the «;;? They are polynomial functions of the «;x. If we let them tend to O in
any way, then by definition of I, the coefficients of the orthogonal part of each
term in this sequence converge to the corresponding coefficients of the identity
transformation. So if we write the a term of I as

1+Bu - B B
,Bnl R s ,Bnn Bn
then the B;; are polynomial functions of the o in which no term independent

of the o, appears. The B;x thus conerge to 0 like &, but the B evidently do not

tend to infinity faster than 2, as no to terms tending to infinity are multiplied in

forming the B; and the number of terms used in forming them is independent of
the particular element of the sequence.

Consider an element of I3,
L+yi - Yin Ci
Vn1 et 1 + Vnn Cn
The y;x are polynomial functions of the «;x and B;x. If we let one of of these two

systems converge to 0, then the y;; converge to 0 as well. The y;x, as rational

26



functions in the «, 8, do not contain a term independent of the &« and . Hence
the y;x converge to 0 like £2. Consider the C;. They are polynomial functions of
the a, B, e 2T, B;. We let o and 8 converge to O simultaneously. Then the C;
also converge to 0. This implies that C; contains no term independent of both o
and B. Hence the C; tend to infinity like e~**!. Now consider an element of I,

1+61; - S1in D,
Snl e 1 + 8nn D n
As before it follows that the §;x converge to 0 like £2. What about the D;? Rea-

soning as for the C; above would not yield anything new, so we need to apply a
different argument. Let only the y;x converge to 0. Then

l+yu -+ Yin C, l+ay - aln 0
Iy = : : : : : :
Vn1 e ] + Vnn Cn U1 ——_— + app 8—1T
IL+ynn - Y1in —Cl—ZVklck l14+ayp - aln
Vn1 oo T4+ yun —Ch— Z)/knck Oyl R T

Let (£9) denote a term that behaves like 9. If y;;, = 0, then

Dy =—C; — (&)™) + Cy,

D, =—C,—&*T —(e)(e*") + 7T + C,,

or
D; = (7).

—A+2_gince the

If the y; are not 0, then additional terms appear that behave like ¢
vik behave like 2. So be setting them to 0, we only lose terms that behave like
e¢~**2 Hence the D; behave like £**2. In the same way we can conclude that
the ; for I's behave like &*, the E; like e~*13. Finally, we arrive at the result

that in I, the v;; behave like £*~! and the N; like e~ *"~2,

So if in I'y4+3 not all elements from a certain one onwards equal the identity, then
I')+3 leads to infinitesimal substitutions.
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But if the latter situation occurs for one I, then for all consecutive [k, k > i, the
same terms in the sequence equal the identity, so that our procedure does not lead
to the desired outcome. This case will have to be treated seperately.

First, we will see that among the terms of I and I3, the identity cannot occur.
Assume to the contrary that the identity occurs in I, say I 2(h) is an element for
which this occurs, Fz(h) = 1. Then, by definition of 15,

h h) —
Fl( ) — VOFI( )VO 1.

So the element y, of Iy would have to transform the element Fl(h) into itself. But
we chose the yy above precisely such that this is not the case ($ 5). Hence I
cannot contain the identity.

Now assume that I'5 contains the identity. Let F3(h) = 1. Then

h h h)\— h
Fz( )Fl( )(Fz( )) 1 _ Fl( )

o _ Py 0 O
2 0 on 1)
But from Theorem |VIII| in §7|it follows that O, = 1. Namely, I 2(h) and I l(h)

commute. Now suppose Q;, # 1. Then Fz(h) = %o Fl(h) Yo 1(]“1(}1))_1, hence
I 2(h) I l(h) is a transform of I’ l(h) and

B o~ (h Ry, O 0
FZ()FI():(S Qh Th///)-

So if Qj, contained angles of rotation other than 0, then they would equal angles
that appear for I"l(h), and would thus be irrational. In Ry, the angle O would have

Then by §5]

to appear just as often as a non-zero one appears in Q. If

aw _ (A 0 O
I _(0 lTh)’

then A and R, commute. Hence all prerequisites of Theorem [VIII|are satisfied.
There would be an operation
o = (0%) 5 0 0
0 Bn Tn

in the group such that all angles of rotation of oy, are irrational (and non-zero).
Moreover, By, which is a power of Qj, would contain non-zero irrational angles
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of rotation. Hence o would contain more irrational angles than the operation 4
from which I is constructed. But above we chose A as that operation in the group
with the maximal number of irrational rotation angles. Our assumption that Qj, is
different from the identity thus leads to a contradiction. Hence Qj; = 1. But now

h h -
Fz( )Fl( ' = V0F1(a)7/0 g

But then, again by Theorem [VI| (§3), o is of the following form:

Fr 0 0
0 Gn, Ty)
But we chose Y, precisely such that this is not the case. So our assumption that

I3 contains the identity leads to a contradiction. Hence I3 cannot contain the
identity.

In general, we cannot conclude in an analogous manner that I},, n > 3, does not
contain the identity. We have to slightly modify our reasoning.

First, assume that Ix, k > 6, leads to the identity, that is, from a certain term
onward, all terms of 'y equal the identity. Further, assume no I; withi < k leads
to the identity. To express that I leads to the identity, we shall write [, = 1. We
claim that in this case, I}_; Fk__lz leads to infinitesimal operations. Namely,

l =Ty =L WO T

This implies that all elements of _; are of the following form:

and with Theorem [VIII| (§7) it follows by an argument similar to the one for I’y
above, that O = 1. It also follows that I'x_, is of the form just given (where Q},
is not necessarily the identity). But now

T = T W LT

and
Thy = Tes IS

So I'y—1I and [y, are transforms of I, and thus of each other. Namely,
i1 Iy = Do I S (ko Ty) Te—s T (%)
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Now [}_» Fk__13 evidently leads to infinitesimal operations in its orthogonal part,
because this is the case for I';_, and I}_5. But [;_;17 is of the form

Py 0 0
0 1 7T)°

Therefore, after omitting certain initial terms in our sequence, application of The-
orem ( yields that I';_,I7 is also of the given form for [_;/I7%. For, in
regard to the given form of I'_,, clearly I'x_, I is of the form

Py 0 O
0 On Tn)
If Qp contained any angles of rotation other than 0, then they would have to
occur in Iy as well, in light of (). Accordingly, k1] k__13 would transform

certain points in the space x3t+1 = ... = X, = 0 into points in the space
X1 = ... = Xt = 0. But this is impossible by Theorem[[X]| So Qj, in I'x_, must

equal the identity. Considering the definition of I} _5 it would follow that [ _3 is

of the form
Py 0 O
0 On Th)

If k > 6, we can apply the same reasoning here and prove that Q; = 1. In sum-
mary: It has been shown that I'y_11%, I'x_»1%, I'x—>, [x—3, and thus Fk_sz__13

are all of the form
Py, 0 0
O 1 7))

But this implies that the translational components of I;_{ /7 and [}_, 1 must
coincide by (). Hence the sequence

Fk—lrl : Fl_lrk__lz = Fk—lrk__lz

consists of pure rotations. It leads to an infinitesimal operation as soon as we
know that I_; # [x—>. Now,

eIy = Toa I T,

So if we assume [;_; = [}_,, then [,_, = 1 follows. But we made the as-
sumption that no I'; = 1 fori < k. Hence [y, = [}_, is impossible, and thus
Ie—1 T, leads to infinitesimal operations.
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Now it remains to investigate the two case I'; = 1 and I's = 1. First, consider
I'y = 1. Then form

I)=00n-ryt-rotnytn

We claim that if I'; and I's do not commute, then Iy 151 I, ' I'! is infinitesimal.
Py 0 O
0 0 Ty)°
Py 0 O
0 On Tw)

4 0 0
= (% 4 3)

_ Pz//k 0 0
Fle_(O On Tn)’

as both arise from transformations of I3 from one another and have identical Qj,

I'1 and I are of the form
and [ is of the form
Hence

and

and T}3. Hence

, B B P/// O 0
F4F2F1F21F11:(8k 1 0)

is a pure rotation and infinitesimal if it is not the identity. But if we assume
rnn =nnh,

then by
r,nn=rnnrt,

I3 would transform the sequence I I into itself, so that
OO L = MWL =01,

as I'; and I3 commute due to Iy = 1. But then I, and I3 commute, as claimed.
Butif I, and I, as well as I and I, commute, then I'5, which never equals the
identity, is already infinitesimal. To demonstrate this, first transform the whole
group, in particular I3, I3, I'1, such that I, assumes normal form. If we only
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write the last 4 columns that only contain translations and we denote the sequences
of the thus truncated substitutions by Iy, I'y, I'], then:

I --- 00 O
! . . .
Iy = Ailda]...|A,| o
0 01 A
(1 v 0 By
r;=1: I
\0 1 By)
(1 e 0 Cl\
i=1: -
\() e 1 Ch)

Now I, is assumed to commute with I'y. The A; merely contain irrational angles
of rotation, as I3 is a transform of I'y. This implies (Theorem [VI] §5)

By =...=B, =0.

Now assume further that I"; transforms the sequence I} into the sequence I517.
But [T is a translation with components

Ciy...,Coy, Copq1 + Baygr, .., Cp + By,
whereas the translation components of I are
Cl’ cee C21)7 C2v+1, e Ch

Upon forming I’y I'/(I';)~" and denoting the angles of rotation of the 4; by ¥;,
the translation components become

Cq cos(9;2m)—C, sin(¥;2m), ..., Cay—q sin(;27)+C,, cos(¥;2n), Capt1, ..., Ch.
If these components are supposed to equal those of I/, then it follows that
Cl :...:Cz‘) :O

Then I3 is a rotation and infinitesimal, as it cannot be the identity. This settles the
case [, = 1.
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We now consider the case I's = 1. So suppose 5 = 1. We have

Iy=000t,
=000,
I=TLyhorytt

If we form
Iy=r3-LOoryroir?,

then this sequence is infinitesimal: It cannot be that I, = 1, for then
F3F4F1 :F4F1F3.

Now
I 15 = 1317,

SO
F3F4F1:F3F1

and therefore
F 4 = 1

But this case has already been settled. We may thus assume Iy # 1. Now .41
is a transform of I, 1" via I'5. But I'.I, I and I'4I as well as I are of the form

Py, 0 O
0 1 Tx)°
Namely, I'4I7 is a transform of I} via [5. As Iy commutes with 7, it is of the

form
Py 0 O
0 On Th)

Hence I',I7 is of this form as well. By this is a transform of I} by 5. Therefore,
by Theorem [[X](§7), since [ is infinitesimal in its orthogonal part, 417 is of the

form
Py 0 O
0 1 T

and thus I3 (Theorem [V1] §5)) is of the form
Py 0 O
0 On Th)
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But I3 is a transform of I by I5. As I is infinitesimal in its orthogonal part,
again by Theorem [IX] I is of the form

Py 0 O
0 1 T)°
Then, by definition of I, the sequence I'; ;I and the sequence 4/ are both

Py 0 O
0 1 Ty)°

As TI'5 is of this form as well, and as I';I4I" arises by transformation with I3
from I, the translation parts of I'.14I" and I'4I" coincide. Therefore,

of the form

rir,nry'r;' =ry

is infinitesimal, since, as we just saw, 5 # 1.

In this way we have also shown that in case I's #, the group contains infinitesimal
operations if it is indecomposable. We have thus proved the theorem that a group
of motions with fundamental domain that contains operations with irrational an-
gles of rotation is necessarily decomposable.

9 Groups of orthogonal substitutions

Our next goal is to prove the theorem stating that infinite groups with infinite
fundamental domain are alwys decomposable, and vice versa. To get there, we
will first prove an auxiliary theorem here. We wish to investigate those groups
of motions containing only orthogonal substitutions, that is, motions with a fixed
point. If there is a point fixed by all operations in the group, then this group can
be written as a homogeneous group of orthogonal substitutions. If it is finite, then
it is easy to see that it contains infinitesimal operations. This follows readily from
the fact that in this situation all coefficients lie between —1 and +1 and thus the
group must contain two arbitrarily close operations. Their composition leads to
infinitesimal operations. Now the next theorem is:

XI Every finite group of motions can be written as a homogeneous group, that
is, it can be transformed into this form by suitable linear subsitutions.
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There is no problem is adding an n + Ist column to the operations in our group,
so that it can be written as

(h) h) h)
oy cceoap, Ay

P (h=1,...,H)
h h h
o g 4

0O --- 0 1

where H is the order of the group. By a theorem of Maschke]gj] our group can be
brought into the form

h h
aff g 0
oz,(ﬁ) a,(,}i,) 0
0 0 1
by a transformation of the form
B, T,
0 1)
So now there are points x; = ... = x, = 0 mapped to themselves by all op-

erations in the group. Therefore, the operations in the original group also map
certain points to themselves. But then this group can be written homogeneously.
This proves Theorem [XI|

Now we come to the next theorem:

XII An infinite group G consisting of orthogonal substitutions contains infini-
tesimal operations.

The case of a homogeneous group was treated before. To prove the theorem for
an inhomogeneous group, we first assume the following auxiliary theorem. Let

I+ay - U1n 0
A= : - : :
On1 e 1+ Onn 0

be an orthogonal substitution and
1+ B - Bin  Bi
B=| : i
ﬁnl R s ﬂnn Bn

$Maschke, Math. Ann. 52, p. 363.
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a motion with )" B? = b. Let
Cl, “ .oy Cn

denote the components of the translation part of C = BAB~'A™1. Then there
exists a number A < 1 such that Y ;_, C? < b as soon as all |a;x| < A, and a
number 7 such that the orthogonal part of C is A times closer to the identity than
the orthogonal part of A as soon as |Bix| < n, that is, that the largest |y;x| of C is
smaller than the A-fold multiple of the largest |o;g|.

Namely,

n n n n 2
> = 3(ew X pui)
i=1 h=1 i=1 k=1

Let all |o;x| < &, where a suitable & will be chosen later. Then

> ¢t < ”82(2 > ,3ikBk>2
i=1 i=1k=1

If m is the number of terms in this square, then ) C? < nme*b. If we choose

1 2
£ < 7, then ) C7 < b.

The second part of the auxiliary theorem has a very similar proof, which we omit
here.

Using this auxiliary theorem, we will prove Theorem [XTI| As the group is infinite,
we can find at least one operation in it whose coefficients in the orthogonal part
all differ by less than A above from the identity substitution. Consider the totality
I’ of operations of this kind. Different cases are possible now:

I. The points fixed by A are invariant under all operations in the group. Then all

operations are of the form
Py 0 0
0 On Tn)

If the group is supposed to be infinite, then either the group formed by the first k
rows is infinite and the group formed by the last 4 rows is finite, or the first one
is finite and the second one is infinite, or both are infinite. In the first case we can
immediately deduce the existence of infinitesimal operations, in the second and
third case we can do so if we assume our theorem proved for the case of less than
n variables. For binary groups it can be proved by repeating our argument and
if at last there are only translation parts in the last column left, we can immedi-
ately deduce the existence of translations of screw-motions. This contradicts our
assumptions.
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II. There are operations in I" that do not preserve the points fixed by A.

1. For every B with sum of squares Y B? = 1 there exists an operation with
smaller sum of squares. Then there is a sequence of operations such that
the sums of squares of its translation parts converge to a certain value. But
then there must exist pairs of operations in the group all of whose coeffi-
cients differ by an arbitrarily small quantity. This means the group contains
infinitesimal transformations.

2. Among all operations of I" that do not preserve the points fixed by A4, there
is one, say B, for which }_ B? assumes the smallest possible value b. By
our auxiliary theorem there exists an operation C") with ° C? < b. But
this can only be 0. If now (a) C () = 1, then it follows from Theorem
(§5) that B preserves the points fixed by A, in contradiction to our assump-
tion. Hence (b) C™M = 1 and it is A times as close to the identity as A. We
proceed with C™V exactly as with A above and return to case I or II 1. or to
an operation C @ that is A? times as close to the identity as A. Continuing
this way eventually leads to infinitesimal operations.

From Theorem [XII|it follows immediately:

XIII An infinite group of motions with fundamental domain that does not contain
any operation with an irrational angle of rotation necessarily contains translations.

For all angles of rotations are rational and the group cannot consist of rotations
alone, so that by taking powers of suitable operations we obtain pure translations.

This Theorem [XIII] forms the foundation of all further investigations and of the
second treatise.

10 Distinction of the groups with infinite fundamen-
tal domain from those with a finite one

By Theorem [X] (§8)) it is proved that every group containing operations with irra-
tional angles of rotations is decomposable. By Theorems and (§9) it
is proved that every group of motions without infinitesimal operations that consists
only of orthogonal substitutions is finite and homogeneous, that is, every infinite
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group of motions without irrational angles of rotations has translations among its
operations.

The translations contained in a group of motions form a distinguished subgroup.
If all translations transform the space x; = ...xx = 0 into itself, then it readily
follows that the group formed by the orthogonal parts of our group also transforms
this space into itself. All operations in the group are thus of the form

Ar 0 Ty
0 B, T)
But the following theorem holds, by which the 7} are zero:

XIV If all translations in a group of motions of n-dimensional space are con-
tained in a linear subspace Ry, k < n, then the group is decomposable.

If operations with irrational angles of rotation appear in the group, then by Theo-
rem [X] (§8)) the proof of this theorem can be reduced to the proof of the analogous
theorem for groups in less than n variables consisting only of operations with ra-
tional angles of rotation. We may thus restrict ourselves to groups of the latter
type to begin with.

If the group of the first & rows is finite, then Theorem follows from Theorem
We may thus assume that it is infinite.

To prove the theorem, we distinguish several cases. Consider the totality of op-
erations that equal the identity in their last & rows. Those form a group I". It
thus contains no translations. If it was infinite, then it would contain infinitesimal
operations by Theorem [XII| But then our original group would contain infinitesi-
mal operations. Therefore, I" has to be finite. By a suitable transformation of the
whole group, we may thus achieve, by Theorem that its translational compo-
nents are all 0. But the group I is a distinguished subgroup in our original group.
Depending on its type we distinguish several cases. Either, the only point fixed
by I' in its first k rows is the origin. Then all other operations in the group must
fix this point, and Theorem is proved. Or there are other points fixed by I".
Then our theorem is reduced to the analogous theorem in less than n dimensions,
where I does not consist of the identity alone (Theorem [VI] §5). Namely, in the
case just considered, all operations in the group are of the form

Acey 00 0
0 A, 0 T,
0 0 A, Ty
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The last & + h rows form a group. If we show, that the impossibility to write this
latter group such that all 7}, vanish implies the existence of infinitesimal opera-
tions, then clearly our original group contains infinitesimal operations. We may
thus apply the same reasoning to the group formed by the last /2 + u rows as before
for the group in n variables. This works until we find a group for which it holds
that if one element equals the identity in the last 4 rows, all other rows equal the
identity. This last case still needs to be investigated.

If then AV is an element of the first kind in the group whose last & rows equal the
identity, and A is an arbitrary element in the group, then

A® — 4@ 4D 4@-1 4(D-1

with A® = 4@ 4D 4O-1 4D-1 equals the identity in the last & rows. There-
fore, in the case under consideration, A® = 1 for every element A in the group.
We will now draw a conclusion from this. Let

Ag—y 0 0 O

A= 0o 1, 0o o],
0 0 1, Ty
where Aj_, has no fixed points other than x; = ... = x;_, = 0. Then since

A® = 1 by Theorem [VI| (§5), A® is of the form

By, 0 0 0
A= o ¢ o T/]|. (%)
0 0 Dy T/

But now A® AW is a transform of AV, Hence the angles of rotation appearing in
C, are angles that also appear in A®. If we choose A® such that the coefficients
of its orthogonal part in the first k rows differs from the those of the identity by
less than the quantity stated in Theorem [[X] (§7), then C, = 1 by this theorem,
and hence T, = 0, since otherwise the rationality of the angles of rotation would
imply the existence of translations not contained in the subspace x; = ... =
xx = 0. But then A® must be of the form for A® given in (¥). So we see that
there is a number A such that all operations in the group whose orthogonal parts
in the first k rows differ from the identity by less than A must be of the given
form. Consider now all operations of the group that have this form. These form a
subgroup @. Consider the group @’ formed by the last # 4 v rows. If infinitesimal
transformations appear here, then the original group also contains infinitesimal
transformations. Now we can apply the same reasoning to @’. This leads to the
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result that all operations in the group whose coefficients in the orthogonal parts in
the first k rows differ from the identity by less than A have the following form:

A 0 O
0 Ry Typ)

Now we can choose a second quantity A’ < A small enough such that all oper-
ations in the group obtained by transformations from an operation in the group,
whose coefficients in the orthogonal part all differ from the identity by less than
A’, are themselves contained in the set of substitutions belonging to A, that is,
all of their cofficients differ by less than A from the identity matrix. We observe
that such a quantity A’ exists and depends only on A and n. Now consider the
substitutions formed by the first k£ rows of the set belonging to A’. If all of these
substitutions fix only the point x; = ... = x;x = 0, then all operations in the
group have form given above for the set belonging to A. Then Theorem
is proved. But if all of them fix additional points, then by a common argument
and due to Theorem [VI| (§5) the proof of the theorem is reduced to the proof of
the analogous theorem for groups in less than n variables. For if the manifold
X1 = ... = Xk—y = 01s fixed pointwise, then we only need to consider the group
formed by the last 2z + v rows. If in the latter we can identify a sequence lead-
ing to infinitesimal operations, then also the original group contains infinitesimal
operations, since the first 4 rows do not have a translational component and all
coefficients lie between —1 and +1, so that all operations whose coefficients in
the first & rows differ by arbitrarily small amounts appear in the sequence. Thus
follows the existence of infinitesimal operations.

We can the apply the same reasoning to the group in less than n variables, until
either the first k rows are exhausted or until a finite group appears, which can be
transformed into a homogeneous one by Theorem [XI] (§8). This concludes the

proof of Theorem
From Theorem we draw an important conclusion:

XV Given a group without infinitesimal operations, a necessary and sufficient
condition for the existence of a finite fundamental domain is that the group is not
decomposable. By Theorem a group with finite fundamental domain always
contains a translation subgroup whose operations do not all transform a linear
subspace of dimension less than n into itself.

First, we show that the fundamental domain of a decomposable group necessarily
extends to infinity. Namely, the projection of a point in our space onto the linear
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space Xx+1 = ... = X, = 0 has constant distance from the origin for all opera-
tions in our group (the length of this projection is Zle x?). But since by §@ the
fundamental domain must contain an equivalent point for each point in space, the
fundamental domain contains points whose projection onto said space can have
arbitrarily large distance from the origin. Hence the fundamental domain must
extend to infinity. So the condition in the theorem is necessary. It is also suffi-
cient: If a group has a finite fundamental domain, then, firstly, it cannot contain
irrational angles of rotation, for it is decomposable (Theorem [X] §8). Secondly,
it cannot consist only of orthogonal subsititions, since then it is finite and homo-
geneous and thus has infinite fundamental domain. Thirdly, it cannot contain a
subgroup of translations with fewer than »n linearly independent translations, for
then it would be decomposable (Theorem [XIV]). Hence it must contain a subgroup
of translations with n linearly independent translations. But such a subgroup has
finite fundamental domain. This we see immediately if we think of # linearly in-
dependent directions of translations as coordinate axes. For then every point in
space has an equivalent one contained in the parallelepiped whose edge lengths
are the lengths of the shortest translations in the directions of these coordinate
axes. This proves Theorem

11 Concluding remarks on groups with infinite fun-
damental domain

The result of our investigations can be summarized as the infinite groups with infi-
nite fundamental domain being necessarily decomposable, and the decomposable
groups, if they do not contain infinitesimal operations, having infinite fundamen-
tal domain. We wish to further characterize this decomposability. First, consider
the groups whose operations only have rational angles of rotation. We saw that
these groups always contain a subgroup of translations with i linearly independent
translations, and that they can be brought into the form

A 0 O
0 A T;)°
Those groups whose operations also contain irrational angles of rotation do not

always contain a subgroup of translations. But if the maximal number of irrational
angles of rotation appearing in one operation is £, then, as we have seen, the group
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can be brought into the following form:

A 0 0
0 An Tn)
The group generated by the last 4 rows is necessarily infinite. Otherwise, it could
be transformed into a homogeneous group. Then the whole group would be of the

form
A 0 O
0 A4, 0)°

But then it would contain infinitesimal operations due to the existence of irrational
angles of rotation. Thus the group formed by the last 2 rows must be infinite. But
it cannot contain infinitesimal operations, since then we could once more deduce
the existence of infinitesimal operations in the original group. We may assume that
it does not contain any operations with irrational angles of rotations; otherwise,
we can apply Theorem |[X| repeatedly until this is the case. The group formed
by the last 4 rows is thus a group of translations of, say, i linearly independent
translations. So the whole group can be brought into the following form:

A 0 0
0 4 Ti)

This is as much as we wish to say on the form of decomposability. Now we turn
our attention to the necessary and sufficient conditions for the existence of a fun-
damental domain. In addition to the above form that the group can be transformed
into, these are the following:

1. The group formed by the last i rows is a group with finite fundamental
domain.

The second condition is obtained if we take into account that the two groups re-
spectively formed by the first n —i rows and the last i rows are isomorphic. Then:

2. The subgroup of the first group corresponding to the identity element of the
second group is a finite group.

In the introductory remarks in this paragraph we already explained that the first
condition is necessary. That the second condition is necessary follows from the
fact that the group mentioned in it has a fundamental domain, being a subgroup of
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a group with fundamental domain, and as the group is homogeneous, this is only
possible if the group is finite.

We will now show that the given conditions are sufficient. For this, we only need
to show that under these conditions, no infinitesimal operations can appear in the
group. This can be seen as follows: Consider an arbitrary point. Then accu-
mulations will occur among the coordinates x1, ..., x; of the equivalent points.
But only a finite number among them correspond to the same x;41,...,X,. On
the other hand, among the x;41, ..., X, alone there are no accumulations, as the
group has finite fundamental domain here. So the projection of the distance of two
equivalent points to the linear space x, = ... = x; = 0 has a lower bound greater
than 0. So accumulations can only occur among points whose x;41,..., X, co-
incide. But this is impossible, since to any given Xx;41, ..., X, correspond only
finitely many x, ..., x;. This concludes our investigations.
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Part 11

Groups with finite fundamental
domain

1 Introduction

This article continues the investigations on groups of motions in Euclidean space,
part I, that appeared in volume 70 of the Mathematische Annalen. In the mean-
time, those results were derived in a simplified manner by Frobenius in a work on
indecomposable discrete groups of motions that appeared in the Sitzungsberichte
der Berliner Akademie, 1911. The following pages are concerned exclusively
with groups of motions with finite fundamental domain. As already suggested in
part I of this treatise and explained in Frobenius’s work, only finitely many of such
groups exist.

By a motion of n-dimensional Euclidean space we mean a real linear subsitution
of n variables,

n
X, = Zaikxk +A4;, (=1,....n),
k=1
where the homogeneous linear substitution obtained by setting A; to 0 is an or-
thogonal substitution, which, following Frobenius, we shall call the rotational
part of the motion. The substitution

)Cl{:xi-l-Ai (lzl,,l’l)

represents the translational part of the motion. If R denotes the rotational and T
the translational part of a motion B, then in matrix calculus we can represent the
latter as the product 5 = THR. A motion that coincides with its rotational part
is called a rotation, a motion that coincides with its translational part is called a
translation. A group composed of such motions is called a group of motions. The
requirement that this group has a fundamental domain is equivalent to the require-
ment that it does not contain infinitesimal operations. We observed this in §6]in
the first part of this treatise. Depending on whether the fundamental domain of
the group extends to infinity or not, two types of groups of motions can be distin-
guished. The groups with infinite fundamental domain are always decomposable,
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and all decomposable groups have infinite fundamental domain, provided they
have an at all. Here, we called a group decomposable if for a suitable choice of
coordinates its elements take the form

h
x! = Zaz(/?xk (i=1,...,h),
k=1

n
x,&z Z al(f,)xt—l—AM (w=h+1,...,n).
t=h+1

We further observed that the groups with finite fundamental domain always con-
tain translations. It is easy to see that these translations form a distinguished
subgroup of the group of motions. Namely, of T is a translation and ‘B an arbi-
trary motion, then ‘BT B! is a translation. If the fundamental domain is finite,
then the group contains 7 linearly independent translations, that is, there are n
translations

T =x=x+A" Gv=1....n)

in the group, such that there are no numbers ay, ..., a, (other than 0) satisfying
the relations (Math. Ann. 70, p. 333)

n
ZavAl(”) (i=1,...,n).
v=1

These results from the first treatise form the basis for the following.

Two groups of motions are considered distinct if they are not equivalent. Two
groups are called equivalent, if they arise from one another by a linear change of
coordinates. Then, as we will show, the following theorem holds:

There are only finitely many distinct groups of motions with finite fundamental
domain.

This notion of equivalence is alreadu suggested by crystallography and the theo-
rem was also proved in this form by Frobenius. In my own note in the Gottinger
Nachrichten I considered two groups identical if they are isomorphic. In fact, this
amounts to the same. The theorem holds (which was not stated back then) that in
the sense of the above definition, two isomorphic groups are equivalent.

Our proof makes use of methods that extend ideas used by Gaull and Dirich-
let in the theory of ternary forms, and by Minkowski in the theory of positive
quadratic forms in n variables. In order to give a self-contained presentation and
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to emphasize the relation to Minkowski’s theory, we will in some places discuss
some well-known facts anew. The idea of the proof was sketched in the Gottinger
Nachrichten 1910.

2 The translation subgroup

As we saw before, the distinguished subgroup of translations always contains n
linearly independent translations. Let these be

W = xp =x + A9 (k,i=1,...,n),

then there are no non-zero numbers ay, ..., d, such that the following relations
hold:

n
Y aia) =0 (k=1.....n).
i=1

Translation groups of this type are evidently obtained by choosing any n linearly
independent translations Tq,..., T, and forming a group by taking any linear
combination of them. But now we wish to prove that in any translation group, we
can find n linearly independent translations T, ..., T, such that the group can
be generated by them in this manner, so that every other translation T is of the
form

Tl

where the ?q,...,t, are integer numbers. This can be seen as follows (cf. for
example Minkowski, Geometrie der Zahlen, p. 172): Let UA4,..., %, be any n
linearly independent translations in the group. Then the components 71, ..., T,
of any translation T can be represented as

T, =0AY + . 44,47 (=1.....n).

Symbolically, we write
T =t AN

Here, in general the ¢; are not integers. This is only the case if the 2; are generators
of the group. Of the two translations

Ty = ALY

and
ol
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we call the first one smaller than the the second one if the first non-vanishing
difference among a, — by, an—1 — by—1, ..., a; — by is negative. Moreover, we
consider the totality of all translations T in the group for which in the represen-
tation
— 9 t
T =AY A

all numbers #q, . .., t, are positive and less or equal to 1. There are at least n such
translations, as the 2; themselves belong to them. But there are also only finitely
many such translations, since otherwise the group would contain infinitesimal op-
erations. So there is a smallest one among these translations. We will call it .
It is necessarily of the form %Itl“. Among all translations that are not of the form
5)1‘1” , there again exists a smallest one. We will call it T5, and it is necessarily of
the form 2221722, Among all translations that are not of the form 2{' 2152, there
again exists a smallest one. We will call it T3, and it is necessarily of the form
AL3AZ AP, Continuing in this way, we evidently obtain n linearly independent
translations:

T =AM T = APAR, T, = A A
With these we can now represent any other translation
_ orb b
B = AT ... xon

in the form ’3:1‘31 .- P where the B1, ..., Bn areintegers: The integers By, ..., B
can be determined such that

%.Ql—ﬂl...Qn—ﬂn =€ = A ... A,

where ¢y = by —Bit11,¢2 = by—Brtia—PBatrz, ... = by—PBrtin—...—Bulnn.
The number c; is smaller than the corresponding number #;; in Ty, the number
¢, is smaller than the corresponding number 7,5 in T, and so on, and finally the
number ¢, is smaller than the corresponding number #,, in T,. This translation
€ is therefore smaller than T, and thus ¢, = 0, it is smaller than T,_; and thus
cn—1 = 0, and finally it is smaller than T and thus ¢; = 0. Hence € is the
identity and so every translation °5 in the group os of the form

B=1p..h

with integers B, ..., Bx.
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We have thereby identified n generating translations in the group. These are not
the only ones of this kind. For if Tq,..., T, are generating translations, so are
the n translations

=TT

if the determinant of the integer (c;x) equals 1. Conversely, any system of gene-
rating translations can be obtained in this way from any other.

One can think of the » translations Ty, ..., T, as vectors drawn from the origin,
and these vectors as unit segments of a new skew coordinate system. Analytically,
if

Ti = x; =xk+A,((’) (i,k=1,...,n)

are the n translations, we can introduce new variables §; via

n
xi=Y APg (=1...n).
k=1

If all translations in the group are taken as vectors in this new coordinate system,
then the totality of their endpoints comprises all points with integer coordinates in
the new coordinate system. Analytically, if we introduce new coordinates via the
given substitution, then in the new coordinate system the translations are written
again in the form

f=8+A4Y G k=1,...n).

But now the coefficients A,(f) are integer numbers. In particular, the n generating
translations used to introduce the & become

1, i =k

r_ )] @ _
Se=St A AT=00 4k

(i,k=1,...,n).

The aforementioned unimodular integer substitutions (integer substitutions with
determinant 1) connecting the different systems of generating translations now
also provide the transition between different coordinate systems, in which the
translations can be expressed in this manner with integer coefficients.

The totality of integral points in a certain coordinate system is called a lattice.
It is the concept of a lattice that gives Minkowski’s theory of quadratic forms
its transparent form. We are also lead to this concept via the translation groups.
The close connection is geometrically based on this. The only thing required is to
establish the analytic expression for the squared distance with respect to one of our
skew coordinate systems in which the translation group is represented by integers.
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Then we obtain one of the infinitely many positive quadratic forms associated
to our lattice. As the transitions between the different coordinate systems are
effected by unimodular matrices, all these quadratic forms arise from one another
by unimodular transformations of their variables.

3 The group of rotational parts

The rotational part of a motion

X; = Zbikxk-i—Bi i=1,...,n)
k=1

is the orthogonal substitution
n
X{ =Y buxk (i=1....n).
k=1

It is easy to see that the rotational parts of the motions in a group of motions form
a group themselves. As we will show now, this group of rotational parts is a finite
group. To see this, we represent the whole group of motions, and thus also the
group of rotational parts, in a coordinate system of the previous paragraph, which
is characterized by the translations being integer transformations. Once such vari-
ables have been introduced, we find that the rotational parts also have integer
coefficients. This follows from the fact that for every motion B with rotational
part B and any translation T in the group, BT B~! = BT B! is also a transla-
tion in the group. If we apply this, in particular, to the generating translations T;,
in which only one component is different from 0, namely 1, say

x;p=x; + 1,

?,‘ = l, .
x, =xx (k#1),

then for the rotational part

B

Il
=

n
z{ = Zbikxk i=1,...,n)
k=1
the translation becomes
BEB ' = xj =xp+bu (k=1,...,n).
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The components of this translation must be integer numbers. But this means that
the coefficients in the i-th column of the rotational part are integers, and thus
also in all other columns. The determinant of these integer subsitutions is +1, as
it was obtained from changing the variables of an orthogonal substitution. The
integral group of rotational parts preserves a positive quadratic form, for the very
reason that it was obtained from a group of orthogonal substitutions for which the
sum of squares of the variables is invariant. (Geometrically we would say: As
the rotational parts are motions they must preserve the quadratic form that is the
analytic expression of distance with respect to the skew coordinate system.) From
this fact, that the group of rotational parts preserves a positive quadratic form, its
finiteness follows from a well-known theorem. It is even possible to give an upper
bound for the order of this group, depending on the number of variables.

For completeness, we will sketch the basic idea of a proof for this theorem in a
geometric guise (although we could also refer to theorem used in §4)), cf. Min-
kowski, Geometrie der Zahlen, p. 176. From the rotations in the group of ro-
tational parts, we obtain from a first system of n generating translations of the
translation subgroup further such systems of generating translations. Let / be the
largest lengths among the Ty, ..., T,. Then all translations obtained in this way
via rotations from the T; are shorter than /. But there are only finitely many
translations shorter than / (since otherwise the group would contain infinitesimal
operations). These finitely many translations can be combined in only finitely
many ways to systems of n generators. As the substitution that effects the co-
ordinate transformation between the two such generating systems is completely
determined by the two systems, only finitely many substitutions can appear as
rotational parts. Hence the group of rotational parts is finite.

In order to establish the existence of an upper bound for the order only depending
on n, it is convenient to use a system of n linearly independent translations other
than the aforementioned system of n linearly independent translations. Let T
denote the shortest translation in the group, T, the shortest one that cannot be
represented in the form T{, T3 the shortest one that cannot be represented in the
form (El""i”b , and so on, and let T, be the shortest translation that cannot be rep-
resented in the form TJ' -+ T,"7" (here, the numbers a; need not be integers, as
the thus obtained system of translations is not necessarily a system of generators).
Through rotations by the rotational parts of the group we only obtain finitely many
new ones from these, and as before we can conclude the finiteness of the group of

rotational parts. But now we can also show that the number of translations that can
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be obtained from via rotations from these 7 is bounded by a number depending
only on 7, and thus prove this fact also for the group of rotational parts. Namely,
from the shortest T; we only get finitely many translations whose number can-
not surpass a certain bound depending on 7, for if /1 is the length of T, then all
translations obtained by rotations from it lie on a sphere of radius /;. They form
a system of points in which no two points have distance less than /; from one
another. So their number is less than a certain number s = (24/n + 1)" depending
only on n. Now let /, be the length of T,. Then all translations obtained from T,
by rotations lie on a sphere of radius /,, so they form a system of points in which
at a distance /; from any point, there are at most s other points of the system. It
follows that the number of these points is at most s2. This reasoning is repeated
for all translations and thus the theorem is established. This is the basic idea used
by implicitely Minkowski, which has the advantage of yielding sharper results.
He considers the remainders modulo 2 of the coordinates of the lattice points just
constructed with respect to a suitable coordinate system. It turns out that these
systems of remainders are all distinct. This yields the known bound (2"*! — 2)"
for the order of the group of rotational parts.

4 Preparing the proof of finiteness

Based in the results of the two preceding paragraphs, we now wish to show that
two isomorphic groups of motions always arise from one another by a change
of variables. So if Ay, A,,... are the elements of one group of motions and
B1, B,, ... are the elements of another group of motions, such that any two mo-
tions with the same index correspond to one another under an isomorphism, then
we will show that there exists a substitution S, independent of the index i, such
that SA4; S~! = B; for all indices i. To see this, we first note that in under an iso-
morphism, the translations of one group necessarily correspond to the translations
of the other group. A translation A in the first group corresponds to a motion B
in the second group such that all B; BB! commute with B. If we take n linearly
independent translations for the B;, then by arguments we used several times in
the first part of this treatise (e.g. part I, §5)) it follows that B is a translation. Since
now the translation subgroups correspond to one another under the isomorphism,
on the basis of the results of the preceding paragraphs, we choose the coordinate,
we choose for both groups variables such that the translations are integral sub-
stitutions, and such that the corresponding translations in both groups coincide.
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All we need to do is to introduce in both groups the corresponding systems of n
generating translations as unit lengths in the new coordinate systems. Once we do
this, the by now integral rotational parts of two corresponding motions in the two
groups become identical. Namely, if

n
X; = Zaikxk—i—Ai i—1,...,n)
k=1

A

and

n
B = xl{:Zbikxk+B,- (i=1,...,n)
k=1

are two corresponding motions in the two groups, and T; the generating transla-
tions occuring in both groups,

Ti=xi=xi+1, xp=x¢ (k#i),
then
Xy =xk+aix (,k=1,...,n)

and
X, =xk +bix (. k=1,...,n)

are now corresponding translations and must thus coincide. But this also means
that the 7 -th columns of the rotational parts coincide. As this holds for all columns,
it follows that the rotational parts of any two corresponding motions coincide. So
now let

n
Ap = x| = Zafz)xk + Afh)
k=1

and

n
By = xl{ = Zafz)xk + Bl-(h)
k=1

be the motions in both groups, then we form the motion
n
Ch = x| = Zai(/]:)xk +A® _ p®),
k=1

Evidently, these form a group themselves. This group of motion is finite, as only
finitely many rotational parts appear and it contains no translations (for, if ¢, and
€, are two motions in this group with coinciding rotational parts, then €;1€, is
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a translation and thus the identity, as the group contains no translations). But then
by a theorem of Maschke (compare also §0]in part I) there is a translation

T =xi=x+T,

such that T, T~! = D, becomes the following homogeneous substitution:

n
— § : (h)
k=1

If we apply this translation to the group of motions 2, 2, ..., so that we ob-
tain a group of motions T, T, TA, T, .. ., then the corresponding motions
TA, T = A, and By, are fully identical. Namely,

o ) /
h = X :Zaikxk—i-Ai,
k=1

where .
A, =T — Zaika + Ai,
k=1
and we obtain

n
h
Dy = x; = Zaﬁk)xk + D;,
k=1

where .
Di=T, = Zaika + A; — B;.
k=1
But here D; = 0. Hence A;. = B;, and this was just our claim.

So isomorphic groups of motions arise from one another by suitable changes of
variables. To prove that there only finitely many groups of motions that do not
arise from another by changes of variables, as we set out to do in §I] we just need
to prove that there are only finitely many non-isomorphic groups of motions.

To this end, we henceforth choose the variables such that the translations have
integral coefficients. This can be achieved in different ways for each group, de-
pending on the system of 7 linearly independent translation that is used to intro-
duce the skew coordinate system. For this different ways, the groups of rotational
parts are transformed into each other by introducing new variables via a suitable
unimodular substitution (compare §§2| [3). So if two groups of motions are iso-
morphic, then the groups of rotational parts arise from one another via an integral
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unimodular substitution, since, as we just saw, they become identical for a suitable
choice of a skew coordinate system. So if we wish to prove that there only finitely
many non-isomorphic groups of motions in n variables, we have to show at first
that there are only finitely many distinct finite groups of integral substitutions in
n variables that do not arise from one another by integral unimodular transfor-
mations. (One readily checks that every finite group of integral substitutions can
appear as the group of rotational parts for a suitable group of motions.) This is
the content of a deep theorem proved in the reduction theory of positive quadratic
forms.

Said theorem has been discoverd by J ordarﬂ and he proved it by using a method
of reduction due to Korkine and Zolotarev@ Another proof similar to Jordan’s
was given by Minkowski based on his improved version of Hermite’s method of
reductionm A third proof was published by myself in the Géttinger Nachrichten,
also based in Minkowski’s theory of reduction It would lead too far to study
these proofs here. Therefore, we refer to the aforementioned sources, as well as to
a soon to be published work on the reduction of quadratic forms published jointly
by the author and Schur.

5 Proof of finiteness

Now we first summarize how the current state of our proof of finiteness. If we
write the groups of motions with respect to a suitable skew coordinate system, we
fix the translation subgroup. It it is the group generated by the n translations

Ti=x=xi+1, x=xx (@ #k).

Furthermore, we know from the last paragraph that there are only finitely many
possibilities for the group of rotational parts. But so far we do not know anything
about the translational parts of those motions that are not translations themselves.
So now we will collect all groups of motions that coincide in their group of rota-
tional parts into one class (out of finitely many classes) and then show that also

91n the first part of this treatise I erroneously ascribed this theorem to Minkowski.

10C. Jordan, Journal de 1’Ecole Polytechnique cah. 48.

'DH. Minkowski, Diskontinuitditsbereich fiir arithmetische Aquivalenz, Journal fiir Mathematik
129.

121, Bieberbach, Uber die Minkowskische Reduktion der positiven quadratischen Formen, Got-
tinger Nachrichten 1912.
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for the translational parts of these motions there only finitely many possibilities.
By §4] two groups are to be considered identical if they are isomorphic. Then we
may argue as followsF_gT]

Let B be a motion and T a translation in the group. Then all motions T8 have
the same rotational part, and conversely all motions with the same rotational part
arise from one another in this way. We collect them in one out of finitely many
classes T - ‘B of motions. By a suitable choice of T, we can always ensure that
the motion

n
TB = x{ =) buxc + B
k=1
satisfies 0 < B; < 1. In each class of motions T8 there is precisely one such
motion. We call it the reduced motion in the class. If ®8; and B, are reduced
motions with product 28,°8,, and if ®B; is the reduced motion in the class T -
B1°B,, then for a suitable choice of T we have B8, = TB3. We now show
that for given By, B,, only finitely many possibilities for T occur. Let by, b,
denote the rotational parts of B, and B,, respectively, that is, B, = 15, and
B, = t,b,. Let further b3 denote the rotational part of B3, that is, B3 = t3b3,
and hence
%1%2 =7T. t3b3 =7 t3b1b2.

Then
%1%2 = llblfzbz =1 - bllzbl_l . blbz

and as bz = b1 by,
Tty =1, - bityby .

The components of 1, t,,1; are all less than 1, the coefficients of b, are fixed,
and thus the components of b;7,b7! are bounded by some identifiable number.
Hence all components of T must be bounded by some identifiable number and it
follows that there are only finitely many possibilities for T, as it is a translation in
the group (with integer components). We can repeat this argument for all finitely
many products of reduced motions, and if for now we consider two groups as
equal if for any two products of reduced motions those translations coincide, by
which the product differs from the reduced motion of the product, then we obtain
only finitely many of such groups. The point is now that two such groups, for

13Frobenius gives a different, perhaps somewhat simpler argument in the aforementioned work.
The main difference is that Frobenius removes the remaining arbitrariness in the translational
parts by the choice of a suitable coordinate system, and then, other than our argument here, uses a
computation involving congruences.
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which all these translations coincide, are isomorphic. To see this, we only need to
assign in both groups the identical translations and the respective reduced motions
with identical rotational parts to each other, in order to obtain an isomorphism of
the groups. This proves our theorem.

56



Index

angle of rotation, [§]

irrational, 24} 34]

Cayley’s representation, [6]

decomposable, [24] [34] 40| @3]

equivalent motions, @3]
equivalent points, [T9]
Euclidean motion, [3]

first kind, operation, [6]
fixed point, [34]
fundamental domain, [T9]

group of motions, 4]
infinitesimal operation,

lattice,

line element, 3]

motion,
Euclidean, 3]
proper,
reduced, 53]

normal form,

operation
first kind, [6]
second kind, [6]
orthogonal substitution, [6]
normal form,

proper motion, [§]

reduced motion, 53]
rotation, 44} [49]
angle, [§]

rotational part, #4] [9]

second kind, operation, [6]
skew-symmetric matrix, [7]
substitution

orthogonal, [6]

Theorem

[ (part 1), [§]

(part I),[14]
] (part 1), [16]
[[V] (part I),[T7]
[Vl(part I),[17]
[VI) (part 1), [T§]
(part I),
[VIT] (part 1), [21]
X (part I),
X (part 1), 24]
X1 (part 1), 34]
(part I), 35]
(XTI [37]

[XTV] (part 1), 38]
XV](part I),

finitely many groups (part II), 3]

translation, 44]
translational part, [44]

57



Original published in two parts:

Uber die Bewegungsgruppen der Euklidischen Réume, Mathematische Annalen 70, 1911 (3), 297-
336

Uber die Bewegungsgruppen der Euklidischen Riume (Zweite Abhandlung), Die Gruppen mit
einem endlichen Fundamentalbereich, Mathematische Annalen 72, 1912 (3), 400-412.

Translation by Wolfgang Globke, Version of July 13, 2020.

58



	I Generalities and groups with infinite fundamental domain
	Euclidean motions and orthogonal substitutions
	Representations of orthogonal substitutions by skew-symmetric matrices
	Canonical forms of orthogonal substitutions
	Commuting orthogonal substitutions
	A theorem on motions
	Fundamental domains and infinitesimal operations
	Proof of two lemmas
	Groups with irrational angles of rotation
	Groups of orthogonal substitutions
	Distinction of the groups with infinite fundamental domain from those with a finite one
	Concluding remarks on groups with infinite fundamental domain

	II Groups with finite fundamental domain
	Introduction
	The translation subgroup
	The group of rotational parts
	Preparing the proof of finiteness
	Proof of finiteness
	Index


