OCTAVES, EXCEPTIONAL GROUPS AND OCTAVE GEOMETRY
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INTRODUCTION

Besides the large classes of simple Lie groupsﬂ it is well-known that there exist the

exceptional groups

G2,F4,E6. E7, Eg,

which, in the way they were determined algebraically by E. Cartan [2], are not very im-
pressive or descriptive. E. Cartan himself remarked later and without proof [4] that G,
is the group of automorphisms of the octaves (the Graves-Cayley numbers). The octaves
in their relation to the peculiarities of D4 were also studied by Cartan [5]. From a more
algebraic perspective the study of octaves was taken up again by N. Jacobson [10, [11] with
a view towards Lie rings, where he relied on investigations of alternating fields by M. Zorn
[15].

A recent major advancement was achieved by C. Chevalley and R.D. Schafer [6]. They
discovered that F4 can be identified with the automorphism group of the so-called Jordan
algebra Jj consisting of the Hermitian 3 x 3-matrices X with octave coefficients and the
ring product X oY = %(X Y 4 YX). They further showed that these automorphisms (and
thus Fy4 as their totality) can be charaterised by the property that they leave invariant the
quadratic and cubic form

x(X o X) and x(X o X oX).

In a certain way everything necessary for this discovery is implicitely contained in E. Car-
tan [2], who mysteriously missed the cubic form, even though he is aware of an analogous
form related to Eg; but the relationship between F4 and E¢ is also missing in Cartan’s
work. In Chevalley’s and Schafer’s work one also finds an interpretation of E¢ in relation
to the algebra Jj, but in which the relation to a cubic invariant is missing.

Here, we take up all these problems once more and give a more holistic impression of
them. Except for some basics on Lie’s theory of continuous groups and the Cartan-Weyl
theory of semisimple groups [2,[14] we do not assume any previous knowledge and rely on
the literature as little as possible. Also, we did not employ the theory of alternative fields
(unknown to us while writing this article) or Albert’s Jordan algebras.

We develop the theory of octaves from the very basics and give a simple proof of Hur-
witz’ Theorem which uncovers a remarkable relation between the division algebras and the
projective geometries of dimensions —1, 0, 1, 2 in characteristic 2.

Afterwards we investigate D4 and B3 in their relationship to the octaves €, and confirm a
wealth of properties, in particular the triality; some methods of proof are perhaps interesing
in their own right.

The next subject is G, arising as the automorphism group of €. (We confirm this
assertion — as done analogously later — directly by giving the root system.)

1Often we denote a group and one of its representations by the same letter if it is clear from the context which
representation is meant.
1
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During the investigation of the algebra J (see above) we noticed that the infinitesimal
automorphisms of J are generated by the operations

X~ AX =[A, X]

where A is skew-symmetric, y(4) = 0. These operations, together with the automorphisms
of €, form a basis of the automorphism group of J. The reader should look up further re-
sults in this work, like the coincidence of this group with F4, by himself.

We want to mention the Principal Axis Theorem for Jj: The elements of J can be diag-
onalised by the transformations of the group Fy4.

We were able the characterise E¢ as the group of linear maps from J to itself leaving
det(X) invariant; the Chevalley-Schafer characterisation follows from this.

J, F4 and Eg are related to the projective octave plane. That the trivial incidence axioms
of projective geometry must be satisfied by an octave geometry is plausible since the work
of R. Moufang [12}13]]; she specified an affine octave geometry. G. Hirsch [9]] constructed
a plane projective geometry with 8-spheres for straight lines by topological means. We
have now completed the same task algebraically.

Points and lines in our geometry are given by irreducible idempotents in the algebra 3,
and the incidence relation is X o ¥ = 0. The automorphism group of this geometry is Eg.
The subgroup F4 is the one of octave geometry. The lines are (as point sets) 8-spheres:
when restricted to a line, the automorphism group of this geometry reduces to Ds, the
projective group of the 8-sphere; when restricted to elliptic geometries to B4, the rotation
group of the 8-sphere. The validity of the theorem on the quadriliteral is obtained easily in
octave geometry; the Desargue Theorem is known not to hold here.

As we are mainly concerned with the relations to Lie groups we did not strive for the
greatest algebraic generality and thus only considered octaves with the real numbers as a
base field. For some of our proofs and results this is indispensable.

At the end we list some open problems.
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Remark 1960. Before me, A. Borel used the term ‘projective octave plane’, but only
in a topological sense (Comptes Rendus, Paris 230 (1950), 1378-1380) and P. Jordan has
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given a representation of the octave plane by idempotents of the ring J without proof (Abh.
Math. Sem. Hamburg 16 (1949), 74-76). Both works were unknown to me.

NOTATION

B, = (2n + 1)-dimensional rotation group
D,, = 2rn-dimensional rotation group

G, F4,Eg, E;, Eg exceptional groups

¢ = algebra of octaves (real base field);

(x, y) inner product; e, . . . , €7 basis elements
b 1.6
Gij, Fij 2.1
Kk, K,m, A, m 2.2
triality D.3.6)), (2.4.5),@'
My, ME, 0, L4 4
XoY,(X,Y),(X,Y,Z) 4.5.9 -(]4.5.11[)
J (Albert algebra) 4.5.9
AR 4.5.12)-(4.5.13)
8
Ei23, Ff, 68, Ap
5,‘1', M3

principal matrix

characteristic equation

det(X)

IT (system of irreducible idempotents of .y)
& (plane projective geometry)
P, L

& () (octave geometry)
XvY

det(X,Y, Z)

real line

It

prospective group

T

A

1. ¢
1.1.  The hypercomplex system ¢ has the following properties:

1.1.1. € is a finite-dimensional linear space (elements: lower case Latin letters) with
the real number field (elements: lower case Greek letters) as field of coefficients and
endowed with a (positive definite) inner product (x, y), hence also with a vector length

x| = /().

1.1.2. In € a distributive, not neccessarily associative multiplication is defined,
x,yel€ = xye¢g
(a—b)(x —y)=ax —bx —ay + by;
a(ax) = a(ax);

1.1.3. with a unit element,
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1.1.4. satisfying |xy| = |x]||y|.
1.2.  From[I.1.7]it follows: The left-multiplication

Lox = ax
and the right-multiplication

Ryx = xa
are linear maps. From (1.1.4) it follows that they are isometries for |a| = 1, that is,
orthogonal maps. Thus they leave invariant the inner products (Ja| = 1):

(La(Ax + py). La(Ax + uy)) = (Ax + pwy, Ax + uy),
that is
A} (Lax, Lax) +2Ap(Lax, Lay) + 1> (Lay, Lay) = A2 (x, %) + 240 (x, y) + 1> (v, ),
and from this it follows by comparing coefficients that
(Lgx,Lgy) = (x,y) forla| = 1.

Similar for R,.

The trick employed here when replacing x by Ax 4wy is called ‘polarisation’ in allusion
to a practice from invariant theory. In the following we shall omit the explicit computation
when using it.

We have shown:

(ax,ay) = (x,y) forla| =1.
Hence

(ix,iy)z(x,y) fora #0
lal " |a|

1.2.1. and moreover

(ax.ay) = (a.a)(x,y),
which also holds for a = 0. Also,
1.2.2.

(xa,ya) = (a.a)(x,y).
Polarisation of (1.2.1)) with respect to a yields
1.2.3.

(ax,by) + (bx,ay) = 2(a,b)(x, y).
1.3.  Let eg denote the unit element of €. The adjoint of a linear map A of € is denoted
by A’, that is
(Ax,y) = (x, A'y).

It follows from (1.2.3) with b = eq and (a, eg) = 0:

(ax,y) + (x,ay) =0,
that is

Ls+ L, =0 for(a,ep) =0.
Moreover,
Ley = L;O.

If we define a to be a function of a such that

a is linear in a
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and
a = —a fora = ey,
then we have
L, = Lg,
that is
1.3.1.

(ax,y) = (x.ay).
We also can take this equation as the definition of @. Similarly we have
1.3.2.
(xa,y) = (x, ya).
Applying (I.3:1)) and (1.3:2) repeatedly yields:
(ax,y) = (x.ay) = (xy,a) = (y.X a),
from which it follows firstly that

1.3.3.
(x.y) = (X.7)
and secondly

(@x.y) = (xa.y),

that is
1.34.
W =TF.
We define
Re(x) = %(x +Xx), Ve(x)= %(x —X),
that is,

Re(x) = (x,ep)eo
x = Re(x) + Ve(x)
X = Re(x) — Ve(x).
Because of (I.3.1)) with x = e¢ one has
(a.y)eo = (eo.ay)eo = Re(ay).
that is
(x.y)eo = Re(xXy) = Re(yx)
and because of (T.3:1)) to (1.3:9)
(x.y)eo = Re(xy) = Re(yX).
Hence
1.3.5.
(x,y)eo = Re(xXy) = Re(xy) = Re(yx) = Re(yX).
From (1.3.1)) follows Re((ax)y) = Re(x(ya)) = Re((ya)x), that is

1.3.6.
Re((ab)c) = Re((bc)a) = Re((c.a)b)
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1.4.  From (I.2.3), using (I.3:1), one deduces:

(b(ax),y) + (@bx), y) = 2(a,b)(x, ).
This holds for all y. Hence
1.4.1. B B

b(ax) +a(bx) = 2(a,b)x = (ba)x + (ab)x.
For a = b this is
1.4.2.
a(ax) = (aa)x.
As Re(a)(ax) = (Re(a)a)x (because Re(a) = aeq), we also have
1.4.3.
a(ax) = a’x.

By polarisation:

1.4.4.
a(bx) + b(ax) = (ab)x + (ba)x.

Analogously,

1.4.5. B

(xa)b + (xb)a = 2(a, b)x,
1.4.6.
(xa)a = x(aa),
1.4.7.
(xa)a = xa?,
1.4.8.

(xa)b + (xb)a = x(ab) + x(ba).
If we replace b by x and x by y in (1.4.4), and @ by y and b by a in (1.4.8), we find:

1.4.9.
(ax)y + x(ya) = a(xy) + (xy)a.
Now it follows for y = a, considering (T:4.7), that:

1.4.10.
(ax)a = a(xa).
Polarisation:

1.4.11.
(ax)b + (bx)a = a(xb) + b(xa).
From (T.4.10) it also follows that

1.4.12.
(ax)a = a(xa)
and by polarisation
1.4.13. - ~
(ax)b + (bx)a = a(xb) + b(xa).
For (T:4.9) we can also write
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1.4.14.
(Lax)y = x(Ray) = (La + Ra)(xy);
if we replace either x by L,x or y by R,y and add up the two equations, we obtain
(Lzzzx)y +2(Lax)(Ray) + x(Rf,y) = (La + Ra)((Lax)y + x(Ray))
and because of (I.4.10) this equals
(La + Ra)*(x).
With a? instead of @ in (1.4.14) and considering
L2 =1Ls,, R2=R,, L.R,=R,L,

(because of (T.4.3), (T.4.7), (T.4.10)) we obtain
(Lax)(Rgy) = LaRa(xy)

or

1.4.15.
(ax)(ya) = a(xy)a.
After introduction the ‘associator’

{a,b,c} = (ab)c —a(bc),
we can rewrite (1.4.4), (1.4.9), (1.4.11) as
1.4.16.

{a,b,c} =1{b,c,a} = —{b,a,c}.
This formula is called the ‘alternative law’.

1.5. Let{eg,eq,...,er—1} be an orthonormal system in €,

(ei,ej) =0 fori # j,
eg fori =j.

By (T:4.1) we have

1.5.1.
ei(ejx)+ej(ejx) =0 fori #j;i,j>0
1.5.2.
eij(ejx) = —x fori > 0.
In particular, this implies:

1.5.3.
€iej+ejei=0 fOrl#Jyla‘]>O’
1.54.
e? =—ey fori >0,
ei(ejer) = —ej(eiex) = ejlexe;) fori # j,i #k;i,j k>0,
SO
1.5.5.

ei(ejer) = ejlexe;) =er(ejej) fori # j #k;i,jk>0.
Moreover:
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1.5.6. Fromeje; =exe; (i #j #k #1#i,j#I;i,j k[ > 0)itfollows that
eje] =ejeér,

because the assumption implies e; = —e; (exe;) = ex(e;er).

1.5.7.  'We can change the basis in such a way that for all i, j it further holds that
ejej = tey; ;.

Assume this has already been done for i, j < 27, thatis, e;e; = Fej foralli, j < 2?7 and
asuited k < 27. Then choose f such that

(fiei)) =0 fori <27,

(S f) =eo
and let e2r; = fe;. Then, because of (1.3.2),

(fei,ej) = —(f.ejei) =0 fori,j <2P,i # j,

and because of (I.2.1))

(fei, fej) = (ej,ej) fori, j <2?
0 fori # j,
—eg fori,j < 2P,

Hence the ¢; and fe; form an orthonormal system and we can apply (1.5.3) to (1.5.5).

(fei)e; = (eiej) f = £ f(ejei)
(fei)(fej) = (ei(fej) f =—[f(f(ejei)) = eje;.

Hence the e; (i < 2PT1) also satisfy this condition.

1.5.8.  'We now denote the set of the ¢; (i > 0) by €&, the elements of & are called ‘points’
and the cyclically ordered triplets {e;,e;, e} are called ‘oriented lines’, more precisely
‘positive’ if

ei(ejex) = —eg (ore; =ejex),
and ‘negative’ if

ei(ejer) =ey (ore; =—ejex).

Two positive lines are said to have the same orientation, and so are two negative lines.
A positive and a negative line are said to have opposite orientations. If we neglect the
orientation, we simply speak of ‘lines’. We use the terminology of projective geometry.

Now, every line contains precisely three points, and every two points are connected by
a unique line. The ‘plane axiom’ holds as well, that is, if we call a line C a ‘transversal’ of
the lines A, Bif CN A # C N B,C N Aand C N B not empty, then the following holds:
If two lines intersect, then their transversals intersect.

Because if A = {e;.e;,ex}, B = {ei.e;,en}, then ejep = Fejey, hence by [1.5.6]
eje, = Lege; etc.

The ‘plane’ AB of two intersecting lines A, B is understood to be the union of A, B
and their transversals. We show:
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1.5.9. For any two points ¢;, e¢; the third point of their connecting line is contained in
AB.

We may assume that, say e}, is contained neither in A nor in B. There exists a transver-
sal D of A and B containinge;; D = {e;,ex,e;},ex € A,e; € B,e; € D. Ife; e ANB
and A = {e;, e, ep} then {e;,e;, -} and {ep, e, -} are transversals of A and D, and hence
the third point of {e;, e;, -} isin {e,. e;, -} and therefore in AB. If on the other hand ¢; & B,
e; € A, then {e;,e;,-} and B are transversals of A and D and one can proceed in an anal-
ogous manner. Finally, if e; ¢ A U B, and if C is a transversal of A and B containing e;,
then {e;,e;, -} and A are transversals of C and D, and again the result follows in by an
analogous argument.

1.5.10. 1If the points e;, e}, e, ¢; form a plane quadriliteral and if the sides {e;, e, -} and
{ek.er, -} have the same orientation (that is e;e; = ege;), then the sides {e;, ek, } and
{ej,e;. -} have opposite orientations (follows from|I.5.6).

1.5.11. For any triangle, say with sides {e1, e3, €2}, {e2, €6, €4}, {€s, €7, €1}, there exists
exactly one line, {e4, e3, €7}, being a transversal to every pair of sides. By the positive
orientation of the sides, the orientation of the transversal’s orientation is determined. With
the orientations given above taken to be the positive ones, the sides {e1, e3, -} and {eg, €4, -}
of the quadriliteral ey, e3, eg, ¢4 have the same orientation. Hence {e4, €3, -} must be the
positive transversal.

1.5.12.  We now show that € is a projective geometry of dimension at most 2.

Under the assumption that this is not the case, through one point we draw three lines
{e1,e2,e3},{e1,eq,e5},{e1, es, eq} with these orientations, not lying in one plane, and
consider the perspective triangles e, e4, eg and es3, es, e9 (see Figure 1). Corresponding

€1
€2 €8
€4
€3 €9
€5
FIGURE 1.

sides have opposite orientation by They intersect each other in a line which is a
transversal for both triangles and obtains opposite orientations from the two triangles by
[[.5.T1] This is the contradiction we were looking for.
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1.5.13. Ifdim € = —1, thatis & is empty, then € is essentially the system of real numbers.
If dim ¢ = 0, that is, there exist no lines, then & consists of one element e; with e% = —ey,
so € is essentially the system of complex numbers. If dim € = 1, that is, there exists
exactly one line with points ey, €5, e3, then one can assume eje; = e3, possibly after
renormalising. So one obtains for € the system of quaternions.

If dim € = 2, then € is the plane projective geometry over the prime field of charac-
teristic 2, and & has the cardinality 7. We introduce projective coordinates; every element
of € is given by a triple (g, o1, ®2) with &, = 0, 1 (not all 0). We also call this element
e; withi = ag + 201 + 4az. If ej = (Bo. B1., B2) is another element, then e;e; = +e
with e = (g + Bo, o1 + B1,22 + B2)(mod?2). After a possible renormalising of the
points one can assume that the sides of the triangle e;e,e4 have the positive orientations
{e1,e3,e2},{ez,e6,e4},{es,e5,e1}. Then the orientation of the transversal is necessar-
ily {es, es, €¢5}. By renormalising e7 one can obtain the orientation {e1, €7, g}, and this
implies uniquely and free of contradiction {e;, 7, €5}, {e4, €7, e3}.

So for dim € = 2 there exists essentually one system €, it is 8-dimensional and is called
the (Graves-Cayley) octaves.

The multiplication table chosen here consists of (I.5.3)-(1.5.5) and Figure 2:

€2

AL
SN

€1 €5 €4
FIGURE 2.
eje3 = ey, €286 = €4, eses = ey,
e3ee = €s,
€1e7 = €, €re7 = é€s, e€4e7 = €3.

Thus we have proven (see the literature in [8]]):

1.5.14. Hurwitz Theorem. The only systems & are those of the real numbers, the complex
numbers, the quaternions and the octaves.
In the following, the system € will be understood to be the system of octaves.

1.6. If one picks the orthonormal basis eg, €1, .. ., e7 arbitrarily (aside from the require-
ment, that eg is 1), then because of their commutator relations @ the L., generate a
finite group i represented by orthogonal transformations. This representation depends on
the choice of basis, and as a finite group has only finitely many non-equivalent represen-
tations in a fixed dimension, the class of this representation is the same with respect to all
bases which arise from one another by orthogonal transformations with positive determi-
nant.
This represenation plays a role in certain proofs of the Hurwitz Theorem.
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2. D4, B3

2.1.  Asusual D4 denotes the group of rotations in 8-dimensional space, and B3 the group
of rotations in 7-dimensional space. The associated infinitesmial rings are denoted by the
same letters. As is well-known, they consist of the skew-symmetric linear maps in the
respective dimensions. We consider D4 to be a transformation group in € and Bj as its
subgroup fixing ey.

2.2.  As abasis of D4 we can use the G;; defined by

Gijej = ¢, Gije,' = —ej, G,’jek =0 (i,j,k distinct).

Also,
Gi; +Gj; =0.
Then the following commutator relations hold:
(Gij. Gjk] = Gik.
[Gij, Gri] = 0 (all indices distinct).
Define
1 ,
Fiox = —eix. Foi = —Fio (i #0),
1 C e )
Fijx = sejleix) (i # j.i #0.) #0),
then again

Fi+F;=0

holds, and moreover, because of the commutator relations (I.5.1):

[Fi(), F()j]x = Zej(e,-x) - iei(ejx) = %ej(eix)
= Fjjx,
1 1
[Fij, Frilx = _Zel(ek(ej (eix))) + 16 (ei(er(exx)))

=...=0,
1 1
[Fij, Fiklx = e (ei(ex(ejx))) — Zek(ej (ej(eix)))
=...= %ek(eix) = Firx.

The relation

G,’j g F,'j
generates an automorphism which we call 7,
7TG,‘J‘ = Fij .

It must be an outer automorphism, for the G;; with determinant O are mapped to the Fj;
with determinant 1.
If we further set

then for A € Dy
A KAK
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is also an automorphism, which we call «,
kA = KAK.
From
kGio = —Gio, «Gij = Gij
it follows that « acts with determinant —1 on the space Dy, that is, x is an outer automor-

phism.
A closer inspection of [1.5.14] yields:

2.2.1.
2F70 = +G70 — Ge1 — G52 — G3a,
2Fs1 = —G70 + Ge1 — G52 — G3a,
2Fs53 = —G79 — Ge1 + Gsy — Gy,
2F34 = —G79 — Gg1 — Gsa + G3a.

So 7 maps the commutative subring H generated by G7¢, Ge1, G52, G34 to itself, and the
matrix of this map is

2.2.2.
1 -1 -1 -1
. —1 1 -1 -1
minH: 1 -1 1 1
-1 -1 -1 1
The matrix of « is
2.2.3.
-1 0 0 O
. 1 01 0 0
kinH: = 00 1 0
0 0 0 1
7 and K generate a group &:
2.2.4.
-1 -1 -1 -1
1 -1 1 -1 -1
me=A=s1 0 1 1 -1 |
1 -1 -1 1
-1 1 1 1
1 —1 1 -1 -1
2 _ —_
AT = 21 -1 -1 1 -1
-1 -1 -1 1
SO
2.2.5.

k>=1, A =1, ic=«A? (inH)
and from this it follows that & is isomorphic to the symmetric group in three symbols
(k — (12), A~ (123)).

2.2.6. The same conclusions can be drawn for analogous subgroups containing G;o (i =
1,...,6), and thus the constraint ‘in H* in (2.2.3]) can be dropped.
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2.2.7. The roots for the subring H of the
20G70 + 01Ge1 + 2G5z + 3G3a
are
(o £ ay)i  (all sign combinations);
for example, one checks the corresponding roots

(o + @1)i  corresponds to  + Gr6 + G1o +1G71 + 1Gos
(—ag + a1)i  correspondsto  — G76 + G1o —iG71 +1Goe
(g —a1)i  correspondsto 4+ Gy6 — G19 —iG71 + 1Gos
(—ap —a1)i  correspondsto  — G76 — G1g +1G71 + 1Gos
and these are all complex, of course.

The transformations of & leave invariant all the elements of H with oy + @y + a3 = 0,
in particular the roots +(o; — «2)i, +(az — a3)i, (a3 — «q)i. The others are permuted
by A as follows:

A ()i (o —op)i=> —(ay + ap)i = (a0 + )i

k permutes £ and permutes the roots accordingly.

2.3. The same (and more) is obtained independently in the following way:
In addition to

Lox =ax and Rg;x = xa
define
T, =Ls+ R,.
One can write (1.4.9) as

2.3.1.
Lgx -y +x-Raqy = Talxy).
Fora = ¢; (i #0)
Lox = ejx —2Fjox
and
2¢; forx = ey
Tux =eix +xe; =3 —2e9 forx =e¢; ,
0 forx=ej,j#i
so Ly, = 2Fj9, T, = 2Gjo. But then it also holds generally that

2.3.2.
nT, =L, forRe(a)=0.

2.3.3. Moreover,
kL, = —R, forRe(a) =0.
Also,
L, R, forRe(a)=0
generates an automorphism of D4, which we call 7y here, but will later see to be identical
to A,
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2.3.4.
m1Ls = R, forRe(a) = 0.
we can now write (2.3.1) as:
(2.3.1.a) Lox -y +x-(mLa)y =7 ' La(xy).

Consider for a moment the direct sum € 4 € + € of three copies of € and within it the
direct sum Q, of Ly, w1 Ly, 'L, that is

Qal(x,y,2) = (Lax»T[ILay’”_lLaz)»
then (2.3.1.a) says that

2.3.5.
xy—z=0

is invariant with respect to the infinitesimal transformation Q,. As the L, (Re(a) = 0)
generate all of Dy, a representation of Dy is given by L, — Q,, which also leaves invariant

23.3).
2.3.6. Soforall A € Dy:
Ax -y +x-(m Ay = (n_lA)(xy).

Thus we have the
Infinitesimal principle of triality of D4. For every A € Dy there exist precisely one B
and precisely on C in D4 such that

Ax-y+x-BY =C(xy)

holds.
The ‘precisely’ remains to be proven: If

x+Biy =Ci(xy), Bi,Cy €Dy,
then for x respectively y = eg with Bey = a one has
Biy=Ciy and Cix = xa,
hence
x(ya) = (xy)a,

which is only possible for Ve(a) = 0 in x, y, whereas the skew-symmetry of C; requires
that Re(a) = 0. Thus By = C; = 0, from which the claim follows.

Remark: When formulating the principle of triality, one can just as well start with B or

C instead of A.
We can apply (1.4.4) with x, a, y instead of @, b, x and write

X-Lgy 4+ La(xy) =Tax -y,
hence

Tax-y—x-Lay = La(xy).
From (2.3:6) it follows now

—Loa=mTs Lg=1""T,.
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Together with (2.3.2), (2.3.3) and (2.3.4) and because of T, = L, + Ry, this yields for
Re(a) = 0:

n: Lo—T,+— Ls;, Rs+— —R,+— Ry,

1. Lgt—> Ry —T,— Lg;

kK: Lg——R,—L,, T,—-T,—T,.
From this it follows that 71 = m«, thatis, 71 = A.

The isomorphism of & with G35 has been established once more. In the plane deter-
mined by L, and R, in Dy, the group & is represented by

0 —1 0o -1 1 0
) B ) A )]
2 (-1 1 2 (-1 1
A _(—1 0) AMe=1o 1)
2.3.7. Instead of (2.3.6) we can now write:

Ax -y 4+ x-AAy = mA(xy).
Here, 7A = kA?A = K(A?A)K. If one forms the inner product of with Z, then,
because of - and the skew-symmetry of kA2 A, one obtains:
Re(Ax -y -z) +Re(x-AAy -z) = (7A(xy),Z)
= —(K(xy),A’AKZ) = —(xy,A*Az),

that is,

23.8.
Re((Ax - y)z + (x - (AA)y)z + (xy - (A*A4)z)) = 0.

2.4. We can achieve the same thing by studying the group Dy itself rather than its infini-
tesimal ring. We continue from [I.6]

Let @ € B3 be an orthogonal transformation of € such that @ey = eg, det(®) =
1. Assuming the orthonormal basis ey, ..., e7, we find a new one: Pey,..., Pey. The
representations of L[ generated by

e — Lei and e — L(Dei

are both orthogonal and equivalent to one another. So there exists a @ such that

24.1.
Loe, = DL, 07"
As the ring generated by the L., is all of Dy, these representations are even irrducible,

and hence @ is determined up to a scalar factor, and as & can be assumed to be real and
orthogonal, this factor is £1.
From (2.4.1)) it follows by taking linear combinations

24.2.
Loy =®L, !
and this implies that
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2.4.3.
D>+

is a two-valued representation of B3 by an other subgroup of Dy4.
By differentiating @ey = eo in B3 at @ = 1, one obtains Cey = 0; by differentiating
(2:4.2)-@2.43) at @ = 1, one obtains a homomorphism of the associated infinitesimal rings

Cw—C
LCx = [é»Lx]-

In detail, the last equations reads

244,
Cx-y+x-(:‘y =C’(xy),
so for Ceg = O: R
mC =AC =C.
Writing in the form
24.5.

Dx - D y = @ (x y)
one obtains the ‘finite’ analogue of the infinitesimal formula (2.4.4)).
This is a special case of the ‘finite’ version of the
Principle of triality in D4. For very ® € Dy there exists up to sign precisely one © and
precisely one ©,, such that

2.4.6.
Ox -0y = O(xy)
holds. (Again, one can also start with ®@; or ©,.)

For a ® with ®ey = e¢ we have already proved the existence; if © is of the form
® = L, (la| = 1), then it follows from (1.4.15) that

Laox - Rgy = LaRa(xy),

thatis, ®; = R,, O, = L R,.
An arbitray ® € Dy4 can be written as ® = L, ®, where a = O¢y, ® € B3 and then

®1 = R,®, ©@,=L,R,P.

As ® +— O and @, — @, are (multi-valued) automorphisms, we only need to prove
uniqueness (up to a factor 1) for the case ® = 1. One can rewrite (2.4.6) as L,®; =
®,L,; as the L, generate an irreducible group, @®; = @, = y1, and as O, @, € Dy, we
have y = +1.

2.4.7. 1t can be seen by infinitesimal methods that the automorphisms 7, A, etc. are
globally 2-2-valued: If

H = 0G0 + 21Ge1 + 22Gs2 + a3Gaa,
and if we define
Eije; =e;, Ejjej=e;, Ejjep=0((k#ik#]j),
then
H? = —a}E70 —aiEe1 — a3 Esy — a3 Esy,



OCTAVES, EXCEPTIONAL GROUPS AND OCTAVE GEOMETRY 17

that is,

exp(H) = cos(ag) E70 + cos(ay) Es1 + cos(az) Esz + cos(a3) E3q
+ sin(ag) G7o + sin(e1)Gey + sin(wz)Gsz + sin(a3)Gag.
So the lattice points «, = m,, - 27 are mapped to group’s identity element by the expo-
nential map. The automorphisms 7, A, etc. do not map this lattice to itself, but only the

sublattice on which Y m, = Omod?2 holds. A lattice point with Y m, = Imod?2 is
mapped by A, 7, etc. to a half-integer point satisfying exp(H) = —1.

3. G2

Theorem 3.1. The group of (continuous) automorphisms of € is G, (in Cartan’s classifi-
cation,).

This can be deduced from the above by counting parameters, but it is not hard to set up
the root system:

3.2.  An automorphism @ of € is neccessarily linear and satisfies

3.2.1.
O(x) - 2(y) = P(xy).

|@(x)| is thus a new absolute value for the elements of &, which is also invariant under
left-multiplication by a (with |a| = 1): as these generate an irreducible group, we have
|®(x)| = a|x| for some fixed «, and as

3.2.2.
O(eo) = ep,

we have o = 1. So ® € Dy.
With the principle of triality (2.4.6) it follows from (3.2.1) that @ = +®; = £&,, and

more precisely because of (3.2.2):

3.2.3.
=1 = +0.

Considering the infinitesimal ring, instead of (3.2.1)-(3.2.3) one has for an infinitesimal
automorphism A:

3.2.4.
Ax -y +x- Ay = A(xy),

3.2.5.
Ae() = 0,
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3.2.6.
AA = A.

Writing an automorphism in the form
Y ijGij (i +aji =0)
one obtains ajo = 0 from (3.2.5) and )" a;; F;jeo = 0 because of (3.2.6), hence

Zai_/ejei =0.
This is satisfied by the expressions
aGsz + BGas + yGre
aGy3 + BGes + yGrs
aGa1 + BGes + yGay
aGas + BGs1 +yGr3
aGs + BG3e + yGay
Gy + BGs3 + yGig
aGer + ,BGSZ + )/G34’

all with « + 8 4+ y = 0, and their linear combinations, and comprises the whole auto-
morphism group. It was shown before (2.2.7) that these elements are invariant under all of
G.

To compute the roots we choose a maximal abelian subalgebra, say

@Gz + BGas +yGer (witha + B +y =0).
To the roots
+i(a + B) belongs (G43 + Gs3 —2G17) £ 1(—2G16 + G52 + G34),
+i(a — B) belongs (Gaz — Gs3) T i(Gs2 — G3a),
etc.
so that (with « + 8 4+ y = 0) the root system is formed by
i + f), il —p), +i(B + ).
+i(y — ), +i(y + @), (B —v).

and this is precisely the root system of G».

4. 3, F4

4.1. Let M, denote the ring of n-by-n matrices with coefficients in €.
A* =4 is the conjugate-tranpose of A,
INF is the set of A € M, such that A = A*,
M is the set of A € M, such that A + A* = 0.

n

The trace of A is denoted by y(A).
42. LetX = (x;5) € My, Y = (yij) € My. Then
x(XY) = iniji and  x(X'Y') = ijiyij,
that is,
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4.2.1.
Iy /!
X(XY) = x(X'Y").
Moreover, because of (I.3.4) we have

- [ _ I/
XY = injyjk = Zyjkxij = (Y X )/
J J
that is,

4.2.2.

(XYY =Y*X".
4.3. We define an inner product in 91,:

(X.Y)eo = Re(x(XY)):
it is linear in X and Y and also symmetric, because by (1.3.5):
Re(x(XY)) = RG(Z Xijyji) = ZRC(XUin) = ZRe(yjixij),

43.1. so

(X,Y) = (Y, X).
Moreover,
432,

(X, X* = Z|x,~j|2 >0 forX #0,

so the inner product is not degenerate.
Because of (4.2.2), Re(x(XY)) = (x(XY) + x(XY)) = x(3(XY + Y*X*)), s0

4.3.3.
1
(X,Y)eo = g (E(XY + Y*X*)) .

4.3.4. Thus

1

(X,Y)e():)((i(XY—l—YX)) forX,Yeim,TandX,Yeim;,
1
:X(E(XY—YX)) for X e MY e M,

and hence, because of {.3.1):

4.35.
(X,Y)=0 forX e M Y e, .

4.3.6. This implies that (X, Y) is not degenerate on 9t and 91, .
4.3.7. Moreover:

(X, X) is positive definite on 90T,
(X, X) is negative definite on 01,
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4.4. From (1.4.9) it follows that
x((AX)Y) + x(X(YA)) = x(A(XY)) + x((XY)A).
Going to the real parts yields because of @.3.1)):
(AX,Y) + (X, YA) = 2(4, XY).
Cyclic permutation yields
(XY, A) + (Y, AX) = 2(X, YA).
From these two equations and it follows: (4, XY) = (X, YA) or in other words

4.4.1.
(XY, Z) =(X,YZ) cyclically symmetricin X, Y, Z.
One also has
(ZX,Y)=(X,YZ) and (XZ,Y)=(X,ZY),
thus if
[Z,X]|=2ZX-XZ

denotes the Lie commutator:
442,

([Z,X],Y)+ (X,[Z,Y]) =0.
As infinitesimal transformations, the 7 defined by

ZX =[Z,X] with Z e M,

leave invariant the inner product.

4.4.3. Moreover,
[0, 7] C M
(0, 9,1 C 9
(0% 2, ] € M
4.5. From now on we assume n = 3. Consider for X € zm;
X(XX)—-(XX)X.

The (i, [)-entry is
Z Z(xij (Xijiexir) — (Xij X i) Xkt ).
Jj k

By[L.4]one can compute a product a (bc) associatively if one element is real or two elements
are identical or conjugate. As x,,, is real and x,, = X, if the expression is not to vanish,
i, j, k have to be mutually distinct, and thus / = i holds. So all elements not on the main
diagonal vanish. As by (ab)c —a(bc) is cyclically symmetric, all diagonal entries
are identical

4.5.6. So
X(XX)-(XX)X =a-1 forX e M.
XX € M and by (4.4.3),a -1 € M3, so

2Tvanslator’s note: In the original German article, the equation labelled 4.5.1 to 4.5.5 are missing, so that
the first equation in section 4.5 has the number 4.5.6. For consistency, we keep the mislabelling of the German
article.
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4.5.7.
Re(a) = 0.
If Y(A) =0and Z = a - 1, then (4, Z) = Re(y(AZ)) = 0. So if y(A) = 0, then (by
1) and ), for X € SIR;":

(AX, XX) = (A, X(XX)) = (4, (XX)X) = (XA, XX),
hence
(4, X], XX) =0.
Polarisation yields in sm;:
4.5.8.
([A.X).YZ+ZY)+ (A Y].ZX + XZ)+ ([A. Z], XY + YX) = 0.

We now define a commutative product in 0} :

459.
1
XoY = (XY +YX)

and denote 9013 endowed with this product by J. Then, by (4.3.4):

4.5.10.
(X, Y)eo = y(X oY),
by @-4.1):
(XoY.Z)=(X.Y 0 2),
SO
45.11.

(X,Y,Z)=y(XoY oZ) symmetricin X,Y, Z.
By (4.4.3), A € M3, considerer as an infinitesimal transformation, leaves invariant 903 :

4.5.12.
[A,MI]Cc oMy for A € M.
If we take R to be the set of those A € M5 with x(A) = 0, then we further obtain from

(4.4.2) and (4.5.8) that A, defined by A = [4, X] (X € J, A € R), leaves invariant the
bilinear and trilinear forms (X, Y) and (X, Y, Z) in J:

4.5.13.
(4, X].Y)+ (X,[A,Y]D =0,

4.5.14.
(A4, X1.Y.2)+ (X,[A.Y],Z)+ (X,Y,[A, Z]) = 0.



22 HANS FREUDENTHAL

4.6. Every linear mal § from J into itself, which, as an infinitesimal transformation,
leaves invariant (X, Y) and (X, Y, Z), is an infinitesimal automorphism of J:

((XoY +Xo0dY —86(X0Y),Z)y=(0X.Y,Z2)+ (X.,8Y,Z)—(6(X oY), Z)
=X,Y,Z2)+ (X,8§Y,Z2)+ (X,Y,6Z)
=0

for every Z € J, that is,
XoY +XodY =8(X0Y).
In particular, the
AX =[A,X], Aef,

generate an infinitesimal ring of automorphisms A of J, which we shall call R. We will
see that fR is in fact the whole automorphism ring of Jj and identical to Fy.

4.7. For the idempotents

e 0 O 0 0 O 0 0 O
Ey=10 0 0], E»=]0 ¢ 0], E3=|0 0 O
0 0 0 0 0 O 0 0 eo
of‘;) we have
- _ ) E fori=
EiEj = 0 fori #
Thus for every infinitesimal automorphism § of JJ it holds that
SEjo(e-1—-2E;) =0,
5EiOEj+Ei08Ej=O fOI'i?éj.
An easy calculation shows
0 —dads —52 0 as 0 0 0 52
8E1 = —53 0 0 s SEZ = 53 0 ay |, 8E3 = 0 0 —dai
—dy 0 0 0 El 0 arn —51 0
If one sets
0 as 52
A=|—-as 0 a
—dy) —51 0
then 4 € fR,
(A4, Ei] = $E;,
that is

(—A)X =6X —[A.X]=0 forX = E;.

If we want to show that R comprises the infinitesimal automorphisms of , then we can
restrict to the §s satisfying

X =0 forX =E,.

Set
0 0 0 0 0 a 0 a O
Ff=1|0 0 a|, F'=|0 0 0), F{=|a 0 0],
0 a o0 a 0 0 0 0 0
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then
E;io Ff =0, hence E; o §Ff =0
1
EjoFiaZEFia (@ # 7). hence (2E; — 1) 0 §Ff = 0,
and therefore it holds for the set §; of the F/:
88i C i

We now define §;a by
§Fa = plia

12 1
such that §;a is linear in a. As

F%o Fl.b =0mod E1, E», E3,

14

we obtain
Fi%o F) + Ffo FlP =,
that is,
Sia-b+b-8a+a-8;b+8b-a=0,
hence

(8ia,b) + (a,8;b) =0,

which means §; € D4. From

2 2b 2(ab) Lo .
F o F7) = Fl_ﬁz (with i cyclic)
one deduces: -
28;a 2b 2a Sit1b _ 228 yrab

Frm o B + Ko By = Fp™

SO

Sia-b+a-811b =8 1a2(ab),
and by the Triality Theorem this shows
Sit1 = Ad;.
As 81 € Dy, we can assume
§ia = pa or bia =q(pa). Re(p) =Re(q) = (p.q) = 0.

In the first case, set

—-p 0 O
A, =1 0 p O
0 0 O
so that
(Ap, Fi'l = F, [Ap, F{1=F,", [Ap F§]= F3 7%
and hence

ApX =[A,, X] =6X
holds for X = Fi“, so it holds in general. In the second case, with the same notation, set
20X = [Aq: [Ap’ X]] - [Ap’ [Aq’X]]»
and then we obtain
2AFf = Fi0D _ FPUd — o 00 e,

so that A = §.
We have thus proven:

23
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4.8. The infinitesmial ring of the automorphisms of J is generated by the elements A
defined by

AX =[A,X], where A € R (thatis A € MT, y(A) =0).
The elements of the automorphism ring can be written uniquely in the form

4.8.1.

A=A+ A,
where Ay € R has all 0 on the main diagonal and A is an infinitesimal automorphism
leaving invariant the E,, (v = 1,2,3). Conversely, all transformations are infini-
tesimal automorphisms of J. They leave invariant the bilinear and trilinear forms (X, Y)
and (X,Y, Z), and are determined by these properties. Those of them leaving invariant

the E, (v = 1,2,3) transform every §; into itself and give rise to a representation of Dy
inthe§; and §1 + §a + -

SFS = F%® 8., = A6;.

4 1
4.9. If X is a generic element of J,
X11 X12  X13
X =|xa x22 X3, (x55=%ji)
X31 X32 X33

and § an infinitesimal automorphism leaving invariant the E,,, then §X may be written as

4.9.1.
S1ixi1 Si2xX12 S12X13
8X = | 821x21 S22x22 82323
831x31 032X32  633X33
if one defines
812 =103, 83 =201, 831 =262
and §j;x = 5,-]_-Y, that is,
(Sij =I(3j,' and 8,‘,’ =0.
In this notation the principle of triality reads as follows:

4.9.2.
Sijx-y+x-8xy =08ix(xy) (i, ],k distinct).
8X is now reasonably defined by (4.9.1) for all X € 9M3. Set X € MY if all entries in
the main diagonal of X are real numbers (that is, real multiples of eg). With

-p 0 O
Ap=10 —p 0] (Re(p)=0)
0 0 0
we have
~ 0 —pX12 —X12p —PX13
ApX =[Ap, X] = | px12 + x21p 0 pxaz |,
X31p —X32p 0

so A pisadasin lb Similarly one sees that all § can be generated by the A P
For X,Y € 9 define

1 1
Xo¥ = (XY +Y*X") (= (XY +YX)inJ),
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then we have

4.9.3.

SXoY +XodY =38(XoY).
This is because

8ijxij + Yjk + Xij - 8jk Y jk = Sik(Xij Y jk)

by (4.9.2)) for distinct #, j, k, and trivially fori = j # k andi # j = k, as x;; is real and
8;i = 0, respectively ygy is real and §xx = 0. As a consequence,

Z =(X)Y + X(@Y)—-48(XY)
is a diagonal matrix with ith entry:

D @ijxij - yyi + Xij - 85iyji)-

J

Therefore, X oY + X 0o8Y —§(X oY) = %(Z + Z*) is also a diagonal matrix with ith
entry

D Gixij - yji+xij - 85ivii) = Y (B xij, Vi) + (xij, 84 y50) = 0,
J J
because §;;yj; = 8i;y ;; and the skew-symmetry of §;; € D4. So %(Z + Z*) = 0, which
means (4.9.3) holds.

For X,Y € J, (4.9.3) is nothing new. For X € Jand Y = A € R with 0 on the main
diagonal one can also write (because A + A* = 0)

[84, X] + [A,8X] = 8[A, X],

or
§A— A8 = 54,
or
4.94.
[8, A] = 8A.

4.10. In order to determine the structure of the infinitesimal automorphism ring of ;J more
precisely, we choose as a maximal abelian subring H the same one as infor Dy; that is,
we set

51' = Ot(()j)G70 + Otij)Gm + (X;j)Gsz + Olgj)G34,

where the vector aU 1) is obtained from the vector &) by application of the matrix A
(see (2.2.4)). As roots, we firstly find those already known from D4 (see (2.2.7),

(£oy, £ ay)i,

(where we omit the upper index because it does not matter which one we choose; the root
system is invariant under A) with eigenvectors corresponding to those given there. Because
of @.8.1)), we will look for further eigenvectors amongst the A with 0 on the diagonal. In
fact, the

0 0 O

0 0 a|] witha =eq Fiey,e1 Fieg, ep Fies,eq Fies

0 —a 0
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belong to the roots :i:a((,l)i, :I:agl)i, :tozgl)i, :i:oegl)i. The

0 0 —a
0 0 O | witha = eg Fies, etc.
a 0 O

belong to the roots :i:oc((,z)i, etc. and the

0 a O
—a 0 0] witha = eg Fie7, etc.
0O 0 O

belong to the roots j:a((,3)i, etc. So the totality of roots is found to be (see 1'
1
fie,, Fioy o, E(:I:iao +i0y +iay +ixs)

(where all combinations of signs + appear). But this is precisely the root system of the
exceptional group Fy.

Now one easily confirms that the automorphism ring of J is irreducible on the subspace
with y(X) = 0. The unit component of the automorphism group is thus a direct product
of simple groups and because the roots coincide it is just F4. (This can be easily seen
by a direct calculation if one computes the structure further.) If there were an additional
component wF 4, then w would generate an outer automorphism of F4 (but such an auto-
morphism cannot exist; Cartan [3]]), or @ = —1 would hold because of the irreducibility
on the subspace with y(X) = 0 (but this is not an automorphism of J). So the following
holds:

Theorem 4.11. The automorphism group of J is F4.

4.12. The automorphism group of J leaves invariant £y + E» + E3 = 1. The subgroup
leaving invariant the E,, (v = 1, 2, 3) is isomorphic to D4 (locally). The subgroup leaving
invariant one of the E,, (say E;) is a 16-dimensional representation of B4 (the group of
rotations in 9-dimensional space). For the invariance of £ implies A¢ being of the form

0O 0 O
0O 0 al,
0 —a O

so except for the roots of D4, only the :I:a,(,l) i are preserved. Together, these are just the

roots of By.

4.13. The infinitesimal automorphisms § of JJ leaving invariant all purely real elements
of J must satisfy §;eo = 0 (see[4.8), and thus belong to G by [3.2]

With 4, B € PR and X € J one can compute associatively if X is purely real. Then the
Jacobi relation holds,

[A.[B. X]] - [B.[A. X]] = [[A. B]. X].
The map
(4. B~ [4.B] + 5 x([4. B)

is an infinitesimal automorphism of Jj which vanishes when applied to a real X, and is thus
generated by an element of G,. Hence

— - = 1
[A4,B] =[A, B] + §X([A’ B]) mod automorphisms of €.
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Moreover, one observes that dimF4 = 52 = dim R + dim G, = 38 + 14.

5. 11

5.1. Principal Axis Transform in J. The elements of J can be transformed to diagonal
form (principal matrix) by transformations in Fy; the diagonal elements (eigenvalues) are
then uniquely determined up to order, and characterise the equivalence class.

A consequence of this theorem is: If X € J and inductively X,,+1 = X1 o X,,, then
Xi o Xj = Xi+j.

For X;oX; = X;4; holds for a principal element X and as this relation is F4-invariant,
it holds in general.

Proof. As a continuous automorphism group of Jj, the group F4 is closed in the general
linear group, and as a rotation group it is compact. We call two elements of JJ equivalent if
they can be transformed into one another by transformations on F4. Then the equivalence
classes are closed and compact. Among the

&1 x3 X2
X=|% & x
x2 X1 &3
of an equivalence class we are looking for an element with §7 + £2 + £ maximal. We

claim that this element X is a principal matrix. Assume to the contrary say xio) # 0.
Consider the curve X; through X, defined by the differential equation

5.1.1.
0 0 0
dx
d’:[A,X,], A=|0 0 a
t 0 —a 0

which is contained in the equivalence class of Xy because A € F4. More precisely, the
differential equation is
% =0, % = 2(a, x1), (;—E: = —2(a, x1), % =a(k3 —§&) etc.

Now d(§7 + &5 + £2) = 4(a, x1) (&2 — £3)dt, and this expression has to vanish for all a
at T = 0; thus (as x; # 0) & = &3 at t = 0. From the first three differential equations it
follows along the curve: & = const, &, + £3 = const, and this means at t = 0 there is a
minimum rather than a maximum, contradicting our assumption.

One treats the cases x§°) = 0 and xgo)
lence class contains a principal matrix.

We further show that two principal matrices identical diagonal elements (up to order)
are equivalent. We only need to show how a transformation in F4 exchanges entries in a
principal matrix, say &, and &3. Again, this is achieved by the curve defined by (5.1.1).
The differential equation implies

d? (6 —&3) 4< dxl)

dr2 “ar

= 0 analogously. This shows that each equiva-

= —4(a.a)(§3 — &)

with the initial condition

—d(éz—&)_o fort =0
dr - o

The solution
0
£, — & = (gé ) _ gg")) cos(2lalr)
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becomes for T = Zlal:

-k = —(&" &),
and on the other hand &, + £3 is constant along the curve. For ¢ = 7 |a| the original &5, £3
have indeed be exchanged.
The uniqueness of the main diagonal elements (eigenvalues) follows readily.

5.2. Instead of XoX and X oX oX we will also write X2 and X 3, respectively. Invariants
under Fy are e-1, (X, X) and (X, X, X), and soare y(X) = (X,eo-1), y(X?) and y(X3).

5.2.1. Thus
XX) =) "pl x(X?) =) "pl (X =) p.
if p1, p2, p3 are diagonal elements of a principal matrix equivalent to X. By (5.2.1) the p,,
are determined up to order, and from this follows the rest of Theorem 5.1}
A principal matrix X sataisfies its characteristic equation ¢(p) = [[(py — p) = 0. As
F4 is the automorphism group of J, the relation ¢(X) = 0 is invariant under Fy, that is,
every X € J satisfies a characteristic equation. More precisely:

0(p) = =p* + (D p)0” = D pupu)p + (p1923);

here, Y py = x(X), Y pvop = 2 (x(X)? — x(X?)); the product py p2p3 shall be denoted
by det(X) for now.
One easily verifies:

5.2.2.
KX =D E+2) 0%,
5.2.3.
X =>"¢E
+ 3(&1(x2X2 + x3X3) + &2(x3X3 + X1X1) + £3(x1 X1 + X2X2))
+ 6Re(x1x2x3).
By taking the trace in

5.2.4.
P(X) = X+ g(OX? — 2 (1(X)? — (X)X + det(X) 1 -¢o
=0
one obtains after a short calculation:
5.2.5.

1 1 1
det(X) = gx(X3)5x(X2)x(X) + g)((X)3

= £1583 — §1x01%1 — §axX2 — §3x3X3 + 2Re(x1x2x3).

This is a sensible generalisation of the usual definition of the determinant.
The determinant is of course also F4-invariant.

5.3. Let IT C J denote the set of irreducible idempotents; that is, X € [T if and only if:

53.1.
X=XoX#0,
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53.2. andif X = X; + X, and

0 foru #v,

XMOX\JZ XM forﬂ:v7

then X1 = 0or X, = 0.
The relation (5.3.1) is F4-invariant and only possible for a principal matrix if all eigen-
values are 0 or 1; including (5.3:2) the only possibility is 0, 0, 1.

5.3.3. Hence
1(X)=xXH =xX*>»=1 forX el

Conversely, if (@) holds, then X is equivalent to a principal matrix with 0, 0, 1, that is,
X = X? #0;andif X = X; + X, etc. holds, then the eigenvalues of the X;, X, are O or
land 1 = y(X) = y(X1) + x(X2), so atleast on y(X,) = 0, so at least one X,, = 0.
The equation (3.3.3) thus characterises the elements of I7.
In the same way we find the elements X of [T to be characterised by

X=XoX, y(X)=1.
5.4. The equation X2 = X can be written in more detail as

54.1.

ég.i = 512 + Xi+1Xi+1 + Xit2Xi+2 (cyclic)
xi = Xit2Xi+1 + (i1 +§i42)x (cyclio).

Because of ) &, = 1 it follows for X € IT:

EiXi = Xiy1Xiq2.

54.2.
EixiX; = x;i(xi1xi42) = Re(xixi4+1xi42),
and as this is cyclically symmetric:
& x;X; independent of i.

Moreover, as & x;X; = &X;X;,

5.4.3.
Xi(Xi41Xi42) = (Xig1Xxi42)X; = &x;X;  independent of 7.
The x;X; thus behave like the &; 1 1&;42; substituting in (5.4.1) gives the factor of pro-
portionality, which is 1; so
5.4.4.

xiX; = &it18i+2.
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6. P

6.1. A plane projective geometry & is a system consisting of points, lines and an inci-
dence relation with the following property: For every two points (lines) there exists one
line (one point) incident to both.

Under the assumption that the system of points (the plane) is a manifold and the system
of lines (taken as sets of their points) satisfies certain regularity conditions, G. Hirsch
[9] proved that the plane can be only of the dimensions 2" (and the lines are thus 2"~!-
dimensional). The real, complex and quaternionic projective geometry are examples for
the cases n = 1, 2, 3; for the fourth case G. Hirsch constructed an example by topological
means which (rather indirectly) is related to the octaves.

In [7] we will provide an algebraic example. We do not know whether it is the only one
possible (under assumptions of regularity) or not.

6.2. [Ifitis known that a plane projective geometry admits a group G of the type of the real
projective group, then the points, lines and incidence can also be characterised in a group
theoretic manner. For a point pg and a line [ incident with it we study the subgroups P and
L of transformations f in G leaving invariant py and /o, respectively. Then an arbitrary
point p (or an arbitrary line /) is characterised by the left-coset of transformations in G
which move pg to p (or [y to /). An incidence of p and [ then corresponds to a non-empty
intersection of the corresponding cosets a P and b L.

These considerations lead to the following group theoretic definition of projective ge-
ometry:

Given a group G with two subgroups P and L. The left-cosets of P and L are called
points and lines, respectively. The relation a P N bL # @ is called incidence.

(Note: If aP NbL # @, then it is a left-coset of P N L. Forif c,d € aP N bL, then
¢cldeP,cldelL,soc™'d e PNL,andwithc € aP NbL andu € P N L we have
cueaP NbL))

6.3.  We now interprete the incidence axioms.

6.3.1. For very two points there exists at least one line incident to both: The line through
P have to cover the whole plane. We can write them as a L for some a € P. The set PL
has to meet all ¢ P. In other words:

PLP =G.

One easily checks that this condition is sufficient as well.

6.3.2. Every two lines have at least one point of intersection: Analogously, we obtain
LPL =G

as a neccessary and sufficient condition.

6.3.3.  For very two points there exists at most one line incident to both: If a, € P,

by, € L and a;bh; = bsas, then the lines L and a; L coincide in the points P and b, P. The
axiom now says: a1 € L or b, € P. Thus

PLNLPCPUL,

where the inclusion can be replaced by an equality. One easily checks that this condition
is sufficient as well.
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6.4. G generates a transformation group in the thus defined #, if a € G corresponds to
the transformation f, with

fa(cP) =acP, f,(cL)=acL.

Points are mapped to points, lines are mapped to lines, incidence are mapped to incidences.
The group is transitive.

The subgroup fixing P is precisely fp; the one fixing L is fr. The subgroup fixing a P
is f,pa—1 for a € L. The quotient group of L by this normal subgroup can be called the
projective group of lines in the geometry £.

6.5. We now intend to choose F4 for the group G and for the subgroup P and L those
subgroups of F4 fixing the elements E; and E», respectively, and both are isomorphic to
B4. One only need to check whether|6.3.1}6.3.3| are satisfied; this direct approach is a hard
one, though. Nevertheless, we wanted to begin with the considerations@]@to make the
following approach plausible. Comparing dimensions (dimF4 = 52, dimB4 = 36) tells
us that we have to expect a 16-dimensional & (the dimension of the coset space).

The coset space G/ P can be modelled in J by the equivalence classes of Ey; but this
is just the set [T of irreducible idempotents in J. It is also useful to model G/L. As an
incidence relation X oY = 0 offers itself. This is satisfied for E, E5 and it is F4-invariant.

The following definitions are now sufficiently motivated by heuristics.

7. P(€)

7.1. We define two ‘genera’ of ‘entities, the genus of points and the genus of lines. Each

genus is a bijective image of the system I7 in a well-defined manner. If X € I1, then ‘the

point X" is short for ‘the point corresponding under the given map to the element X in I7’.
Between two entities of different genera an incidence relation exists,

XoY =0,

that is, the point X is incident with the line Y if X oY = 0.
This is the octave plane.

7.2.  Neccessary and sufficient for the incidence of the point X and the lineY is (X,Y) =
0.
We only need to show:

(X,Y)=x(XoY)=0 implies XoY =0.

For this we may assume X = FEq, thatis y(X,Y) = 5y, where

zl y3 Va2
Y=y 2 »n
Y2 Y1 13
So 71 = 0 and thus by (5.4.1): y» = y3 = 0. So
7.2.1.
0O 0 O
Y=10 n2 »n
0 ¥y, n3

Soindeed X oY = 0.
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7.2.2.  We further remark that, because of (5.4.1)),
mAn=1 and 9=+ N7y

The points on X are thus determined by 7, and y;, which have to satisfy the relation

1\2 _ 1
('72— 5) +y1y, = r

and one easily checks that this condition is also sufficient.
So the line is, as a set of points, an 8-dimensional sphere.

7.3. Weshow: For X € I1,Y € J, we have
1 1
XO(XOY)=§X0Y+§(X,Y)X.

We only need to prove it for X = E;. Then X o Y is of the form

m %y3 %72
%73 0 0
52 0 0
So(X,Y)=x(XoY)=n; and
mo v 17,
Xo(XoY)= %% 0 0 1.
Zyz 0 0
which implies the assertion.
74. letX,Y ell,
Z=X-Y

Then
X(Z) = x(X)—x(¥)=0
X(Z2) = p(X) =2x(X oY) + x(Y) = 2(1 —¢)
withe = y(X oY)
X(Z%) = p(X) =3x(X oY) +3)(X oY) — x(¥) =0.

So, by (.24),
~Z3+ (1—¢&)Z +det(Z) - 1-¢9 = 0.
By taking the trace we obtain det(Z) = 0, so
Z3=(1-¢)Z,
and thus
ZZ(n+1) — (1 —8)"22, Z2n+1 _ (1 _ 8)”Z
In particular,
22 =201-¢), xZH=20-¢? xZ°%=2(1-¢)’

We now set
Z2
1—¢

W=1-

)
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which is reasonable for X # Y, as in this case |(X, Y)| < 1. Then
xW)y=3-2=1.

(W%—(U—2(22)+ (
X =X N1 X o2

5 z2 z z
e ) (5 5) 1 (i)
=3-6+6-2=1

By (5.3.3) we have

):3—4+2=L

W e Il.

Moreover,
XoZ?=Xo(X—2XoY +Y)=X-2Xo(Xo¥Y)+XoV,
and by [7.3]this is identical to
X —(X,Y)Y = (1—e)X,

that is,
XoW =0,
and analogously
YoW =0.
Thus we have found the foloowing:
7.5. ForX,Y ell, X #7,let
(X —Y)
XvY=1—-———,
l1—y(XoY)
then
XVvY em.

Xo(XVvY)=Yo(XVvY)=0.

But this is the incidence axiom: For two entities of the same genus there exists at least one
entity of the opposite genus which is incident with both.

7.5.1. Moreover: X VY isamultiple (20)of X oY —1X — 1y + 1(1 - (X o Y)).

7.6. X,Y €Il with X oY = 0 can be simultaneously transformed to a principal matrix.
For we may assume that X = E;. Then

0 0 0
Y=10 m »n
0 ¥y, m

Now one proceeds as in [5.1] but with respect to the subgroup P of F, fixing Ey, that is,
minimze 73 + 73 in the P-equivalence class of Y. The same transformation as in
(which leaves invariant £1) shows that Y is in principal matrix form.

77. X,Y,ZwithXoY =Y oZ = Z oX = 0 can be simultaneously transformed
to principal form. For if X and Y are already principal matrices, the neccessarily Z =
1-X-Y.
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78. LetX,Y,Z,el,XoZ,=YoZ,=0,X #Y.Then Zy = Z5. For by[l.5|we
may assume: X = E,, Z; = E;. Because of Y o £y = E, o Z, we find

0O 0 O &1 0 3
Y=10 N2 Y11, Zz = 0 0 0
0 yi ns 2 0 &

Y o Z; has entry n3&3 = 0 in row 3, column 3. By[7.2.1} n3 = 0 would imply 1, = 1,
y1 = 0, thatis, Y = E, = X, whereas X # Y was assumed. Hence &3 = 0 and so by

(72.1)-(7.2.2) again &, = 1,22 =0, Z, = Ey = Z1.

7.9.  According to[7.8]the element Z among X, Y, Z € [1 with X # Y, XoZ =YoZ =
0, is uniquely determined. But this is the incidence axiom: For two entities of the same
genus there exists at most one entity of the opposite genus which is incident with both.

7.10. By polarisation we obtain from the cubic form det(X) a trilinear form det(X, Y, Z)
which is also F4-invariant; det(X, Y, Z) is defined as the coefficient of 6afy in det(aX +
BY + yZ). From (5.2.9) it follows that for X, Y, Z € IT

7.10.1.
1 1 1
det(X.,Y,Z) = 5X(}( oYoZ)— g((X(X oY)+ x(Y o Z)+ x(Zo X)) + 5

We now show: It is neccessary and sufficient for the collinearity of three points X, Y, Z
that det(X,Y, Z) = 0.
For we can write the right hand side of (7.10.1) as

1 1 1 1
g(XoY—EX—EY n 5(1—X(X0Y)),z).
But by (7.5.1]) this is, up to a real factor (% 0 if X # Y), identical to (X Vv Y, Z).
By[7.2]this is 0 if and only if
XVY)oZ =0,

that is, if Z is contained in the line through X and Y.

7.11. Three points on a complex projective line determine a unique real projective line,
that is, a subset which is characterised by the cross ratio of every four of its points being
a real number; these real lines appear as circles in the Riemannian model of the complex
projective line.

It is similar in octave geometry. If X, Y, Z are three collinear points and if one wants to
determine all points

aX +BY +yZ

on the same line with real «, §, y, one finds the equations

7.11.1.
y@X +BY +yZ)=a+B+y=1

and
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7.11.2.
x((@X + BY +yZ)?) =o® + B +y> + 20B(X.Y) + 2By (Y. Z) + 2ya(Z, X) = 1.
Instead of the third equation
x((@X +BY +yZ)*) =1
one can write by
det(aX + BY +yZ) =0,

but this holds to begin with, as det(X, Y, Z) vanishes by assumption and det(X, X, Y) etc.
vanish trivially.

As the solution to (7.11.1) and (7.11.2) one thus obtains the intersection of the octave
line (8-dimensional sphere, see ) with the plane (in the sense of 9-dimensional space)
through X, Y, Z, that is, a circle. We shall call it the real line through X, Y, Z.

7.12. It is obvious that the notion of the real line is F4-invariant. Moreover, it is invariant
under perspectivities between different octave lines.

To prove this, we drop the norm of J and consider the set IT# of those pX with X € IT
and p real. So a point etc. is associated to a set {pX }. The connecting line X Vv Y is now
homogeneously written as

7.12.1.
XVY = xy(X)x¥)—x(X oY) = x(X)Y —y(Y)X +2X oY.

By projecting the point X on the octave line A through the fixed point ¥ (not on A4), we
obtain a pencil X’ = X v Y. Restricting to the points

X = O(]X] + 0[2X2 + Ol3X3
on the real line through X, X5, X3, we obtain the same relation
X' =1 X] + a2 X)) + a3 X;

by the linearity of (7.12.1) for the corresponding pencil line. Intersecting the pencil with
another line B we obtain points X” = B v X’, again satisfying the relation

X" = OJIX{/ + O[zXé/ + (¥3X:§/.

But these relations precisely characterise the points on a real line.

7.13. Interpreted as conic sections (see the end of [7.11)), the real lines are mapped projec-
tively by perspectivities. This implies that the octave lines, as quadrics in 9-dimensional
space (end of[/.11)), can be mapped projectively.

7.13.1. The octave line E; satisfies the homogeneous equation
5253 —X1X1 = 0.

Call the self-maps generated by the perspectivities of an octave line prospectivities, then
the prospectivities of E; from a subgroup of the form of D5 belonging to (7.13.1). It will
be shown later on that this subgroup coincides with the 1-component of the invariance

group of (see[8.2).
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7.14.  On the octave line, one can also study complex projective lines: we say that X; (i =
1,...,5) lie on a complex projective line if they are real linearly independent. This notion
is F4-invariant as well. The complex projective lines on E; are nothing but the intersections
of with 3-dimensional projective subspaces of the 9-dimensional projective space
of the &5, &3, x1. The prospectivities of the line £ on a complex projective line from E;
are thus projective maps of the ordinary complex projective line (M6bius group).

In particular:

IfX; (i =1,...,5)lie on an octave line, and if under a certain prospectivity X1 and X,
are interchanged and if X3 and X4 are fixed, then X; (i = 1,...,5) even lie harmonically
on a real line.

For the X; (i = 1,...,5) certainly lie on a complex line, and for this the assertion
holds.

7.15. We call a projective geometry harmonic if for an ordered triple of points on a line
the fourth harmonic point (by the usual construction, see Figure 3) is uniquely determined
(that is, independent of the choice of auxiliary points A, B). This is also called the (spe-

A

X X3 Xo X4

FIGURE 3.

cial) Quadrilateral Theorem. It is sufficient to require the fourth harmonic point to be
independent of a translation of A along the line AB.

We show: Octave geometry is harmonic.

Proof. Projection from B on CD followed by projection from A back maps X1, X2, X3, X4
to X5, X1, X3, X4, and is thus a prospectivity satisfying the conditions at the end of
So X4 is already contained in a real line X1, X, X3 and is uniquely determined by its cross
ratio to X1, X», X3.

7.16. Remark. P (€) is non-Desargueian, as a Desargueian geometry neccessarily is a
geometry over a skew-field, which moreover has to be Euclidean in the small, meaning the
real, the complex and the quaternionic field. The octave geometry does not belong to these.

8. Es

8.1.  We are looking for the group ¥ of linear transformations of Jj leaving invariant

1 1 1
det(X) = §X(X oXoX)— E)((X))((X oX)+ 8;((X)3
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and thus also the trilinear form

1 1
det(X.Y. Z) = 2x(X 0¥ 0 Z) - g<x(X))((Y 0 Z) + x (V) (X 0 X) + x(Z)1(X o Y))

A OX0NA(2)

In any case, ¥ is a group containing F4, which also leaves invariant (X, Y).
At first we show:

8.1.1. All
1
X ToX=_(TX+X"T") withT M3, 1(T) =0

belong to the infinitesimal ring ¥. We may assume T € M7, as for T ¢ M5 the map
X+ TX —XT = [T, X] is a transformation in Fy.
When applying (8.1.1), X changes infinitesimally by

1
XX 0 X o(ToX))—Sx(ToX)x(XoX)—x(X)x(X o(T o X)) + x(X)*x(T o X)

=(XoXo X%)((X o X)Xx(X)X o X + x(X)*X, T)
= (det(X)-1,T) = det(X) - x(T)
=0.
Let an arbitrary infinitesimal ¢ € ¥ be given. Set
T = 1.
Then T € 932;, x(T) is up to a positive factor identical to det(®1, 1, 1) = 0.
X =ToX, forX =1.

@, given by
P X =X -ToX,
also belongs to ¥, and we have
$;1 =0.
But this means @; not only leaves invariant det(X, Y, Z), but also (see )

det(X, Y, 1) = ——(x(X oY) — x(X) x(Y))

1
K
£ () = (0

and
1
det(X,1,1) = §X(X)’
and thus also y(X), y(Y) and (X, Y). Therefore, @; € Fy.
This implies:
The infinitesimal ring of linear transformations of J leaving invariant det(X) is gene-
rated by the

X+—ToX with y(T)=0;
each of its elements can be uniquely written as the sum of a

X—>ToX withT e M, x(T)=0



38 HANS FREUDENTHAL

and an infinitesimal automorphism of J, or also as the sum of a A € D4 and a
X—=ToX

where T € 9 (that is, T € 903 with real diagonal) and x(7') = 0 (because of [4.8).
From (4.9.3) it further follows that

A(ToX)—To(AX)=(AT)o X,
so 7
[A.T] = AT.
These reasoning can also be applied to groups themselves. First a few preliminary
remarks:

8.1.2. X > 0 (positive definite) for X € J means: all eigenvalues of X are positive.

8.1.3. X > Oifandonlyif y(X oY oY) > O identical in ¥ € J. For we may assume
X to be a principal matrix with diagonal elements A,, and with the notation of [7.2]it then
holds that

x(XoYoY) = Ai(n]+ y2¥, + ¥3¥3)
+A2(05 + ¥3V3 + 0171 + A3(03 + 01V + ¥2Ta),

from which the assertion follows.
8.1.4. The set Jpos of X > 0 is convex. This follows from

8.1.5. If Ty is the 1-component of the (finite) group T, then To1 C Jpos. This is because
for ¢ € T the eigenvalues of ¢1 depend contiuously on ¢ and can never vanish because
of det(pl) = det(1) = 1.

8.1.6. If T is the infinitesimal transform X + 7 o X and j the set of 7 with T € J, then
Jpos C exp(3)1. Forif X € Jpos has the principal form with diagonal elements &, let T be
the principal matrix with diagonal elements log(£,) and we obtain exp(7)1 = X. We can
reduce the general case to this by a transformation in Fy.

8.1.7. Tl = Jpos. This follow from
8.1.8. In the same way we find that ¥y, applied to

1 0 O
0o -1 0],
0 0 -1

yields the set of elements of J with precisely two negative eigenvalues.

8.1.9. Every finite ¢ € T has to leave invariant Jps or commute with the set in But
the latter is not possible, as Jpos is convex by and the set certainly is not convex.
So T1 = Jpos = exp(J) 1.
8.1.10. Asthesetof ¢ € T with ¢1 = 1 is precisely F4 (see and[8.1.1), this implies
T =Fy - exp(J).

So ¥ has only one component.
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8.2.  We study those elements of T leaving invariant the line £;. They also leave invariant
1 1 —
det(E1, X, X) = _EX(X oX)+ EX(X)Z = %‘2&3 —X1X1

and form a subring G of Ds. By (at the end) they can be written as the sum of a
A € Dy and a T with

0 o0 0
T=|0 1 13
0 3 13

A dimension count (28 4+ 17 = 45) yields that (infinitesimally) G = Ds, so G contains the
prospectivities of Eq (see[7.13).

8.3.  We now show that ¥ is E¢ from Cartan’s classification.

We use the decomposition of ¥ at the end of

As a maximal abelian subring H we use the same one as for D4 and Fy4 (see
augmented by the elements S defined by

& 0 0

S=10 & 0], &+&+8=0,
0 0 &

SX=8-X

(so H is 6-dimensional). For § € D4 we have §E, = 0, so §S = 0, so (end of [8.1.1)
[8, S] = 0, that is, every § commutes with every S and in particular is H abelian. Let F}j,
denote the matrix with entry g in row p and column v, and entries O otherwise.

8.3.1. Then (see (4.9.2))
Suv
8Ff, = Fi"°.

Moreover, as the matrix coefficients of S are real and therefore associate,

8.3.2.
-~ o~ 1] —— 1 ~
[S. Ff) = 515 FL) = 5 (6 — ) iy

Exactly as in@]one determines the roots, which in addition to «g, ¢, @2, @3 now also
depend on &1, &, & (§1 + & + & = 0). Because of (8.3.1), the dependence on the
« is the same as in the dependence on the ¢ follows from (8.3.2). The roots are
+oi £ 16 — &), Toui + aui,

%(:i:ocoi + i+ api + i) £ % gf ~ gg ,
where in the last expression according to (2.2.4) in case of an even number of positive signs
for the o the upper summand holds, and in case of an odd number the lower summand
holds, and where moreover all sign combinations are possible.
It is not evident that this root system is isomorphic to the one of Cartan’s E¢. The trans-
formation rules are easy to deduce, but uninteresting. But we can easily see the isomorphy
without a calculation if we use Dynkin’s representation [[7]. One determines a system of
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positive irreducible roots (those which cannot be written as sums of other positive roots).

(1) ool — asi
(2+) o3l £ (62 —§3)
1
(3:|:) E(Oéo—Oll —(Xz—()[g,)i:l: (El —52)
“) ol — asi.

The Dynkin diagram is then
(3-) (2-) (1) 2+) (3+)

(4)

where those roots are connected by a line whose sum is again a root. But this is precisely
the diagram of Ee.

8.4. An approach analogous to shows that if y(77) = y(T2) = 0, then
—_— -~ o~ ] ——
[Th, T2] = 2[Th, T2] + §X([Tl1 T»))

modulo automorphisms of J generated by an element of G,.
Again,
dimE¢ = 78
= dim(set of the 7') 4+ dim G,
=64 + 14.

9. A

We will show: The group of autmorphisms of (&) is a representation of E¢. As in
real and quaternion geometry (but contrary to complex geometry) the continuity of the
automorphisms will be automatic.

In P(C) the group F,4 plays the part of the elliptic group, E¢ plays the part of the
projective group.

The subgroup of index 16 in E¢ fixing a point in & (€) can already be found in Cartan
[2} p. 152, row 3].

Here the proofs follow:

9.1. The elements X,Y € IT* (see(7.12) are characterised by: det(X, X,Y) = 0 identi-
callyin Y.

Proof. Because of
1 3
det(X,X,Y)=y(XoXoX)— 5(;((X o X)x(Y) +2x(X oY) y(X) + Ex(X)z)((Y)).

For X € IT* wehave X o X = aX, x(X) =a, )((XZ) = o2, that is, det(X, X, Y) = 0.

Conversely, assume det(X, X,Y) = 0 in particular for Y = 1. Then (X o X) =
x(X)?2, and if this holds for Y = X, then y(X o X o X) = x(X)3, and this implies
X e 0*.

9.2. IT*is invariant under Eg. This follows from|9.1
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9.3. As Eg permutes the sets {pX} it can be considered a group of transformations of
P (). As det(X, Y, Z) = 0 characterises by the collinearity of points X, Y, Z, and
this equation is invariant under Eg, it follows that E¢ is a subgroup of the automorphism
group A of #(€). We now show: A = Eg. This proof is easier than the original one,
which moreover contained a little gap.

9.4. We construct a (finite) element ¢ € E¢ with
0Ey ~ E;, @E3~ E3, @A~ Ej,

where A is a given point not on the line E;. Let

0
P = 1
0

o =
- o o

The map
X — pPXpP*

is (well-defined without brackets) and a (finite) element of E¢ leaving invariant the points
Ez, E3. If in
Q) az a
A= 53 Oy aq

daz d; O3

we have az # 0 (so by (5.4.4) also &y # 0), choose p = —ay'as. If az = 0, choose
p = 0. Then in

B = PAP*
the element b3 = 0.
Now apply with
1 00
o0=10 1 0
qg 0 1
the transformation
X — 0X0%,
which also belongs to E¢ and fixes the points E,, E3. Thus, for a suitable choice of ¢, in
C — 0BQ*
the element c3 also vanishes. C is the of the form
yi 0 0
C = 0 Y2 ai|,
0 a1 y3

where (by (5.4.4)) y1 or a; vanishes. y; = 0 would imply that C is contained in the line
E; through the points E; and E3; but then so would A, which was assumed not to be the
case. Thus a; = 0 and (by (5.4.4)) also a» = a3 = 0. So C ~ E;. The map

X — Q(PXP*)Q*
is the desired ¢.

9.5. There exists a (finite) element ¢ € Eg which maps a given point A and a given line
B (not incident) to the point E; and the line E, respectively.

For this, first map the line B to the line £ by some element ¢; € Fy4, and then (accord-
ing to[9.4) map the point ¢; A4 to the point Eq, where the line E; is fixed.
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9.6. This is easily understood geometrically: There exists at most one transformation in
A fixing the point A and all points of the line B (not incident with A) and maps a point C
to a point D.

9.7. The involution

&1 x3 X3 &1 —x3 —X»
f3 Sz X1 [ d —fg, 82 X1
X2 X1 & —X2 X &3

leaves invariant det(X) and hence belongs to E¢ and fixes the point £; and all points on
the line E;. Point and image point lie harmonically to the points £, and the line E;.

9.8. According to [0.6] the involution fixing the point A and all points on the line B (not
incident with A) is uniquely determined by 4 and B. By [0.5and the system S of
all these involutions is contained in Eg; as the harmonic position is A-invariant, S is A-
invariant. The subgroup G of E¢ generated by S is thus a normal subgroup of A and thus
of E¢, and by the simplicity of E¢ we have G = Eg, that is, E¢ is a normal subgroup of A.

9.9. Dual to the transformations ¢ of & (€) are the transformations ¢* of the lines. The
relation is given by
(X, U) = (X,9*U).
For the infinitesimal elements @ € Eg one states for @ € Fy:
(@X,U) + (X,0U) =0

by[4.4.2] for @ = T with T = T*:

(@X,U) = %(T, X,U) = %(X, T,U) = (X, ®U).

So
P*=—-@ ford cF,
* =@ for® =T withT =T*
In general,
D:X—>ToX
implies

P*: X~ XoT.
® — —@* is essentially the only outer automorphism of E¢ (see Cartan [3]).

9.10. If w € A\Eg generates an outer automorphism of E¢, then we can assume it is the
one in If w generates an inner automorphism, then we can assume it commutes with
all elements of E¢. In any case w commutes with all elements of F4. We consider the
maximal subgroup G of F4 fixing the point X. For ¢ € G we have

pwX = wpX = wX.

So G fixes wX. This implies wX = X for all X, so w = 1, which contradicts € A\Eg.
Hence A = Eg.

10. 727
We collect some open problems:

10.1. Wich geometries are associated to E; and Eg?
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10.2. A plane projective geometry is calle k-times differentiable or analytic if its points
form a k-times differentiable or analytic manifold, respectively, and if intersection points
and connecting lines depend k-times differentiably or analytically on the given quantities
with a functional matrix of maximal rank.

10.3. Do there exist co-times differentiable non-harmonic 2 in dimensions 2, 4, 8, 16?

10.4. In which dimensions do k-times differentiable & exist? (For the theorem by G.
Hirsch, which restricts these dimensions to powers of 2, one needs at least k = 1.)

10.5. Is every analytic & also harmonic?

10.6. Is (in dimensions 4, 8) every continuous harmonic & also Desargueian?
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