On the exponential function

By CHARLES HERMITE

I. Given an arbitrary number of numerical quantities oy, 5, . . ., &, we know that
we can approximate them simultaneously by fractions with the same denominator,
such that we have
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where 81, 85, ..., 6, do not exceed a bound that depends only on n. As we shall

see, this is the extension of a mode of approximation resulting from the theory
of continued fractions, which correspond to the simplest case of n = 1. Now we
can propose a generalization related to the algebraic theory of continued fractions,

by looking for expressions approximating n functions ¢1(x), ¢2(x), ..., @,(x) by
rational fractions CS;((;)), 4;2((;)), e, q;;’((;)) in such a way that the expansion into a

power series in the variable x coincide up to a certain power x™ . We first consider
a result that suggests itself immediately. Suppose the functions ¢ (x), ¢2(x), ...,
©n(x) can all be expanded into a series of the form a + Bx + yx? + ... and let

&(x) = Ax" + Bx™ '+ ...+ Kx+ L.
In general, the coefficients A, B, ..., L can be arranged in such a way that in the
n products ¢; (x)@(x) the terms in
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vanish, where w; is an arbitrary integer. This way, we pose a number of homoge-
neous equations with lowest degree precisely u;, and we have

i (X)P(x) = @;(x) + e xMT fepxMt2 4 |

where €1, &5, . . . are constants and @; (x) is a polynomial with integer coefficients
of degree M — ;. Now this relation yields

@i (x) e xMTpgxMt2 4

P(x) P(x) ’

@i(x) =



and we see that the series expansion of the rational fraction and the function are in
fact the same up to the terms in x* , and, since the total number of posed equations
1S 1 + o + ... + WUy, it is sufficient to impose the sole condition

M1+ M2+t g =,

where the integers (; remain arbitrary up to here. It is this simple observation that
serves as the departure point for my study of the exponential function, where |
propose to apply it to the functions ¢; (x) = e, @, (x) = eb*, ..., g, (x) = e"*.

II. For short, let M — m = p. With the constants a, b, ..., h I compose the
polynomial
Fzy=z*<z—-a)*"(z=0b)"*?>---(z — h)H"

of degree  + (1 + ... + un, = M, and I investigate the n integrals defined by

a b h
[ e “*F(z)dz, [ e “*F(z)dz, ..., / e “*F(z)dz,
0 0 0

which are easily obtained in an explicit form. In fact, by setting

Fi)  F@) | FM(z)

a —
F(z)= . 2 pYTES

we obtain
f e *F(z)dz =e 7 F (2)

and consequently,
a b
/ e “*F(z)dz = F(0) — e“x?(a),f e 7*F(z)dz = F(0) — e F (b),---
0 0

Now the expression for ¥ (z) follows immediately, in the form of polynomials
ordered by ascending powers of %, the quantities ¥ (0), ¥ (a), ¥ (b), ... and if
we observe that

F(0)=0,F'(0)=0,..., F*"D@0) =0
holds, then successively

F(a)=0,F'(a) =0,..., Fm=) = q,
F(b)=0,F'(b)=0,..., F*2=D =,



We conclude the following:
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where the integer polynomial @(x) is of degree M — u = m, and the other
®1(x), Da(x),...,D,(x) are of degrees M — i1, M — i, ..., M — pu,,. Having
established this, we write

a
e P(x) — Py (x) = xMT1eax / e “*F(z)dz,
0

b
eP*P(x) — B, (x) = xM+lebx/ e “*F(z)dz,
0

h
P (x) — B, (x) = xMH1ehx / e “*F(z)dz,
0
where by expansion of the definite integrals into power series of the form o +
Bx + yx? + ..., we see that the preceding conditions from the definition of a
new mode of approximation of functions are completely satisfied. We have thus

obtained, in full generality, the system of rational fractions %1((;)), %2((;)), cee, d;;’((;))
of the same denominator to represent the functions e?*,eb*, ..., e"* in terms up

to the order xM+1,

III. Let n = 1 and assume further 4 = w; = m, which gives M = 2m and
F(z) = z™(z — 1)™. The derivatives of F(z) at z = 0 can immediately be taken
from the expansion by the binomial formula
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and we obtain
F(Zm—k)(o) iy l)km(m_l)...(m_k+1)
1-2-3---Cm—k) 1-2-3---k ’

from which immediately

PO Gm— 1) 1) — @m— 1)@ —2) - (m + 1)
1-2-3---m 1

4 @m—2)@m—3)-(m + 1)wx2—...+ (—1)"x™
follows.



Secondly, to have the values of the derivatives under the assumption z = 1, we set
z = 1 + h to expand by consecutive powers of / in the polynomial F (1 + h) =
h™(h + 1)"™. Now that the previously obtained coefficients are recovered, up to
sign, we see that we have

@1(}(?) = @(—X)
These results lead us to introduce, instead of @(x) and @;(x), the polynomials
I(x) = lfgx)m, IT(x) = lfgx)m, whose coefficients are integers. We thus have

2m+1 1

e I1(x) —IT(x) = —ex/ e *z"(z —1)"dz
1-:2-3---m Jo
x2m+1 1
= (—1)"‘—/ eF1=2m (7 — 1)"dz,
1-:2-3---m J,

and this shows that the first term can become the smallest of the whole given
quantity, for sufficiently large values of m. We know indeed that the factor %

has limit 0, and it is the same for the integral, as the quantity z”*(10z)™ is al-
ways smaller than its maximum (%)m which decreases indefinitely for growing m.
It follows that when assuming x to be integer, the exponential e* cannot have a

commensurable value, for if e* = g, we achieve, after getting rid of the denomi-
nator, that
ame—l—l 1
bIl(x) —alli(x) = (—1)" ——— f =2 (1 — z)™dz,
1-2-3---m J,

whose second term can be become smaller than any given value without ever
vanishing, whereas the first term is an integer number. Lambert, to whom we owe
this proposition, as well as the only proof to date of the irrationality of the ratio
of the circumference to the diameter and its square,derived these important results
from the continued fraction
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to which we will return later. Leaving aside the ratio of the circumference and the
diameter, I will now attempt to progress further with regard to the number e, by
establishing the impossibility of a relation of the form

N + €Ny +e?’N, + ... +e"N, =0,

where a, b, ..., h and the coefficients N, Ny, ..., N, are integer numbers.



IV. To this end, I consider among the systems of rational fractions q;;((;)), q;z((;c)), e, q;;’((;))
those which are obtained by assuming u© = puy = ... = u,, which gives
m=np, M=@n+Du, F@z)=["Q),
where f(z) = z(z —a)(z —b)---(z — h). As usual, let then
® ® 0}
(x) = L),Hl(x) - ﬁ,.--,nn(x) — I
1-2-3---p 1-2-3--u 1-2-3---p

denote the polynomials having as coefficients integer numbers and leading to the
following relations:

e I (x) — [T (x) = ey,

P (x) — Mh(x) = &,
(A)

" M (x) — M,(x) = &,

where we write for short

M++1_.ax a a m (n+1)p+1
X € Z)X
81 / e_Zx (Z)dZ f GX(a_Z) f ( ) dZa
0 0

1:2:3--p1 1:2:3--p
M+1_.bx b b " n+1Dp+1
&y = e / e “*F(z)dz :/ ex(b_z)f (2)x dz,
1-2:3---u Jo 0 1-2:3--p

With this in place, I observe first that for a sufficiently large value of w, the values
of €1, &3, ... become smaller than any given quantity. For, since the polynomial
f(z) does not surpass a certain bound A in the interval through which the variable
fH (z)x(”+ Du+1

runs, the factor 230

which is multiplied with the exponential under the

integration sign, is always less than the quantity % which has 0 as limit.
Now I assume x = 1 in (A), and denote by P; the value corresponding to I7; (x)
which is an integer number under the hypothesis on a, b, . .., h, they become

e*P— P = ¢,

ebP — P, i = &a,

e"P— P =g,



and the assumed relation
N 4Ny +e’Ny +...+e"N, =0
easily gives the following:
NP + NP1+ ...+ Ny, Py = —(Ny&1 + Nogx + ... + Ny&y),

whose first term is essentially integer, the second one, when expressed relative to
€1, &2, ..., can become smaller than any given quantity for growing p. We thus
necessarily have that from a certain value of w on, for all larger values,

NP +~ NPy + ...+ N, P, =0.

Assume therefore that, while p becomes successively u + 1, u + 2, ..., 0 + n,
P; changes to P/, P/, ..., Pi("). We have

NP’ + N\P| +...N,P, =0,
NP” + NyP/' +...N, P, =0,

NP® + NP + ... N,P? = 0.

These relations imply the following condition:

P P ... P
P P ... P
PPl Bl g
pm pl(”) N A

By showing that this determinant is different from 0, we show the impossibility of
the assumed relation

N +e?N; +e?’N, + ... +e"N, = 0.

To this end, observe that we can substitute the terms in one row by linear com-
binations of the other rows, and I will indicate this by considering, for example,
the first row. It consists of replacing respectively P, Py,..., P, by P —e ™ Py,
e P, —etP,,...,e 8P,y —e P, e P, Itis then easy to see that, upon
multiplication of all quantities by 1-2-3--- u, they yield precisely the integrals

/(;ae—ZfM(z)dz’ /abe_zf“(z)dz, /ghe_zf“(z)dZ’ /hwe_ZfM(Z)dZ.
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Now the other rows follow by changing wto u + 1, u + 2, ..., u + n, and the
determinant transforms into the following:

Jo €77 fi(z)dz fab eZ fiMz)dz -+ [CeTEfH(z)dz
A f()a e—zf/jb—i-l(z)dz fab e_sz""l(z)dz - fhoo C_Zf'M—H(Z)dZ .
Iy e_Zf‘.““" (z)dz fab e_zf’.““” (z)dz -+ [TeF f.’”” (z)dz

V. We shall assume, as we have seen before, that p is a large number. This al-
lows us to determine, by using the beautiful method of Laplace (De [’integration
par approximation des différentielles qui renferment des facteurs élevés a grandes
puissance, in Théorie analytique des Probabilités, p. 88), the asymptotic expres-
sion of the integrals

a b 0o
/Oe_zf“(z)dz,/a e ? fH*(z)dz, /h e ? fH(z)dz.

so that we may find an approximate value for A whose ratio with the exact
value becomes one for infinite ;. Asuming to this end that the integer numbers
a,b, ..., h are all positive and ordered by increasing value, such that in each in-
tegral the function e™? f#(z), which becomes zero in the limits, assumes a single
maximum in the interval, I first consider the equation

Sz 1

VAR
depending on all these maxima. Now we know that its roots are real and and
comprise firstly z; between 0 and a, secondly z, between a and b, and so on, with
the largest z,,+; being greater than 4. Considered as functions of u, it is easy to
see that they increase for growing w, and denoting by p,q, ..., s the roots of the
derived equation f’(z) = 0, order by magnitude, we have, if we neglect ﬁ

SO U () NN A () R WI0
wf"(p)’ wfe 1 fr(s)
and at last z,41 = (n + Du + W, a greater approximation not being
necesary. With this, if we write for instance
/()
¢(2)

BNV EOENGIEO)

the desired values will be

\/EC_Z] fH(zDe(z1), \/ge_hfﬂ(zz)‘/’(zz)» \/EC_Z”Jrl S Enr)e(znt1).
28 28 28
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But these expressions can be simplified, as we will see.

Considering the first one, observe that we have

1 /(p)
wf"(p)

where p satisfies the condition f/(p) = 0. We conclude that f(x;) = f(p), only
neglecting ﬁ Consequently, if we set

Z1=p+

f(zl)=f(p)(l+%+z—;+...),

then in an analogous way

B P
¢(z1) = ¢(p) (1+—+—+-~ ;
B
we have
o
fH(z) = fH(p) (1 + " +) :
and from this we easily deduce

Preee) = e (145 + 2k )
o

In this way, by neglecting only the infinitely small quantities in relation to the
preserved terms, we can write

/0 e Z fH(z)dz = \/%e"’f “(p)o(p),

and in the same way we have

b

/ e fH(z)dz = \/%e—qw(q)w(qx
h _ 21T

/ e~ fH(z)dz = /;e S F1(s)ps).

But the last integral |, hoo e ? f#*(z)dz is of a different analytical form, for the rea-
son that the value z,,+; = (n + 1) becomes infinite with . To obtain it, expand
the expression

log(e™ f*(2)¢(2))

8



in decreasing powers of the variable, and by neglecting the terms in % ZLZ ... We
can write

log(f(2)) = (1+1)log(z), log(¢(2)) = log (m +Zln):;n +) = log («/—n:— 1),

and hence

log(e™ f*(2)p(2)) = (np + p + 1) log(z) —z — %log(n + D).

After substituting the value for z,1, an easy reduction gives us, when abbrevia-
ting

1
Hu) = (mu+ p+ Dlog((n + D) — (n + D — 5 log(n + 1),

the following expression similar to the Euler integral of the first kind,

& 2
/ e ? fH(z)dz = miC{D)
h H

Now we will see how the results thus obtained easily lead to the value of the
determinant A.

2n
JTR:
in the row i, and then a second one by dividing all the terms in the same column

by the first of its entries. The new determinant thus obtained is

VI. I will make a first simplification by omitting the factor from the terms

11 1 1

P O - § eurD-dw
P2 Q2 ... §2 ePuHD-0
ProQ ... ST dWAm—dw)

where we write

P=f(p) Q0=/@....8=/[f06).

Now we see that i does no longer appear in one column whose terms increase in
such a manner that the last one e?“+"=?() 5 infinitely larger than the others. In
fact, we have

)
S +i) = D) + i (1) + ’5&/’(“) v

2
:19(#)+i(ﬁ—l—(l’l—l-l)log(n—i-l),u)+%(_L+n+1)+

9



and therefore, ignoring i # i
P +i)—0(n) =i(n+ 1)logn + Nu,

hence
ez?(,u—i—i)—z?(u) — ((n + I)M)i(n—H).

By keeping in the determinant only the term of the highest order in u, it reduced
to this expression:

1 1 1

P Q S

((n+ Huy"@tv | P> 0> ... S
P';_l Q?.l—l Sr;—l

It follows that in general we cannot assume that the determinant A vanishes, for
the quantities P = f(p), Q = f(q),..., integer functions similar to the roots
p.q., ..., have the derived euqation f’(x) = 0 whose roots are differnt from each
other. This allows us to show the impossibility of any relation of the form

N +e®N; +e?N, + ... +e"N, =0,

and thus we have proved that the number e cannot be a root of an algebraic equa-
tion of any degree with integer coefficients.

But a different path leads to a second, more rigorous proof. In fact, as we will see,
by expanding into rational fractions

D1(x) Pa(x) Py (x)
d(x) d(x) T D(x)

the method of proof is given by the theory of continous fractions, and completely
brings to light the arithmetic character of a non-algebraic irrational number. In
this line of ideas, M. Liouville has obtained a remarkable theorem that is the
subject of his work titled Sur des classes trés-étendues de quantités dont la valeur
n’est ni algébraique, ni méme réductible a des irrationelles algébriques (Comptes
rendus, t. XVIIL, p. 883 et 910), and I also remind that the famous geometer was
the first to prove the proposition that is the subject of these investigations for the
case of an equation of degree two and for the biquadratic equation (Journal de
Mathématiques, Note sur ’irrationalité du nombre e, t. V, p. 192). From the point
of view I have taken here, the first proposition has been established.

VIL. Let F(z), Fi(z2), ..., Fy+1(2) be the polynomials obtained from the expres-
sion

H(z—a)*' (z=b)*? - (z — b))

10



if we attribute n + 2 systems of different positive integer values to the exponents

ok . . .
My o1y eeny Py I q;kg; represent the fractions converging to the exponentials

that correspond to one of these Fj(z), one can always determine the quantities
A, B,C ..., L by the following equations:

AD(x) + BO ' (x) + CP?*(x) + ... Ld" 1 (x) =0,
A®(x) + B®! (x) + CP(x) +... Lo (x) =0,

A®,(x) + BD) (x) + CP2(x) + ... L' (x) = 0.

But instead of deriving from these relations the polynomials @ik (x), our objective
is to obtain them directly and a priori. For this, I will establish that among the
indefinite integrals

/e‘”F(z)dz, /e_”Fl(Z)dz, /e_” nt1(z)dz

there exists an equation of the form
A / e “*F(z)dz+ B / e *Fi(z)dz+.. .+ L / e Fuy1(2)dz = e 0O(2),

where the coefficients 4, B, ..., £ are independent in z, and ®(z) is an integer
polynomial divisible by f(z). If we write

F.(z Fl(z F/(z
k()+ k(2)+ kg)
X X X

Fi(z) = TR

we have

A / e *F(z)dz + B / e *Fi(z)dz+...+ &L / e *Fyy1(z)dz
= N (AF(2)+BF1(2) + ...+ LFu+1(2)),

and it is clear that the ratios e e s

the condition that the polynomial

can be uniquely determined by assuming

O(z) = —(AF(2) + BFI(Z) + ... + LFpi1(2))

contains f(z) = z(z —a)(z — b)---(z — h) as a factor. By taking the integrals
with the limits z = 0 and z = a, we conclude from this, for example,

a a a
A/ e “*F(z)dz + B/ e Fi(z)dz +...+ SC/ e " F,11(z)dz = 0.
0 0 0

11



Now the relations

a e P(x) — D1(x)
[) © ZxF(Z)dZ = edx yM+1 ’

R _ el (x) — &) (x)
/(; © Fl(Z)dZ - eaxle—i-l

b

yield, by separately setting to zero the algebraic term and the coefficients of the
exponential e**, the following equalities

AD(x) + BO'(x) + ...+ LO"T(x) =0,
AP (x) + BO! (x) + ...+ Lo (x) = 0.

where we abbreviated

A —A B —£ L —;ﬁ
T yM+1 ToxMi+1 T xMppi 17

Now we have in the same way, by taking the limit superiors of the integrals z =
b,c,..., h,

ADy(x) + BO)(x) + ...+ LOI T (x) =0,

A®,(x) + BD) (x) + ...+ LO! (x) =0,

and it is easy to see that the coefficients A, B, ..., L can be assumed to be integer
polynomials in x. The integral fol e ?*z™(z—1)™dz that features in the previously
considered relation on p. 4]

x2m+1 X

1
e I1(x) — IT{(x) = T[ e "z —-1)"dz
. . ---m 0

serves us as a first example.

VIII. In this easy case, where we simply have

f(2)=z(z 1),

I begin, under the assumption

Oz) = xf""(2) + (m + 1) f"(2) f'(2),

12



with the following identity:

de70() _

e 7 (O'(z) —xO(2))
dz

= e (=2 () + (D) ™) £+ mm + 1) @) (),
and I observe that
fP(z)=4z>-4z4+1=4f2)+1, [f'(z) =2,

which allows us to write

de*0(2) _

— T (—x2 N Cm A1) @mAD) f7(2) £ () +mlm 1) S (2)).

We thus have upon integration
e *O(z) = — x? / e Z fmtl(z)ydz + 2m 4+ 1)(2m +2) / e ** f"(z)dz
+m@m + 1) / e * fm1(z)dz,

and then, if we take the limits z = 0 and z = 1,

xzfole_”f’"“(z)dz = (2m+1)(2m+2)/01e‘”f”(z)dz—l—m(m-i—l)/Ole_”fm_l(z)dz.

Now let
x2m+1ex
T 1.2-3.-em

and this relation becomes

1

Em / e " (z —1)"dz,
0

Eme1 = (4m + 2)epm + X% em_1.

This is the result we wish to obtain. By successively taking m = 1,2, 3,..., the
resulting equations

g, = 681 + x%gy,
g3 = 108, + x2e,

g4 = ldes + x26,,

13



easily yield the continued fraction

€1 X

2
fo O+ o

and it is sufficient to use the values

1
g0 = xex/ e ?dz =e* —1,
0

1
= x3exf e ¥z(z—1dz=¢"2—x)—2—x,
0

from which we conclude
&1 e’ +1
D90
o e¥ —1

X,

to recover, up to the change from x to %, the following result of d’Alember

ex—l_ X
ex+1_2+L

144 °

We now consider the general case, and regarding the definite integrals

/Oa e * f"(2)dz, /Ob e ZfM™(z)dz, ..., /Oh e ? f™(z)dz,

I propose to obtain an algorithm that allows us to compute them step by step, for
all integer numbers m. To make the computations more symmetric, I introduce
the following modifications to our previous notations. I write

f(@)=(z—z0)(z—21) (2 — zn)
instead of
f@) =z =a)z—b)-(z—h).

in the way to consider the most general polynomial of degree n 4+ 1. Then let Z
denote any of the quantities zy, z5, . . ., z,, and I study the integral

/ZZ e ? f™(z2)dz,

0

DMémoire sur quelques propriétés remarquables des quantités transcendantes circulaires et log-
arithmiques, Mémoires de I’Académie des Sciences de Berlin, année 1761, p. 265. See also the
Note IV of the Eléments de Géométrie by Legendre, p. 288.
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which evidently includes all those that we have seen before by setting zo = 0.
With this, the path to the method that I want to explain is open.

IX. By integrating the two sides of the identity

de™ /™ (2))

S =m0 — ).

we obtain
e “fM(z) = m/e_zfm_lf/(z)dz — / e % f™(z)dz,

and as a consequence

z z
/ e Zf™(z)dz = m/ e Z M (z) f(2)dz,

0 20

or also
Z Z —z rm Z .—z fm Z —z rm
[ C_me(Z)dZ — m/ ﬂdz_l_m/ de—f— . +m/ ﬂdZ,
z0 z0 Z—2Zp Z0 zZ—1 z0 Z—1Zp
by the formula
'(z 1 1 1
S ) = + + ...+ .
f(2) z—z9 Z-—1 zZ—2Zy
Now there are the new integrals
Z e—me(Z) Z e_me(Z) VA e—me(Z)
—dz, —dz, ..., —dz
o Z—Zo n Z—ZI1 20 Z—Zn
that give us a sytem of recurrence relations of the form
Z .-z fm e~z fm Z .-z rm Z .—z fm
[0 o0 [ Do [ Do [
o Z—Zo z— n Z—ZI1 Z—Zy
V4 e Z fm e Z fm V4 e Z fm Z e Z fm
z z
/ M), (10)/ f()dz+(11)/ f() +(1)/ M@
z0 VAR A | Z —Zy

/Zz —Zf’”() (0)/ —me( )dz+( 1)/2 ‘Zf’"(z) . +(nn)/-z _Zf’"(z)

o Z—Zn Z—2Zy

where the coefficients (i), and thus their determinant, are obtained by a simple
procedure, as we will see.

15



Now, by operating on these n+ 1 elements into which the integral fzf e ? f"(z)dz
decomposes, we will manage to determine its value, rather than by looking for a

. . Z ez fm )
linear expression of | 20 f’Z{—ZO(Z)dZ via

f ‘o fm(z)dz, / ? et Fm(z)dz, ... / ‘e £ (2)dz.

20 20 20

But, more generally, for arbitrary integer exponents in
F(z) = (z = 20)"(z —z)"" -+ (2 — za)"™",
by integrating the two sides of the identity

d(e™*F(z))

e e *(F'(z) = F(2)),

we obtain

e ’F(z) = /e_ZF/(z)dz—/e_ZF(z)dz,

/ZC_ZF(Z)dZ = /Z e “F'(z)dz.

20 20

and from that

Now the formula

F'(z "
() _ o Mo LM
F(z) z—2z9 z—124 Z—Zy

gives the following decomposition:

o 2o — 2o — Z—2Zy

0 0

which in a similar way leads to an effective computation of the terms

z z z
/ e_ZF(z)dz,/ C_ZF(Z)f(Z)dZ,...,/ e F(z) f*(2)dz,

0 20 0

and the elements of the decomposition of any of these can be expressed by a linear
functon of quantities similar to those that appeared in the preceding term, and this
way we will prove it.

X. To this end, I establish that we can always determine two integer polynomials
of degree n, say ®(z) and @;(z), such that we have the following relation

cTF)fG) . [ IFE)6,()
f 2 ¢ dz‘/ )
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dz — e’ F(2)0(z).

V4 Z - zZ — 7 —
e ZF z e ZF z c ZF zZ
/ e “F(z)dz = ,u,of Z—()dz—i—,ulf —()dz-l—...-i—,un/ #d
z z 1 z

b



where ¢ denotes one of the roots zg, z1, ..., z,. In fact, after differentiating both

sides, we multiply by the factor I{g % and obtain

/()
z-¢

Now, as f(z) is divisble by z — ¢, the left hand side in this equality is an integer
polynomial of degree 2n 4 1, and the right hand side is of the same degree, by the
assumptions on @(z), ®;(z). As each of these polynomials contains n + 1 unde-
termined coefficients, we certainly have the necessary number of 21 4 2 necessary
arbitrary constants in order to make the identification. With this established, ob-
serve that when we assume z = z;, then the rational fraction F/%Zf)(z) takes the
value i f’(z;). Thus we obtain the conditions

O1(20) = o f'(20)O(z0).
O1(z1) = n1 f'(21)O(z1),

F'(z)
F(z2)

£G) = O1(2) + (1 - ) FR)OE) - F()O'(:).

O1(zn) = /'Lnf/(zn)@(zn)v

and this allows, due to the interpolation formula, to immediately calculate @;(z)
if ®(z) was known. This way we obtain the following expression:

©1(z) _ 1O (20) n p10(z1) P Mn@(zn)’
f(z) Z—2zp z—2z Z—2Zy

which will soon be useful. To now obtain @ (z), I again consider the proposed
relation and divide the two sides by f(z), which yields

[0 o0 (e
2=t f@) F(2)

and observe that, as the fraction @f]T(zZ)) has no integer part, it follows that the desired

polynomial has be such that integer part of the expression

F'(z) . .
Of-F@))og)—O(n

) O(z) — O'(2),

equals that of ];(ng To this effect, first let

f@)=2"T" 4+ piz" 4+ paz" N+ L+ pasas

17



which gives

{EZE) — Zn + é- Zl’l—l _|_ é-2 Zl’l—2 + . + é-n
+P1 +pi¢ +pig"t
+p2 +prg"?
+Pn
or rather 1)
z
e A SCR S <A SRR S 2

where we write for short

¢ = é'i + p1§i_1 + pzé‘i_z + ...+ pi.

Let also
O@z) = apz" + a1 z" Va4 4,
and expand the function I;((ZZ)) in decreasing powers of the variable, in order to

obtain the integer part of the product 1;/((22)) O(z). If we write s; = Loz + 124 +

...+ 1nzl, we find in this way that

F'(2) S0 51 S

Fo) z 2 mtr
and consequently
%@(z) = ooz L aySo | 2" sy |2V 4L
+Ol()Sl +O(1S1
+0pS>

The equations in «g, o1, @2, . . . for which we have made the identification are thus
1 = ao,
§1 = a1 —ao(so + n),
Co =z —ay(so +n—1) —apsi,

§3 = 03 — Olz(S() +n— 2) — 151 — 0pSo,

They yield
ap =1,
ay =y + 5o + 1,
ar =8+ (so+n—1)1 + (5o +n)(so +n—1) + 51,

18



and show that oo, @1, @2, . . . are polynomials in ¢ with integer functions as coef-
ficients whose integer coefficients are sg, 51, §2, ... and therefore have the roots
Z0,Z1, - - ., Zn. Moreover, we see that «; is a polynomial of degree i in which the
coefficient of {; equals 1. So for simplicity we write

o; = (%),

and from now on write ®(z, {) instead of ®(z), in order to recognize {, so we
have
O(z.0) = 2" + D1(D2" 2 + 02(2)2" > + ... 4+ 9a(D).

From this results the following formula for the polynomial ®;(z),

01(2) _ 1100(20,9) Ml@(zl’é‘) pn©(zn, §)
+...+—,
f(z) zZ—2Zp z—2z Z—2zy

and from this we can immediately deduce the result we proposed to obtain. In
fact, is is sufficient to take the integrals in the limits zo and Z in the relation

f e ?F(z)f(2) dr — / e ?F(2)®41(2)

p— e dz — e ?F(2)0(z),

which gives

/Zéfﬂﬂf@hzz/‘ CFF()010)
w8 W S0

—Mo@(zo,f)/ _ZF(Z)

VA _ZF(Z)

Z— 1

-+m@@ho[

zZ _ZF(Z)

Y

In particular, this holds in the case

Ho = M1 = ... = Up =m,
in which we will use this equation. If we then set

mO(z;, zx) = (ik)

19



and successively take ¢ equal to zg, zy,...,z,, we deduce the previously an-
nounced relations, which result from these:

Z .—z fm Z —z fm Z —z rm Z .—z fm
ﬂdz = (i()) ef—(z)dz+(l‘1) ef—(z)dz_h . .-|-(il’l) ef—(z)dz’
z Z0 Z—2Zp Zo zZ—I Z0 Z—1Zp

o Z—7Z
fori = 0,1,2,...,n. However, for the general case I rely on the following
proposition.
XI. Let A and § be the determinants
O(20,20) O(z1.20) -+ ©O(zy,20)
. O(z0,z1) O(z1,z1) -+ O(zp,2z1)
O(z9,2zn) O(z1,2zn) -+ O(zy,zn)
and
1 1 1
Zo 21 Zn
§=17 7z} zy
zo I Zy
I claim
A =82

In fact, the expression of @(z, {) in the form
O(z,0) = 2" + 11(D)2" 7 + 922"+ ...+ D)

shows that A is the product of the two determinants

1 1 - 1
Zo Z1 cee Zn
72 7% 72
Zp Zy Zy
and
1 1 1
H(zo) thi(z1) - Pi(zn)
Da(zo) Ba(z1) -+ Palza)|.
ﬁn(zo) ﬁn (Zl) Ut 1971 (Zn)

20



But as 9;({) is a polynomial in ¢ of degree i, such that we can write
%) =+ 50+

this second quantity reduces to the first by some well-known theorems, and we
obtain

A=§2
With this established, let

1 VA4
- - —Zz rm d ’
£ 1'2'“m/ZOe f™(z)dz

o = 1 /Z ARG
" o1-2---(m—1) ), z-—2z

The relation established on p. [I3]
Z Z —z rm —z rm —z f£m
/ e ? f™(z)dz :m/ € /2 / (Z)dz—l—m/ MG )dz+ +m/ f (Z)
z 2o

z0 z0 — 20 Z—1Z Z—Zp

becomes more simply
0 1
Em =Ep + &y + ...+,
and this again

7 e_zfm_H(Z) B 4 e—me(Z) VA e—zfm(z)
/Zo Tt ” _m@(z‘)@)/ IO /ZO B ——

—Z m
z
T +m0<zn,z>[ IRy,
Z—2Zp
by successively taking ¢ = z¢, zy, ..., Z,, we can make the substitutions denoted

by S, to have
8?,,“ = @(zo,zo)e,on + @(zl,zo)elln + ...+ O(z4, 20)e,,
8,1n+1 = @(20,21)821 + @(zl,zl)e,ln + ...+ O(zp, 21)e,,

en1 = O(20,zn)en, + OZ1,2n)Ep, + - - + O(2n, 2 el

If we now compose S1, S», . . ., Su—1, we derive the expressions of 8
ingl el ..., & of this form:

€2 = Aged + Aje] + ... + Apel,
ey = Boe) + Bie] + ... + B,el,

1 n
s Emsr e Em

= Lo&Y + Lig] + ...+ Lyel,

IS
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and the determinant of this new substitution, being equal to the product of the

individual substitutions, is §2¢"=1_ It remains to replace £, el,...,&", by their

values in order for the expressions of the quantities &/, to have the appropriate
form for our purpose. These values are easily obtained, as we will see.

XII. To this end, I apply the general formula

/e_ZF(z)dz =—e “¥(2),

assuming

F
7= £@
z—=¢
that is,

F(z) = z"+C |27V 482|224 ... 4+ 0"
+P1 +pig +pig"t
+ P2 +p2§"_2
+ Pn

It is easy to see then that ¥ (z) becomes an integer expression in z and ¢, very
similar to ®(z, ), such that, if we denote it by @(z, ), we have

D(z,0) = 2" + 12" + 22" + ...+ a(0),

where ¢; () is a polynomial in ¢ of degree i, in which the coefficient of ¢’ is 1.
Thus we obtain, in particular,

¢1(8) =+ p1+n,
02(0) =+ (pr+n =D+ pa+ (n = Dpy +n(n—1),

and the analogy with @(z, {) shows that the determinant

D(zo,20) P(z1,20) -+ DP(z4,20)
D(zo,21) P(z1,z1) -+ DP(zn,21)
CD(ZO,Z,,) ¢(21,Zn) @(zn,zn)

is again equal to §2. From this, we deduce the relation

Z -z
/ e f(;)dz = e 0P(z9,0) —e L D(Z,0),

o Z—
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and by taking { = z; the desired value
g =eD(z9,2;) —e “D(Z, z;).

But now the expressions for the quantities &’ follow.

Let
A = A()(D(Z,Zo) + AICD(Z,Zl) + ...+ An¢(Z,Zn),
B =Bo®(Z,z9) + B1DP(Z,z1) + ...+ B,D(Z, z,),
L = LOCP(Z,Z()) + ngp(Z,Zl) + ...+ Ln(p(Z,Zn),
and let Ag, By, ..., Lo represent the values obtained for Z = z,. Then we have
821 = e 04y —e L,
el =e By —e %8B,
e =e 0Ly —e L L.
In these formulae, Z denotes any of the quantitites zy, z5, . . . , z,. Now, if we con-
sider this result for Z = z;, we let for this case sy, B, ..., Lrand n), 0, ... 0}
denote the values of A, B, ..., L and 89n, 8,1,1, ..., &, respectively. We obtain the
equations

’7/2 =e Ay —e KA,
M = e By — ek By,

Ny =¢ Ly —e FLy,

which lead us to the anounced second proof of the impossibility of a relation of
the form
e Ny +e“'Ny + ...+ e N, =0,

where the exponents zg, z1, . . . , Z, are assume to be integers, just like the coeffi-
cients Ng, N1, ..., N,.

XIII. First, I say that &/, can become smaller than any given quantity for suffi-
ciently large m. In fact, with the exponential e~ being always positive, we have

z z
/ e ’F(z)dz = F(fg‘)/ e ?dz = F(§)(e™? —e %)

23



for any function F(z) and £ contained in the interval between zo and Z. Now, if
we take .
f"(2)
z—z;
e f©

m1 2 (m—1)E—z;
which proves the claimed property. From this, I derive from the equations

F(z) =

this becomes

(e™% — e ? ),

Ny = e g — e Ay,

0 —z —z
N, =€ g —e 2y,

7]2 = C_ZO:A() — C_Z"cA)l,
the following relations:

eI NIN1 + ey + ...+ e N,
=€ ("' N1+ e Na+ ... + €7 Ny)ho — (A1 N1 + A2 N2 + ... + A, Np).

If we introduce the condition
e®®No +e*'N; + ... +e"N, =0,
then this becomes
e INy +e2n + ...+ e 0N, = —(AIN; + AyNa + ...+ A, Ny).

Now, by assuming zo, z1, . . . , Z, to be integers, the same holds for the quantities
O(zi, zx), D(z;, zx ), and consequently also for Ay, A1, ..., A,. We thus have an
integer numbers

AoNo + ANy + ...+ AN,

that decreases indefinitely with n9, 71, ..., n" for growing m. It then follows that
from a certain value for m on, we have

A()No + e7431]\"1 + ... ‘I’eA’nNn =0,
and, as we obtain in a similar way the relations,

£0N0+£1N1 —f——{—i';nNn :0,

LoNo + LNy + ...+ LN, =0,
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the relation
CZON() —|— CZ]Nl + .

implies that the determinant

Ao oAy
A %’o i>.’1
Lo L1

necessarily has the value 0. But, by the expressions for the quantities Ay, By, . . .

Ry

A is the product of the two other determinants

Ao
Bo
Lo L,
and

(D(Z(), Z()) (p(Z(), Z())
D(z0,21) P(z1,21)

¢(Z(),Zn) CD(Zlen)

"N, =0

(p(Z(), Z())
¢(Zn’ Zl)

b

¢(Zn’ Zn)

of which the first has the value 2"~V and the second has the value §2. We
thus have A = §%™, and it is thus shown in an entirely rigorous manner that
the assumed relation is impossible, and as a consequence the number e is not
contained in the irrational algebraic numbers.

XIV. It is not without use to give some examples of the mode of approximation
of the quantities we have studied, and I consider first the simplest case with only
a single exponential e*. If we set f(z) = z(z — x), we have

1 X
Em = —/ e “z"(z —x)"dz
1-2--m J,

and

I

—
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-z _m— — x)"d
1-2---(m—1)/0 e " (z—x)"dz

1 x 1
—z m _ yym=lq,
1-2---(m—1)/0 e “z™(z —x) z



Now we immediately obtain
O,)=z4+C+2m+1—x,
and from this

©(0,0) =2m+ 1 —x, O(x,0) =2m + 1,
©0,x) =2m + 1, O(x,x)=2m+ 1+ x,

and as a consequence the relations

g0 1 =02m+1-x)e) + (2m+ e,
8,1n+1 = (2m+ &) + 2m + 1y)e,.

I observe now that this becomes, by subtracting one from the other,
1 0 0 1
Emi1 ~ Em1 = X (& + &),

such that with
Em = e?n + 8,1”

we conclude

1 o _
Em+1 ~ Emt1 = XEm-

By combining this equation with the following,
1 0
Emt1 T Emi1 = Em+1s
we derive the values

1 Em+1 + Xém 0 Em+1 — X&m

Cmt1 = T 5 w1 T T 5,

and, if we replave m by m—1, then an easy substitution, for example in the relation
89n+1 =Q2m+1—-x)ed +(@2m + l)e} ,

yields the result previously obtained on p.[13]

Em+1(4m + 2)em + X Em_1.

Next, letn = 2,z = 0,z; = 1,2z, = 2,sothat f(z) = z(z—1)(z —2) =
z3 — 322 4 2z. We find

OO =22+C-Dz+C=D)*+3mGEz++1)+0m?,
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and as a consequence,

©(0,0) = 9m2 +3m + 1, O(0,1) = Im? + 6m, ©(0,2) = 9m? + 9m + 1,
O(1,0) = 92+ 6m+1, O, 1)=9m2+9m+1, O(1,2) = 9Im? + 12m + 3,
OR,0)=9m>+9m+3, OR2,1)=9m>+12m+4, ©2,2) =9Im? + 15m + 7.

In particular, for m = 1, we have

€9 = 139 + 16¢] + 21¢3,
ey = 1569 + 19¢] + 2563,
e = 19¢9 + 24el + 313,

Moreover, it is follow easily that
D(z.0) =22+ (- Dz + (-1
and this gives

=1-e%(Z*-Z +1),
8} =—e %72,
el =1 —e 2(Z*+Z +1).
We conclude
) =34 —e%(50Z% + 8Z + 34),
ey = 40 —e % (59Z% 4+ 10Z + 40),
e2 =50 — e %(74Z% + 12Z + 50).

From this it follows that

g1 =¢) +el +&3 =2—-e%(3Z%+2),
£y =83+ &) + &2 =124 —e % (18322 4+ 30Z + 124),

and if we successively take Z = 1, Z = 2, then the expression for €; yields the
approximations

5 , 14
e=—-, e =—=7,
2 2
and the expression for &, yields the following,
337 , 916

’ e = —,
124 124

27



where the error approaches one over ten-thousand. If we further assume m = 2,
this gives

8(3) = 4382 + 498; + 578%,
g3 = 48e) + 55¢) + 6463,
&3 = 55 + 63e) + 75¢3,

and we obtain

€ = 6272 —e%(9259Z% + 1518Z + 6272),
ey = 7032 — e 4(10381Z% + 1702Z + 7032),
e2 = 8140 — e #(12017Z% + 1970Z + 8140),

from which
£3 = 21444 — e 2 (3165722 + 5190Z + 21444),

follows, and therefore

58291  , 158452
c = —_—, c - = —_—,
21444 21444

with the error in one over a million.

Original: Sur la fonction exponentielle, Gauthier-Villars, Paris, 1874.

Translation by Wolfgang Globke, Version of November 20, 2017.
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