
Homotopy-equivalent compact Lie groups

By HANS SCHEERER

§ 1 Introduction and result

In [2] it was shown, among other things, that two compact simple Lie groups are
isomorphic if and only if they are homotopy equivalent. Also, an example is given
there for two homeomorphic groups whose Pontryagin rings are not isomorphic.
Here, we sketch a proof for the following claim:

Theorem Compact connected Lie groups that are homotopy-equivalent are iso-
morphic.

Moreover, it is easy to describe the isomorphism classes of locally isomorphic
compact connected Lie groups (compare e.g. [1]). A compact connected Lie group
is homeomorphic to the direct product of a torus and its commutator subgroup.
The dimension of this torus equals the rank fo the fundamental group. It is thus
sufficient to prove:

Corollary Simply connected compact Lie groups that are homotopy-equivalent
are isomorphic.

In the following we consider only groups that are compact and simply connected,
and we let G, G 0 be two such groups that are homotopy-equivalent. Then G and
G 0, respectively, is a product of simple groups of the following types: SU.n/ with
n � 2, Spin.2nC1/with n � 2, Sp.n/ (the group of symplectic 2n�2n-matrices)
with n � 3, Spin.2n/ with n � 4, and G2, F4, E6, E7, E8. For one of these simple
groupsH , letN.H/ denote the number of factorsH inG andN.H 0/ the number
of factors H in G 0. From the information on cohomology rings and homotopy
groups we wish to conclude that N.H/ D N.H 0/ for all types H . The proofs of
the lemmas are omitted, as they are – using the method described here – a more
or less easy exercise in algebra.
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§ 2 Enumeration of the distinct cohomology rings

For all prime numbers p, we have:

H�.SU.n/IZp/ D
^

p
.x3; x5; : : : ; x2n�1/:

H�.Sp.n/IZp/ D
^

p
.y3; y7; : : : ; y4n�1/:

For p > 2:

H�.Spin.2nC 1/IZp/ D
^

p
.z3; z7; : : : ; z4n�1/:

H�.Spin.2n/IZp/ D
^

p
.z3; z7; : : : ; z4n�5; u2n�1/:

Here,
V

p denotes the exterior algebra over the vector subspace of H� generated
by the elements in parantheses; these are homogeneous, and their index indicates
their degree. If a2j�1 denotes one of the generators x2j�1; y2j�1; z2j�1, then the
a2j�1 can be chosen such that for the p above, the reduced Steenrod powers P k

p

operate as follows:

P k
p .a2j�1/ D

8<:
�
j � 1

k

�
a2j�1C2k.p�1/ if it exists;

0 else:

P k.u2n�1/ D 0 for k > 0, and in particular, u2n�1 62 P
k.H�/ for k > 0.

The Bockstein operator bp is 0.

Let t be the smallest power of 2 with n � t . Then

H�.Spin.n/IZ2/ D
_

2
.v3; v5; : : : ; vn�1; wt�1/:

The indices of the vi are the numbers 3 � i � n� 1 that are not powers of 2. The
algebra is generated with the relations

v2
i D

�
v2i if 2i � n � 1;
0 else:

w2
t�1 D 0:

The vi can be chosen such that

Sqi.vj / D

8<:
�
j

i

�
if i C j � n � 1 and not a power of 2;

0 else:
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The generator wt�1 can be chosen such that

Sq1.wt�1/ D
X

vi � vj ; summation over i C j D t , i < j , i even:

Sqi.wt�1/ D 0; for i > 1

Thus Sq1.wt�1/ D 0 for Spin.n/ with n � 10 or 2s < n � 22 C 2 for all s.

These equations can be found in [2] with the exception of the equation Sqi.wt�1/,
contained in [10]. If neither n � 10 nor 2s < n � 22 C 2 for some s, then wt�1

cannot be modified into a different generator et�1 such that Sqi.et�1/ D 0 for all
i > 0. We will use this in Section 5, Lemma 5. (The work [10] is based on [9].)

Let � be a simple group of exceptional type. If the prime number p is not a torsion
coefficient of H�.� IZ/, then H�.� IZp/ is a Grassmann algebra over a subspace
generated by homogeneous elements of degrees .3; 11/ for G2, .3; 11; 15; 23/ for
F4, .3; 9; 11; 15; 17; 23/ for E6, .3; 11; 15; 19; 23; 27; 35/ for E7, .3; 15; 23; 27; 35,
39; 47; 59/ for E8. The torsion coefficients are 2 for G2, 2, 3 for F4, E6, E7, and 2,
3, 5 for E8.

H�.G2IZ2/ Š Z2Œx3�=.x
4
3/˝

^
2
.x5/:

H�.F4IZ2/ Š Z2Œx3�=.x
4
3/˝

^
2
.x5; x15; x23/:

H�.E6IZ2/ Š Z2Œx3�=.x
4
3/˝

^
2
.x5; x9; x15; x17; x23/:

H�.E7IZ2/ Š Z2Œx3; x5; x9�=.x
4
3 ; x

4
5 ; x

4
9/˝

^
2
.x15; x17; x23; x27/:

H�.E8IZ2/ Š Z2Œx3; x5; x9; x15�=.x
16
3 ; x

8
5 ; x

4
9 ; x

4
15/˝

^
2
.x17; x23; x27; x29/:

For a suitable choice of xi , the Steenrod squares operate as follows:

Sq2.x3/ D x5 in G2;F4;E6;E7;E8:

Sq8.x15/ D x23 in F4;E6;E7;E8:

Sq4.x5/ D x9 in E6;E7;E8:

Sq8.x9/ D x17 in E6;E7;E8:

Sq2.x15/ D x17 in E6;E7;E8:

Sq4.x23/ D x27 in E7;E8:

Sq2.x27/ D x29 in E8:

Sq4.x5/ D 0 in G2;F4
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These formulas are taken from [11].

H�.F4IZ3/ Š Z3Œx8�=.x
3
8/˝

^
3
.x3; x7; x11; x15/:

H�.E6IZ3/ Š Z3Œx8�=.x
3
8/˝

^
3
.x3; x7; x9; x11; x15; x17/:

H�.E7IZ3/ Š Z3Œx8�=.x
3
8/˝

^
3
.x3; x7; x11; x15; x19; x27; x35/:

H�.E8IZ3/ Š Z3Œx8; x20�=.x
3
8 ; x

3
20/˝

^
3
.x3; x7; x15; x19; x27; x35; x39; x47/

with b3.x7/ D x8:

H�.E8IZ5/ Š Z5Œx12�=.x
5
12/˝

^
3
.x3; x11; x15; x23; x27; x35; x39; x47/

with b5.x11/ D x12:

These formulas can be found in [3] and [13].

§ 3 The exceptional factors

If �1; : : : ; �r are simple groups, let N.�1; : : : ; �r/ D N.�1/ C : : : C N.�r/.
Define N 0.�1; : : : ; �r/ accordingly.

Lemma 1 N.E8/ D dim b5.H11.GIZ5//.

Definition Let A and B be commutative algebras over Z2. Let s D 2k, k � 1.
Then Qs W A ! A, x 7! xs, is a homomorphism of algebras, compatible with
homomorphisms f W A! B .

Lemma 2

(1) N.E7/ D dim.Q2 ıSq4/.H5.GIZ5//�dim.Sq1
ıSq4

ıSq6/.H7.GIZ2//�

N.E8/.

(2) N.E6/ D dim Sq4.H5.GIZ2// � dim Sq2.H7.GIZ2// �N.E7;E8/.

(3) N.F4/ D dim b3.H7.GIZ3// �N.E6;E7;E8/.

The number N.G2/ will be obtained in § 7 from the homotopy groups.
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§ 4 Indecomposable elements

Let J be the ideal
P

i>0 Hi of H�. Set zHi D Hi \ J and uzHi D Hi=zHi .
The elements of uzHi are called indecomposable.1) By the Cartan formulas, a
cohomology operation � W Hi ! HiCk (here, we mean an Sq or P ) induces
an operation � W uzHi ! uzHiCk . Like �, it commutes with continuous maps.
If X1 and X2 are connected spaces with finitely generated cohomology, and if
X D X1 � X2, then uzHi.X/ Š uzHi.X1/ �

uzHi.X2/ (direct sum) for i > 0,
and here � W uzHi.X/ ! uzHiCk.X/ corresponds to the homomorphism � ˚ � W
uzHi.X1/˚

uzHi.X2/!
uzHiCk.X1/˚

uzHiCk.X2/. We remark that for all simple
groups � and all i , dim uzHi.� IZp/ is at most 1, except for � D Spin.4n/ with
n � 2, i D 4n � 1 and p � 3.

In the following, let A.G/ denote the product of exceptional factors of G, and
K.G/ the product of the remaining factors.

§ 5 The factors of type Spin.2n/, n � 4, Spin.2nC 1/, n � 2

Lemma 3 Let n � 4. Then there exists a prime number p � 3 such that for every
(kompakt simply connected Lie) group G in cohomology modulo p, we have:

N.Spin.2n// D dim.uzH2n�1.G// � dim uzH2n�1.A.G//

� dimP
1
.uzH2n�2pC1.G//

C dimP
1
.uzH2n�2pC1.A.G///

Definition For a power s of 2, let Qs denote the homomorphism Hk=zHk !

Hks=Qs.
zHk/ induced by Qs.

If X D X1 �X2 is a space as in § 4, then

uzHk.X/ Š uzHk.X1/˚
uzHk.X2/

for k > 0, and
dim imQs D dim im.Qs ˚Qs/:

1)Translator’s note: The superscripts z and uz come from the German “zerlegbar” (meaning
“decomposable”) and “unzerlegbar” (meaning “indecomposable”).
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Lemma 4 Let 0 < i be even and not a power of 2. Let s be the largest power of
2 that divides i , and let k D i=s. Then

N.Spin.j /; j > i/ D dimQs.H
k.GIZ2// � dimQs.

uzHk.A.G/IZ2//:

Corollary Let i > 2, even and not a power of 2. If i C 2 is not a power of 2, then
we obtain from Lemmas 3 and 4 that N.Spin.i C 1//. If i C 2 is a power of 2,
then we obtain only N.Spin.i C 1/;Spin.i C 3//.

By using how Sqi acts on the different algebras, in particular what was stated in 2
on Sqi.wt�1/, we prove:

Lemma 5 With s � 4, it holds for the homotopy-equivalent groups G, G 0 that
N.Spin.2s � 1// D N 0.Spin.2s � 1//.

In 7 we will obtain N.Spin.j // D N 0.Spin.j // for the remaining j D 5; 7; 9.

§ 6 The factors of type SU.k/ and Sp.k/

Lemma 6

(1) For i � 3 and i ¤ 2r ; 2r � 1 and for all r , N.Sp.i// D N 0.Sp.i//.

(2) For i � and i D 2r , N.Sp.i � 1/;Sp.i// D N 0.Sp.i � 1/;Sp.i//.

Lemma 7

(1) For i � 3 and i ¤ 2r ; 2r � 1 and for all r , N.SU.i// D N 0.SU.i//.

(2) For i � 3 and i D 2r , N.SU.i � 1/;SU.i// D N 0.SU.i � 1/;SU.i//.

The proof of Lemma 6 is given by our previous results and the operations of the
Sqi on the different algebras. In particular, we use that for SU.n/ with 2n � 1 >
2i � 1 and i even, Sq2.x2i�1/ D x2iC1 holds, and that moreover for s D 2k and
0 � i < 2kC1� 1 for SU.n/ and Sp.n/, we have Sqi.a2s�1/ D a2sCi�1, provided
a2sCi�1 exists. The proof of Lemma 7 is then given by considering dim.uzHj / for
suitable j .
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§ 7 Information on homotopy groups and consequences

Periodicity theorem [12].

(1) For n;m � i C 2, …i.SO.m// Š …i.SO.n//.

(2) For n;m � .i C 1/=2, …i.SU.m// Š …i.SU.n//.

(3) For n;m � .i � 1/=4, …i.Sp.m// Š …i.Sp.n//.

(4) Let SU denote a suitable SU.n/, SO a suitable SO.n/ and Sp a suitable
Sp.n/, then: …k.SU/ Š …kC2.SU/, …k.SO/ Š …kC4.Sp/, …k.Sp/ Š
…kC4.SO/. The period of …k (beginning with k D 0) is 0, Z, for SU, Z2,
Z2, 0, Z, 0, 0, 0, Z, for SO, and 0, 0, 0, Z, Z2, Z2, 0, Z, for Sp.

Homotopy groups …i for small i .

i D 6 7 8

SU.2/ Z12 Z2 Z2

SU.3/ Z6 0 Z12

SU.4/ 0 Z Z24

SO.8/ 0 Z˚ Z Z2 ˚ Z2 ˚ Z2

SO.9/ 0 Z Z2 ˚ Z2

SO.10/ 0 Z 2

G2 Z3 0 Z2

F4 0 0 Z2

E6;E7;E8 0 0 0

These results can be found in [4], those for E6, E7, E8 in [5].

Lemma 8 Let nk.p
r/ denote the number of summands Zpr in a representa-

tion of the p-primary component of …k as a direct sum of cyclic groups. Then
N.SU.2// D n6.4/,N.SU.3// D n8.4/,N.G2/ D n6.3/�N.SU.2//�N.SU.3//.

Lemma 9 N.Spin.5// D N 0.Spin.5//.

This follows from the study of dim uzH7.
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Homotopy groups of Spin.7/ and Spin.9/ [9].

…i.Spin.7// D …i.Spin.9// for i � 13.

…14.Spin.7// D Z2520 ˚ Z8 ˚ Z2 Š Z8 ˚ Z2 ˚ Z9 ˚ Z7 ˚ Z5.

…14.Spin.9// D Z8 ˚ Z2.

Almost stable homotopy groups of Sp.n/ [8] and SU.n/ [6].

…4nC2.Sp.n// D
�
Z.2nC1/Š for even n:
Z2.2nC1/Š for odd n:

…2n.SU.n// D ZnŠ:

Corollary For Spin.7/, n14.8/ D 2, for Spin.9/, n14.8/ D 1, and for SU.7/,
SU.8/, Sp.3/, Sp.4/, n14.8/ D 0. Hence

2N.Spin.7//CN.Spin.9// D 2N 0.Spin.7//CN 0.Spin.9//:

Now we still have to consider the numbers N.SU.2i//, N.SU.2i � 1// for i � 3,
and N.Sp.2i//, N.Sp.2i � 1// for i � 2. We obtain the desired result by studying
the 2-primary component of …2.2i�1/ in the order i D 3; 4; : : :.
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