Algebraic points in analytic
subgroups of algebraic groups

By GISBERT WUSTHOLZ

1 Introduction

It is the aim of this work to prove a general result on the arithmetic properties of
analytic homomorphisms between commutative algebraic groups. Many results
and problems in transcendental number theory can be reduced to this question,
and our main result gives an answer to a series of open problems.

It became apparent that the study of analytic homomorphisms between commu-
tative algebraic groups has been very beneficial for transcendental number theory
and leads to beautiful results. This was noted by S. Lang about twenty years ago,
and he proved in [[LI] that for Q-defined commutative algebraic groups G and
elements @ # 0 in T(G)(Q), the image expg (a) under the exponential map in
general does not lie in G(Q). Here, T(G) denote the tangent space of G at the
identity element, T(G)(Q) the set of Q-rational points of T(G) and G(Q) the sub-
group of algebraic points of G. In other words, G(Q) is the group of Q-valued
points of the group scheme G. From this result by Lang a whole series of results
on transcendence can be derived. Among others, one can derive the transcendence
of e* for algebraic o # 0, if we set G = G,, where G, denotes the multiplicative
group scheme. This is the famous Lindemann Theorem. This result corresponds
to a result on one-parameter subgroups of algebraic groups. Shortly after, it was
extended by Lang [L2, [L3] in several directions to d-parameter subgroups of al-
gebraic groups. All these works were based on a method developed by Schneider
[Schll [Sch2].

A second fundamental method was developed by A. Baker [Ball, |Ba2] in connec-
tion with the study of linear forms of logarithms of algebraic numbers. It will
play a central role in our investigations, together with the so-called zero estimates
of algebraic groups. These were developed in recent years by D.W. Masser and
the author [Ma-Wiil, Ma-Wii2, Ma-Wii3] and extended by the author [Wiil] to
multiplicity estimates.

In the following let G be a connected commutative algebraic group of dimension n
and T(G) its tangent space at the identity element. As a Q-vector space of deriva-
tions of the local ring of G at the identity element, the latter has a Q-structure in
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a natural manner that extends to left- and right-invariant vector fields. In particu-
lar, the exponential map can be chosen such that the analytic functions appearing
in it have a power series extension at the origin with algebraic coefficients. The
exponential map

expg : T(G) - G

is thus also Q-defined (however, not in the category of schemes with respect to
the Zariski topology).

If G and G’ are complex Lie groups, then a homomorphism
0:G -G

is called analytic if ¢ is a homomorphism of complex Lie groups. In the following,
we only consider commutative Lie groups. It is well-known that ¢ induces a linear
map

dy : T(G') — T(G)

between the tangent spaces, such that the diagram
G —4r—~¢G
expG/] expG

T(G) ¥~ T(G)

commutes. If G’ and G are Q-defined algebraic groups, then we call ¢ Q-defined
if dg is a homomorphism of Q-vector spaces. Note that in general ¢(G’) is not
a closed subgroup of G. If the differential dg is injective, we call ¢ an analytic
subgroup of G.

Main Theorem Let G and G’ be Q-defined connected commutative algebraic
groups with dim G, dim G’ > 0 and

0:G -G

a Q-defined analytic homomorphism. If @(G") (Q) # 0, then there exists an alge-
braic subgroup H C ¢(G’) defined over Q with dim H > 1.

Remarks

1. If H is a Q-defined algebraic subgroup of ¢(G’), then clearly H(Q) C
¢(G")(Q). So the Main Theorem is just the converse of this trivial fact.

2. If H C ¢(G’) is the maximal Q-defined algebraic subgroup, then
H(Q) = ¢(G")(C) N G(Q).
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To see this, consider the canonical homomorphism 7 : G — G/H. As
H' = (m o ¢)71(0) is a closed Lie subgroup of G’, we can form G'/H’
and obtain a Lie group G”. Now consider the induced homomorphism ¢ :
G" — G/H and obtain an analytic homomorphism

TG 2% ¢ % 6/H.
This one we call o : T(G”) — G/H. It is a Q-defined analytic homomor-
phism with injective differential dg, between two commutative algebraic
groups. If dimT(G”) = 0 or dimG/H = 0, then we are done. Otherwise
we can apply the Main Theorem to find that ¢o(T(G"”)) N (G/H)(Q) = 0.

. In Remark 2 we already used the fact that we can always assume without
loss of generality that G’ is a vector space. In fact, we only need to set
V = T(G') and replace ¢ by ¢ o expg.

. We may assume without loss of generality that dg is injective, and can then
identify V' with a vector subspace of T(G).

. The theorem is non-trivial only if dim ¢(G’) < dim G. Otherwise, H = G
has the desired property.

. It is enough to prove the theorem for the case dimG’ = n — 1, where
n = dim G. In fact, by Remark 3 we may assume that G’ is a d -dimensional
vector space V' and by Remark 4 we may assume that d < n. Now d¢ is
injective, so that we can identify V' with a subalgebra of T(G). But this is
always contained in an n — 1-dimensional subalgebra W of T(G). If V is
Q-defined, then W can also be chosen as Q-defined. Once we have found
an algebraic subgroup H = H (W), we set

H= () HW),

woVv

where the intersection is taken over all such W. This is a non-trivial alge-
braic subgroup of dimension different from 0 that is contained in ¢(G') and
is Q-defined. In fact, we have

HQ = () HWM)@ = ¢(G")(C) N G(Q).
woV

If the right-hand side cont_ains an element different from O, then it contains
infinitely many. Thus H(Q) is infinite and dim H # 0.



As the perhaps most interesting application of this theorem we mention the fol-
lowing theorem which will be proved in a future article. Let X be a smooth quasi-
projective variety over Q and let y represent a class in Hy (X, Z). If o represents
a class in H(X, £25), then the following holds:

Theorem The integral | , @ is either O or transcendent.

Remark The integral depends only on the classes of y and w.

2 Some preliminary remarks

To employ the techniques of the theory of transcendental numbers, we need some
preparations. In particular, we need an explicit description of the exponential map.
This is done in [F-WI], and we will briefly recall it here.

Let G be a commutative connected algebraic group. It is known that there is a
maximal connected linear subgroup L of G such that G is an extension of an
abelian variety A by L. After an algebraic extension of the base field, L becomes
isomorphic to a product of multiplicative groups G,, and additive groups G,

L — Gl x G~

The linear subgroup L is compactified in a suitable manner to L with L-operations,
and we set G x L/L = G. This is a fiber bundle over A with fiber L. We then
obtain divisors Ey,..., Ej, 1+, on G that come from the compactification of L.
Set E' = E1+ ...+ E;,, E" = Ejj41,...,El,41, and E = E' + E”. The
divisor £’ belongs to the additive and the divisor £” belongs to the multiplicative
partof L. If p : G — A is the canonical projection and D an ample divisor on 4,
then we set
Dap=a-p*(D)+b-E

for integers a,b > 1. This divisor is very ample for a > 3 and b > 1. For
such numbers a and b we consider the sheaf Og(Dg,5) on G. Then every basis
Xo,...,xy of H(G, (96(Da h)) gives an embedding j of G into PN. Here, N =
dim H(G, O Da,b)) — 1. This embedding is such that the divisor £ is contained
in the divisor on G defined by xo:--xy = 0.

If [/] denotes the multiplication on G with 0 # [ € IN that extends to a mor-
phism on G, then [[[*D,p ~ [>?D4p — bZ, for a positive divisor Z; on G with
support contained in that of E. Therefore, there exist homogeneous polynomials

CPél), e, <D1(é) in Xxg, ..., xy such that for g € G the homogeneous coordinates of
lg are given by

(xor ... xy)(lg) = (@, ..., 0D (g).
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Now set (p = ]*(D(l) for0 < i < N. Then ¢® = ((p(l) ..-,¢N)) defines a
rational map from G to G. This is undefined along a divisor E C E, but otherwise
coincides with [/].

By the height of a point or a polynomial we mean the Weil height. For o € P"(K)
for an algebraic number field K this is defined by

H(o) = ]_[ml_aX(IOtiIv),

where @ = (g, ...,oy) and | - |, runs through the normed absolute values of K.
If P is a polynomial of degree d(P) < D in n variables with coefficients in K,
then it corresponds to a point in the projective space PV, where N = (D +n) Its
height is defined to be that of the corresponding point.

Proposition 2.0 Let G be defined over Q and [ > 1 integer. Then there are
constants c¢y,c, > 0 with the following property. If m > 0 is an integer and
2.8 € G(Q) with g’ = g, then the logarithmic height h(g’) of g’ can be
estimated by

h(g') < cil®™(h(g) + D).

PROOF: Wesetn; = x;j(g) for0 <i < N, and
fi =miel =m0 0<i.j<N).

Furthermore, let g(l), e g(8) be the solutions of /g’ = g and nl(v) = X; (g(")).
Then §|/2". For s < t we set

R = R(x;.x;) = 1‘[(n<’)xs = n¥x),

j=1

so that R vanishes in g, ..., ¢®. If u = x¢---xy, then R vanishes on
(¢®)~1(g). Then it holds by Hilbert’s Nullstellensatz that (1R)¢ € I for some
positive exponent e, that is,

(LR)® = Z hij fij

with homogeneous polynomials /;; in Xy, ..., xy. This is a system if linear equa-
tions in the coefficients of R and the /;;. According to [Ma-Wiil|], Chapter 4, in
particular Theorem IV and Lemma 4, we find the following estimate for the height
of (LR)®,

log H((LR)®) < c18(h(g) + 1).



Since H((uR)¢) = H(R®), we obtain the desired inequality for m = 1 after
some known estimates. For m = 0 the inequality is trivial anyway, and for m > 1
it follows by induction. &

The following observation is important in what follows. If I" C G is a finitely
generated subgroup of G, we can choose a basis xo, . .., xy of H(G, Og(D,.))
such that x¢(y) # 0 for all y € I". This can be achieved via an automorphism of
H(G, Og(Dg,p)) over Q.

Let U denote the open affine set G N (xo # 0) of G. As the translationally
invariant vectro fields on G extend to translationally invariant vector fields on G,
for every vector field A : O — Og the induced map

A:T(U,0g) — (U, Og)

is a derivation. Thus A stabilizes the affine algebra of U. A basis of the Lie alge-
bra of invariant vector fields induces linearly independent derivations a1, ..., d,
of this affine algebra.

Now let ¢ : G’ — G be an analytic subgroup with image B C G. Though
this is not closed, but itself a Lie group with tangent space T(B) in the unity
element. Henceforth we will identify the analytic subgroup ¢ with its image B
and its tangent space T(B) with a subspace of T(G). We can do this, as the Main
Theorem only makes a claim about the image. Finally, we identify the algebraic
group G with its image in P .

Let X, ..., Xy be coordinates of PV with x; = j*X; for0 <i < N. Then we
setfor0<i <N

Ji = Xiojoexpg = X; 0oexpg -

As fo, ..., fn are sections of expy; )(Dg,») and the latter is a trivial line bundle,
we can identify fo, ..., fy with functions on the tangent space T(G). This again
can be identified with C” via 9, ..., d,.

The function f; are analytic and have order of growth at most 2 (see for example
[F-W]]). Further, we set

g = fi/fo (1<i=<N)

and obtain meromorphic functions that are analytic in a neighbourhood of the
origin of T(G).

Henceforth we will also assume that G as well as ¢ is Q-defined. The the func-
tions g1, ..., gy satisfy a system of algebraic differential equations with algebraic
coefficients, since the derivations dy, ..., d, form a basis of the vector space of
derivations of I'(U, Og) over Q. Letz = (21, ..., z,) be the coordinates of T(G)
in this basis. Then the functions g;(z) (0 <i < N) have power series expansions
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with algebraic coefficients at the origin. The functions fy(z),..., fx(z) and the
functions g1(z), ..., gn(z) have order of growth < 2. Hence

log|fi(z)| <cilz]> (0<i <N), (1)

where we set ||z]|2 = (|z1]?+. . .+]|z.|?)2, with a positive constant ¢; independent
of z. Moreover, fo(u) # 0 for u € expg!(I"), where I" denotes the group
introduced before.

The addition + : G X G — G extends to a morphism + : G xG — G ([Se]).
Instead of + we shall occasionally write m. So the following lemma holds:

Lemma 2.1 There is a finite set E, an integer b > 0, amapv : I’ — E and
bihomogeneous polynomials

E.i(Yo,....,YN;Xo,....Xy) (e€E,—<i<N)

of bidegree b with coefficients in Q), as well as open affine sets U, C G x G with
(7. 0) € Uy(y), such that the following holds:

(i) The setsU,, e € E, coverall of G x G.
(i) For(g,g’) € U,,

1(g.8) - Xi(g + &) = Eci(Yo(g).....Yn(g): Xo(g'), ... Xu(g)
for0 <i < N and0 # t(g, g') € Q independent of i .

(111) The height of the polynomials E, ; is bounded by a constant ¢, > 0.

Remark The X;,Y; (0 < i < N) are actually sections of a line bundle. Upon
restriction to open affine sets we may view them as functions. In fact, the pullback
of a line bundle via the inclusion map of an affine set is trivial.

PROOF: (of Lemma It all follows immediately from the fact that the addition
on G is a morphism G x G — G and the topological space G with the Zariski
topology is noetherian. &

We now fix the analytic subgroup B with 0 < d = dimB < dimG. Its tan-
gent space T(B) is identified with the Lie algebra of B. This is a subalgebra of
Lie(G) = T(G). A basis of T(G) is given by d1, ..., d,. As we assumed that B
is @-deﬁned, there exists a basis Ay, ..., Ay of ie(B) with

A = w101 + ...+ a0y (lflfd)

and aqq1,...,04, € Q.



If P(Xo, ..., Xy) is ahomogeneous polynomial and g € G such that Xy(g) # O,
the define the order of P(Xy, ..., Xy) in g as the minimal ¢ for which there exist
non-negative numbers f1, ...,f; witht; + ...+t =t and

A’l‘...A;dP(l,fc—:),..-,);—Z)(g)#0-

The order is thus a non-negative integer or infinite. In particular, all elements in
the homogeneous ideal /(G) of G have order infinite. The definition of order of
course depends on B, and we also call it the order along B. We write ordg g(P).

As the derivations Aq,..., Ay are invariant under translations, it immediately
follows that the order of P(Xg,..., Xn) iny € I" equals the order of

P(Ev3)oY (¥): X),.... Exoh v (Y (v): X))

in the point 0, where Y = (Yy,...,Yy) and X = (X, ..., Xy) (see [Wii2] for
details).

The following remark will be important later on. If G, B and I" are @—deﬁned,
then there exists an algebraic number field K over which these objects are defined.

We now show that we can find an “addition rule” on G that is valid on all points
of I'. For this, let « be the cardinality of £ in Lemma[2.T]and L € K the smalles
algebraic number field such that G and I" are defined over L. Then we want to
choose K large enough for [K : L] > « to hold, and choose elements w, € K,
e € E, that span an L-vector space of dimension k. We then set

Ei(Y.X) =) weEei(Y:X)
ecE

for 0 <i < N. Then there exists a neighbourhood V O I' x 0 with the property
that for (g, g’) € V and some ¢ # 0,

t-Xi(g+g)=E(Y.X)(g.¢g) (0<i=<N).

In fact, either all E,; (Y (g); X (g’)) are zero, or the coordinate of g + g’ up to a

multiplicative factor 7, (g, g’) which is independent of i . In particular, Eq(Y, X)(y,0) #

0, since Xo(y) # 0 by the choice of the coordinates. The addition rule will be
called
E(Y.,X)=(E)(Y,X),...,Exn(Y,X)).

In other words, E (Y, X)(g, g’) are the coordinates of g + g’.



3 A lemma on differentiation

For the following we need precise estimates for the growth and height of derived
polynomials, depending on the degree of the differential operators. For this, we
first give an explicit description of the differential operators.

We fix an algebraic number field K over which G, A, E and I" are defined. The
affine algebra I'(U, Og) of U is generated by & = ;‘—; for 1 <i < N and can

be written as K[£1,...,&n]. As the derivations dq, ..., d, stabilize the algebra
K[&1,...,ENn], we have

0;§; = pij61.....6y) (1<i=<n1=<j=<N)

with polynomials p;; in &1, ..., &y with coefficients in K. If P is a homogeneous
polynomial in Xy,..., Xy, then P o E is bihomogeneous in Xy,..., Xx and
Yo, ..., Yn, respectively. We can then apply the derivations Ay, ..., Az to

(P OE)(X()v"'aXN;13513~--9$N)
and obtain the following proposition:

Proposition 3.1 If P has degree D and height H, t,...,t; are non-negative
integers witht; + ...+ 14 = T and A = A} --- A% then

A(P o E)(Xo,..., Xn:1,£1(0),...,EN(0))
is a homogeneous polynomial P4 in Xy, ..., Xy with
(i) deg Po = bD.
(ii) log H(Pa) <c(D 4+ T)log(D +T) +log H.
Here, c is a constant which is independent of D, T, H .

PROOF: A simple exercise using induction. &

4 The auxiliary polynomial

As before, let G be defined over an algebraic number field K, let G’ be a vector
space (or a vector group), assume ¢ to be injective and d = n — 1. We identify
G’ with a subspace of T(G). Then we choose 0 # u € ¢ 1(G(Q)) and set



Yo = @(u). By assumption, we can choose u such that yo # 0. Let I" denote the
subgroup generated by Y, and e its order. For positive S, set

reS)y=1{s-yl0=s=<S§j}

The differential operators Ay, ..., A,—; generate a multiplicative monoid & whose
elements have the form Atl‘ ---A;”jl‘ with integers ?q,...,%,—1 > 0. For integers

T > 0 we consider the subset Z(T) of those elements for which #; +...4+#,—1 <

T holds. Finally, let m = [K : Q] and choose the coordinates Xy, ..., Xy such

that Xo(y0) = 1. We now choose positive integers S, T, D with

D" > 2nm(T + n)" | (S)|. ()

Further assume that 7" is sufficiently large to “swallow up” the constants ¢y, c5, . . .
appearing below.

Lemma 4.1 There exists a homogeneous polynomial P(X, ..., Xy) with inte-
ger coefficients that is not contained in I(G), and has degree D such that for all
Ae .@(%) andally € I'(S):

(i) ordyp Pa > L.

(i) log H(Ps) < c1(D + T)log(D + T) + ¢, DS2.

PROOF: Since dim G = n, we may assume without loss of generality that the
homogeneous coordinates Xy, ..., X, are algebraically independent modulo the
ideal 71(G). Then let P(Xy,..., X,) be a homogeneous polynomial with yet un-
defined coefficients whose degree is D. The number of unknowns is then

D +n D"
> .
n ~ n!

We will now determine it so that

Pa(X(y)) =0 3)

holds for A € Y(T), y € I'(S). This is a homogeneous system of linear equa-
tions with coefficients in K in the yet undetermined coefficients of P, since we
can choose X;(y) € K dueto I' € G(K) for 0 < i < N. The number of
equations is at most

T+n-1 (T +n)"!
m( n—1 )'|F(S)|§mw|F(S)|-
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As in the proof of Proposition [3.1] one verifies that the coefficients of this system
of equations are bounded by

C4D
(D + T)P+1) (Oggv |Xi(V)|)

By Proposition 5 in [Se], the second factor in this estimate satisfies

max | X;(y)[? < P57,

0<i<N

as y is of the form syy with s < §S. Overall, we obtain the following estimate for
the coefficients and their conjugates,

(D + T)c3(D+T)C5DS2.

One obtains a similar estimate for the denominator which is the same up to the
constants. According to Siegel’s Lemma and considering (2)) and Proposition [3.1]
(ii), we obtain a polynomial P with (ii) and (3)). It remains to show that (3)) implies
condition (1). This follows from Proposition 2 in [Wii2]. &

5 Some estimates

The coordinates in T(G) = Lie(G) are denoted by z = (zy, ..., z,). The point
u = (uy,...,u,) now defines a one-parameter subgroup of G in the following
way: Define the linear map

L:C— Lie(G), zrz-u.

Then expg oL is the one-parameter group we are looking for. Note: It is not
defined over Q). This is the main difficulty with Baker’s method.

On the other hand, we have the subspace £ie(B) in £ie(G) of codimension 1
which is defined over K. Thus it can be defined by a linear equation

IBnZn = :8121 + ...+ ,Bn—lzn—l

with 1, ..., B, € K and, without loss of generality, 8, = 1. The vector u lies in
Lie(B) and thus satisfies the equation

Up = ,Blul + ...+ :Bn—lun—l-

We now set
A,-=8,~+,3,-8n O<i<n-—1).
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Then d
-— = M1A1 + ...+ un—lAn—l-

dz
For r > 0 and homogeneous polynomials P(Xo, ..., Xy) in C[X,,..., Xy] we
set

1P, = max (P oexpg)(z)]
and

IP|lrL = max |(P oexpg oL)(z)].
Z|\<r

If P is the polynomial from Lemma[4.1] then the following lemma holds.

Lemma 5.1
(i) For A € D(%) we have the estimate

log || Pall; < ce(D + T)log(D + T) + ¢7D(S* + r?).

(i) For A € D(%) andr >r' > S,

ST 2rr’
log | Pallrr. <log || Palljuyr + N log 242 )

PROOF: The estimate in (i) follows immediately from Lemma [.1] together with
the estimates f;(z) (i = 0,..., N) at the beginning. To see the estimate (ii), set

W(z) = Py oexpgoL(z).

From the representation for ﬁ and Lemma it follows that ¥ (z) has zeros in
z = s for 0 < s < S, which have at least multiplicity % For a function F that is
holomorphic in |z| < r we set

|F|r = max |F(z)].
lz|=R
If ng is the order of ¥ in s and we set

S (r2—sz\"
=T

s=0

then ¥h is holomorphic in |z| < r, so that by the Maximum Principle
|Yh|, < |Wh,.
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If one also considers that |#|, = 1 holds, and for |z| = r’ the inequality

r2—sz

=
2rr!

r(z—s)

holds, then, considering ng > g for 0 < s < S, we obtain the inequality

2rr \3T/?
Pl <[] (i’2+—r’2)
Now |[¥|, < || Pallju|r, from which the claimed inequality follows. &

We now consider the multiplication in G by a positive number / > 1 of the form
[ = 2M for some M > 0. This is given by g > [ - g for g € G. Now choose
v € T(A) with/ - v = u and set y, = expg(v). Then [/ - y; = y, and thus
v € G(K). Finfally, let I'’ be the subgroup of G generated by y,. As the degree
of the multiplication-by-/ map is at most /2", there is an algebraic number field
L2 Kwith[L: K] <I[?"and I'" € G(L).

Lemma 5.2 Let A € D(%) and s an integer with0 < s <[ - S, and let

§ = Pa(X)(sy0).
Then either § = 0, or

log 8] > —csl*" ((D + T)log(D + T) + D(S* +[)).
PROOF: Because of I € G(L), § € L. This is an algebraic number field
of degree at most m[?". We now compute the height of sy,. To this end, write
s =51 +s"with0 <s” </land0 <5 < §. Then sy = s'yo + s"yo. By the
addition law,
h(syg) = c10(h(s"y0) + h(s"vp)).

We estimate an upper bound for the height /(s”y;) using Proposition

el (h(s"yo) + 1)
and obtain via [Sel] the estimate

h(syg) < cri(s® +1%?).
With this, we find as in Lemma the height § for the estimate
h(8) < cia(D + T)log(D + T) 4 c13D(S? + [°14).
If now § # 0, then we have
log 8] = —h(3).

which is easily verified from the product formula using known properties of the
height. From this, the desired inequality immediately follows. &
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6 The extrapolation

We now choose a constant ¥ > 5 and a sufficiently large integer parameter M > 0.
Then set S = [?"T1D¢ and S’ = |I"(S)|. With this, set

D =2mnS’ - S V¥,
T =2mnS’ - S™ —n.

Clearly, (2)) is satisfied, and the following lemma holds.

Lemma 6.1 Fory' € I''(1S),
T
OI'dy/’B(P) = LEJ .

PROOF: By using Proposition 2 in [Wii2], it is enough to show that for A €
D(%), we have
Pa(X(y')) = 0.

We have called the number on the left §. Now we write ' = sy, for some
0 <s < Sandsetv’ = sv,and ' = Pa(expg(v’)). This number was estimates
in Lemma (ii). Weset r = S§2,r' = S + 1 and using (i) we obtain

1 S
log |8'| < ¢158'S™ log S — ETS log T

On the other hand, because of Lemma[5.2]and if § # 0, we have the estimate
log |8] > —c16S'S™[*" log S.

If weset{; = fi(v') and &/ = X;(y’) for0 < i,j < N, then the {; and the &/
determine the same point in PV . Thus, for all i, jwith0<i,j <N,

Ez/gj = S;’é‘iv

from which

EPP8 =P8

follows. Together with the estimates for §, §’ and the height of X (y’), we obtain
the estimate
bD logmax(|¢;|) < —&"TS log S,
1

and then
logmax(|¢;|) < —&'S° log S
1
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for positive ¢, €. If we take into account that ||v/|
legc17S, it follows at last that

log max(| i (#")]) < —&|[v'|".

The following lemma then yields the desired contradiction. &

We set §(z) = logmax;(| fi(z)|) and let p denote map from £ie(G) to Lie(A)
induced by the projection from G to A.

Lemma 6.2

(i) If G is unipotent, then
8(z) = log(cisl|zD).

(i) If G is not unipotent, but linear, then

8(z) = —collz].

(iii) If G is not linear, then
8(z) = —cao(llz]I> + 1).

PROOF: The statements (1) and (ii) are trivial due to the particular nature of the
exponential map in these cases. In case (iii), there is a subset of the f; (i =
0,...,N)of the form {p*go, ..., p*gun} such that the g; yield an embedding ¢ of
A into P The line bundle (*©(1) is the assigned a positive definite Hermitian
form. We set §'(p(z)) = logmax;(|gi(p(z))]). Then the function e’ ~"# is
periodic and bounded from below by some c¢,; > 0. Hence ed > ¢ . From
the estimate H(p(z), p(z)) > ca2|| p(2)]? it follows that

8(z) = 8'(p(2)) < logca + caal p(2)|I%.

Since || p(z)||*> > —||z||?, we obtain the desired inequality. &

7 The zero estimate

The element y; generates the subgroup I"’. In Section 4| we constructed a ho-
mogeneous polynomial P (X, ..., Xy) that is not identically zero on G and has
degree D. We showed in Section [6] that this polynomial vanishes in I"’(/.S) along
the analytic subgroup A with order at least

12}

15



We can always arrange that
r'as) =1r()

holds. In fact, if y, is of infinite order, this is immediately clear. Otherwise, if
t is the order of yy, we may assume without loss of generality that the 7-torsion
elements of G are K-rational. This can be achieved by a finite field extension.
Moreover, we want to assume without loss of generality that yy & 2G,(K), where
G, (K) denotes the group of z-torsion elements. If ¢’ is the order of y), then ¢'|2M ¢,
and we write t' = 2"t" with ged(2,¢”) = 1. We consider y] = 2"y;. Then
t"yy = 0, s0 y{ € G/(K). It follows from this that r > M, since otherwise
Yo € 2G,(K) would follow and from this y{ = 2"~My,. Thus the order of y{ is
2M=rt — ¢” This implies t' = 2M¢.

We now show that there exists an algebraic subgroup H with H < A which is
defined over Q and has positive dimension. To prove this, it is sufficient to show
that the index o0 = o (4; G)Q, defined in [Wiil]], satisfies the inequality

n—1
o<

“4)
n

Moreover, it is proved in [Wiil] that 0 (4; G)g = t(4; G)g. So the inequality ()
holds if
n—1
T <

&)
n

holds. But this follows from the Main Theorem in [Wiil]]. In fact, after choosing
S, T, [, D it holds with the constants from there that

T\’
(—) > (cD) (1<r<n),

n

if S is sufficiently large, and moreover,

T\"! S T\"' s
(3 =) e
n n n

n
again by the choice of parameters.

Since the polynomial P is not identically zero on G, it follows from this that at
least one 7, for I < r < n satisfies the inequality

T, < T.

This means that there exists an algebraic subgroup H C G of codimension r
which is Q-defined and contained in A. As r < n, it follows that

dimH =n—r > 0.

This concludes the proof of the Main Theorem.
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